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Fast Meson Interactions in Nuclear Emulsions. I. «- Mesons* 


HuGH BRADNER AND BayArD RANKIN 
Radiation Laboratory, Department of Physics, University of California, Berkeley, California 
(Received April 14, 1952) 


=~ mesons produced in the Berkeley cyclotron are collimated and monochromatized to 3522 Mev by a 
toothed channel in the magnetic field of the cyclotron. Tracks of these mesons obtained in Ilford G5 emul- 
sions are followed and studied for scatter, nuclear stars, and disappearances in flight. The energy distribution 
of the accepted mesons is critically examined and a low energy cutoff for the initial energy is established. 
65 percent of the meson track is above 30 Mev in the region of observation, while the remaining 35 percent 
may drop to 20 Mev. The selection of the high energy particles and their identification by small angle 
scatter and grain density is discussed. Proton contamination is eliminated largely by small angle scatter. 
Electrons are ruled out by grain count. 

In 902 cm of track there are 5 disappearances and 26 scatters greater than 30°; 4 of the scatters are 
detectably inelastic, with energy transfer greater than 18 Mev. The combined cross section for stars, disap- 
pearances, and inelastic scatters is equal to the cross section for elastic scatters. The measured value for total 
nuclear interaction is statistically compatible with the combined nuclear area for the responsible elements, 


oxygen, carbon, bromine, and silver. 





INTRODUCTION 

HIS paper describes an experiment begun in 
February, 1950, after discussion with O. Piccioni. 

At that time cosmic-ray evidence! implied a cross section 
for scattering of m~ mesons smaller than nuclear area. 
Absorptions were the only observed interactions 
between the high energy? mesons and matter. More 
extensive experiments than ours have subsequently 
been made on artificially produced mesons by Bernardini 
et al.5-* and others.*—* Bernardini used a nuclear plate 


* This work was sponsored by the AEC. 

1See, for instance, W. Fretter, Phys. Rev. 76, 511 (1949); 
O. Piccioni, Phys. Rev. 77, 6 (1950); W. W. Brown and A. S. 
McKay, Phys. Rev. 77, 342 (1950); J. B. Harding and D. H. 
Perkins, Nature 164, 285 (1949). 

2 The energy was not well defined, but in almost all measure- 
ments was over 150 Mev. 

3 Bernardini, Booth, Lederman, and Tinlot, Phys. Rev. 80, 924 
(1950). 

‘ Bernardini, Booth, Lederman, and Tinlot, Phys. Rev. 82, 105 
(1951). 

5 Bernardini, Booth, and Lederman, Phys. Rev. 83, 1075 (1951). 

6 Bernardini, Booth, and Lederman, Phys. Rev. 83, 1277 (1951). 

7M. Skinner and C. Richman, Phys. Rev. 83, 217 (1951). 

8’ Camac, Corson, Littaver, Shapiro, Silverman, Wilson, and 
Woodward, Phys. Rev. 82, 745 (1951). 

® Chedester, Isaacs, Sachs, and Steinberger, Phys. Rev. 82, 958 
(1951). 

10 A. M. Shapiro, Phys. Rev. 83, 874 (1951). 

1 Byfield, Kessler, and Lederman, Phys. Rev. 85, 718 (1952). 

2 Isaacs, Sachs, and Steinberger, Phys. Rev. 85, 718 (1952). 


technique similar to that reported here, while the other 
experimenters have used pure materials as a scatterer. 
The energy dependence of the interactions in emulsions 
and pure elements as observed by them and by us is so 
unexpected that we have decided to report our work 
in detail. 

The present paper should be compared with its com- 
panion on r+ mesons.'®  , 


EXPERIMENTAL ARRANGEMENT 


=~ mesons produced in the Berkeley cyclotron were 
collimated and monochromatized to 35.542 Mev by a 
toothed channel in the magnetic field of the cyclotron. 
The mesons entered a stack of Ilford G5 plates in a 
direction parallel to the emulsion surface, and came to 
rest near the rear edge of the 1-inch wide plates. 
Individual mesons were selected visually by observing 
grain count and small angle scatter for approximately 
1000u of track. These mesons tracks were studied for 
scatter, nuclear stars, and disappearances in flight. 
~ 8 Shutt, Fowler, Miller, Thorndike, and Fowler, Phys. Rev. 84, 
1247 (1951). 

“ Fermi, Anderson, Lundy, Nagle, and Yodh, Phys. Rev. 85, 
935 (1952). Also, Anderson, Fermi, Long, Martin, and Nagle, 
Phys. Rev. 85, 934 (1952). 

1% Bayard Rankin and Hugh Bradner, following article [Phys. 
Rev. 87, 553 (1952)]. 
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COPPER TEETH 


\ Ueao SMELDING 


Fic. 1. The target and channel assembled on a cart and ready 
to be rolled through a port in the cyclotron tank wall. The }<} 
carbon target is mounted on a lead brick in the foreground 


Ihe target and channel used for obtaining the mesons 
is shown in Fig. 1. > mesons leaving the }X} inch 
carbon target with correct energy and direction were 
brought to rest in the ‘“‘data” plates. The upper limit 
of meson energy admitted by the channel is 36.2 Mev 
and the lower limit is approximately 34.4 Mev. Excep- 
tion must be made for mesons which scatter from the 
walls of the channel or leave an unknown target. Teeth 
of thickness greater than the meson range were provided 
to minimize the number of scattered mesons. 

The channel was 6 inches high. Plates were shielded 
from stray mesons and nucleons by stacks of 2X48 
inch lead bricks, giving a minimum of 6 inches of lead 
in all horizontal directions except through the channel. 
The “data’’ plates were clamped between 1-inch wide 
blocks of 24 ST aluminum. A second set of plates were 
clamped similarly and placed in ah offset position 
behind 1 inch of 24 ST aluminum to record u-mesons and 
other “‘background” tracks which would have greater 
than 25.4 mm of range in 24 ST. 

Runs in the cyclotron were 15 and 20 seconds. The 
plates, which were 200u, 400u, and 600u Ilford G5 
emulsion, were developed by 100 minute prewash in 
35° water, followed by immersion for 5 hours in 3:1 D19 
at 35°F. The procedure was suggested by L. Winand. 
Short-stop was 60 minutes in 1} percent acetic acid at 
68°F. Plates were fixed by agitation for 64 hours in 
Kodak acid fixed at 72°F. They were then washed for 
26 hours and soaked in 25 percent “Flexogloss’’ for 4 
hours. After drying, they were lacquered to prevent 
peeling. 

SELECTION OF MESONS 


Mesons of 30 to 50 Mev can be distinguished from 
protons by visual observation of ‘‘wander’’ or by 
measurement of small angle scattering vs grain density. 
The scan was begun at least 500u from the edge of the 
plate to avoid emulsion distortion. For the first 10 
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percent of the experiment, grain count and small angle 
scatter measurements were made on all tracks which 
looked like fast mesons. The measurements extended 
over 10 segments of 110u or 158u. Only tracks which 
entered the emulsion within 3° of the normal to the 
plate edge were considered. It became clear that visual 
check was sufficient to identify a meson in nearly all 
cases. Accordingly only spot checks were made by 
grain count and scatter on approximately 75 of the 
remaining 90 percent of the mesons. This is particularly 
safe since the proton background was only 3 percent. 

Accepted tracks were followed to 12 mm from the 
plate edge or less if the meson left the emulsion in a 
shorter distance. The track length was computed by 
using the coordinates of the microscope stage'® which 
were read to 10u accuracy. Segments were considered 
straight as long as there was no scatter greater than 2°. 
In the first half of the experiment all scatters which 
were greater than 2° in the horizontal plane were 
measured in horizontal projection; during the whole 
experiment all scatters which were greater than 30° in 
total angle were measured in both horizontal and ver- 
tical projection. Grain counts were made for approxi- 
mately 1000u before all scatters greater than 30°, and 
similar counts were made after each scatter whenever 
possible. The shrinkage factors ranged from 1.3 to 2.3 
and were used in computing vertical components for 
scatter and grain count. The shrinkage was determined 
by measuring the unprocessed thickness of test emul- 
sions from the same box as the data plates. We attribute 
the wide range in shrinkage factor to the Flexogloss 
treatment of the plates. 

Locations of all r~ stars in two data plates and one 
background plate were recorded in order to establish 
the spread of energy of incident mesons. Figure 2 is a 
histogram of frequency vs energy for these m~ stars. 
Figure 3, which must be taken in conjunction with it, is 
a histogram of grain densities at 1 mm into a typical 
plate for 116 mesons chosen at random from the data. 
The energy scale shows what energy a x-meson would 
have if the measured grain density were the true one. 
The dotted histogram of Fig. 3 is a Poisson distribution 
centered at 56 and normalized to 101 particles, the 
number which remain after subtracting off the left-hand 
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Fic. 2. Histogram of frequency vs energy for the incident 
mesons. Mesons of incident energy less than 30 Mev were largely 
excluded from the study by grain density observations. 


16 The stage was designed and made by Mr. William M. Brower. 





FAST MESON 
tail below 50 Mev. From the evidence of the two 
histograms it is safe to assume that almost no mesons 
of incident energy less than 30 Mev were included in 
the data of the experiment. That is, the measured 
histogram is consistent with the energy distribution 
of Fig. 2 only if the energy distribution of Fig. 2 is cut 
off at 30 Mev. 

The energy was calculated on the assumption that the 
entire range was in glass of 18 percent'’-'* lower stopping 
power than emulsion. Meson energy was calculated by 
converting the range-energy relation'® for protons in C2 
emulsions: 

Emev=0.251R microns” **'. 


This relation had been determined experimentally for 
protons of 32 Mev and less. Ranges corresponding to 
protons of 200 Mev were required. We made a rough 
check of the correctness of this relation at high proton 
energies by comparing it with Aron’s'® calculated ranges 
in aluminum. The ranges in aluminum were uniformly 
10+1 percent higher than in emulsion for protons of 
20 to 200 Mev. The stopping power of 24 ST aluminum 
was taken to be 1 percent less than emulsion based on 
the assumption that stopping powers for the elements 
in the 24 ST were additive. No correction was included 
for those mesons which made a large angle scatter and 
stopped short of their normal range. We ignore the fact 
that the mesons did not travel their full range in glass. 

Note that the yield rose abruptly at 35 Mev and 
dropped to 3 percent of its maximum at 36.5 Mev, which 
corresponds to the edge of the data plate. The 1-inch 
thickness of 24 ST stopped mesons of 39 Mev; hence 
there is a blank between 36.5 and 39 Mev in the 
histogram. Energies above 39 Mev were monitored by 
the background plate. Mesons of the small peak with 
energies around 52 Mev were included in the experi- 
ment. It is assumed that they came from an unknown 
target. Except for this peak the energy spread of 
accepted mesons was narrower than the histogram 
because of the 3° limit on entrance angle and the above- 
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Fic. 3. Histogram of grain densities at 1 mm into a typical plate 
for 116 mesons chosen at random from the data. The energy scale 
shows what energy a #-meson would have if the measured grain 
density were the true one. The dotted histogram is a Poisson 
distribution. 

17L. Winand, private communication 

%® Bradner, Smith, Barkas, and Bishop, Phys. Rev. 77, 462 
(1950). 

1 Aron, Huffman, and Williams, University of California Radi- 
ation Laboratory Report No. 121 (1949). 
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Fic. 4. Specific ionization vs mean angle scatter per 100u. The 
heavy lines are the curves of Y. Goldschmidt-Clermont. Experi- 
mental points near the meson curve represent a sample of the data 
and are given with probable errors. The remaining three points 
are background 


mentioned fact that the mesons do not travel all their 
range in glass. The incident energy is taken to be 
35.542 Mev. 

Scattering measurements were made chiefly to dis- 
tinguish mesons from protons, and consequently a rapid 
method could be used. The narrow parallel lines of a 
specially prepared reticle®® were oriented with a meson 
track. The end points of a reticle segment were made to 
intersect grains of the meson track or the path of the 
meson as delineated by the grains. Holding the eye 
piece fixed, the stage was used to translate the meson 
track through a segment length in the direction of the 
parallel lines. A displacement was read in microns and 
the reticle reset as before. Of course, grain counts could 
be made simultaneously. The mean angle scatter per 
segment length was taken to be: 


6=arc tan>_|d,| /nL, 
' 


where d; are the displacements, L is the segment length, 
and n the number of measurements. 

Figure 4 is a graph of specific ionization vs mean 
angle scatter per 100u. It is adapted from the curves of 
Goldschmidt-Clermont.”" Superimposed on the graph 
are a number of experimental points obtained by 
averaging individual grain count and scattering meas- 
urements. Grain density was converted to ionization by 
assuming linearity in the region.” We assumed 
G=K(I/Io), where G is average grain density, I/Io is 
specific ionization, and K is a proportionality constant 
which must be determined for each plate. K was 
estimated by K*=G*/)//(E*), where G* is the mode 
(or most probable value) of a random sample of grain 
densities at entrance for particles accepted in a par- 
ticular plate, and /(E£*)/Jo is the specific ionization 
corresponding to the mode of the energy histogram, 


20 The reticles were made by D. J. O’Connell. 

1 Y. Goldschmidt-Clermont, Bulletin du Centre de Physique 
Nucléaire de L’Université Libre de Bruxelles, No. 14 (1949). 

2 Bowker, Green, and Barkas, Phys. Rev. 81, 649 (1951). 
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Fic. 5. Photomicrograph of a typical meson absorption. The 
event was found by Mrs. Edith Goodwin and photographed by 
Mr. A. J. Oliver. Two protons or alpha-particles leave the capture 
point 


Fig. 2. Scattering measurements were normalized to 
give the best fit for the meson measurements. The 
scattering normalization is justified in this case, since 
the points are meant to display only the separation of 
mesons from protons which is obtained by the rapid 
scattering observation. A normalization is expected, 
because a displacement method measures a different 
quantity than the tangential method of Goldschmidt- 
Clermont. The experimental points of lowest ionization 
fall to the right of the w-meson curve, since they are 
heavily weighted with yu-mesons. They are the only 


TABLE I. Summary of results. 


Using all 
but first 
4.5 mm 


Using first 
4.5 mm of 
each track 


Using all* 

the track 

Total path length scanned 
(cm) (corrected for 10 
percent ~~ contamination 

Number of disappearances 
in flight 

Number of stars 
1 prong 
2 prongs 

Number of scatters greater 
than 30 

Number of scatters greater 
than 90 

Mean free path for disap 
pearances (cm) 

Mean free path for stars 
(cm) 
Mean free path for scatters 
greater than 90° (cm) 
Mean free path for total 
nuclear interaction (cm) 
(assuming symmetry 
about 90 

Mean free path correspond 
ing to nuclear area (cm) 
(for emulsion 


902+30 


® The errors are probable errors. 
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points strongly weighted in this way, because almost any 
u-meson accepted in the experiment will have specific 
ionization less than 1.5. 

The particles contributing to the meson points of the 
ionization vs scattering plot were chosen at random from 
the accepted data. The proton points were obtained by 
measuring high energy random background tracks 
whose orientation would exclude mesons. Therefore, a 
separate analysis of the measurements would demon- 
strate the efficiency of the routine selection of mesons 
at sight. For instance, the forty particles selected at 
random from the data all fell to the right of the dotted 
line between the proton and the meson curve, while all 
but one of the forty background particles fell to the 
left of it. If one of the particles accepted by sight were 
actually measured, it would be separated from the 
proton group with at least 96 percent probability. 

With a reliable method at hand for distinguishing 
mesons from protons, it is possible to estimate the high 
energy proton flux within the acceptance angle. The 
measurements on the incoming tracks that were 
accumulated over the whole experiment give a proton 
contamination of less than 3 percent. 


Protons having grain density comparable with 


a SOE See ee ee ee Se ee A ee a 
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Fic. 6. Histogram of the angular distribution of scatters 
in horizontal projection. 


accepted mesons would suffer little change in grain 
density while traversing the entire 1 inch of plate, and, 
therefore, it was possible to get a check on the number 
of fast protons by scanning the background plate. The 
number was small, so that a scan was made only to 
confirm qualitative agreement with the 3 percent 
obtained by scattering selection. 

The possibility of a large high energy electron con- 
tamination is excluded on the basis of ionization: 
positrons in the mu decay are hardly visible in identical 
plates exposed to r+ mesons. The positrons are soon 
lost when an attempt is made to trace them. 

We assume that the interaction of fast u 
with matter is a negligible effect in the small percentage 
of cases when we follow u-mesons. Hence, it is sufficient 
to correct for u-contamination by estimating the rela- 
tive flux and correcting the total path length. Any 
u-mesons should come from energetic m-mesons which 
decayed in flight. Assuming an original parallel beam 
of x-mesons with the energy spread of 32 to 36 Mev, 
then the energies of the u-mesons should lie between 8 
and 55 Mev. The most energetic ones will come to rest 
at the back edge of the rear plate. A scan of the control 
plates and the data plates for o- and p-endings reveals 


mesons 





FAST MESON 
a u-meson contamination of 10+3 percent. Because of 
the large statistical error in our measurements, we 
ignore the fact that approximately 5 percent of the y’s 
result in stars."-?7 


RESULTS 


The consistent scanning of high energy meson tracks 
revealed three types of nuclear events. A high energy 
meson might scatter, terminate in a star, or disappear. 
However, the scattering process can be elastic or 
inelastic while the absorption reaction can yield a single 
charged particle, more than one, or none at all. Con- 
sequently, the events might easily be confused at first 
sight. Care was taken to distinguish an inelastic scatter 
from a heavy one prong star and an elastic scatter from 
a light one prong star. Disappearances have an am- 
biguous interpretation, since a neutron star looks 
identical to a charge exchange** on a proton: 


nm +pon+n°. 


The results of a recent experiment by Wilson and 
Perry”® now imply that all our disappearances were 
neutron stars. The separation of meson scatters and one 
prong stars was accomplished fairly well with grain 
count and scattering measurements. In one case the 
track left the emulsion after 400 microns and was 
classified as a probable one prong star. An event was 
classified as an inelastic scatter, if there was a statis- 
tically significant change in grain density at the scatter 
point and the resulting particle could be identified as a 
meson. Such a change in grain density is caused by an 
energy transfer of not less than 18 Mev. 

Figure 5 is a photemicrograph of a typical meson 
absorption. The event was found by Mrs. Edith 
Goodwin and photographed by Mr. A. J. Oliver. Two 
protons or alpha-particles leave the capture point. 

The visual characteristics of 2 “true” meson scatter*® 
are shared alike by a ‘‘true”’ scatter, a diffraction 
scatter, a Coulomb scatter, and a r-» decay. However, 
the magnitude of deflection in the laboratory system 
for the latter three events in a strong function of energy. 
Computations show that for a +-meson of 30 Mev and 
above, only the “true” scatter will attain a magnitude 
greater than 30° with significant probability. Unfor- 
tunately, energy loss in the emulsion will carry 35 per- 
cent of our mesons to energies between 20 and 30 Mev, 
leaving the only absolutely safe scattering limit as 90°. 
Consequently, mean free paths are computed for scat- 
tering greater than 90°. When computing a total inter- 


%E. P. George and J. Evans, Proc. Phys. Soc. (London) 611, 
(1951). 

4G. W. McClure, Phys. Rev. 83, 207 (1951). 

8G. Cocconi and V. Cocconi Tongiorgi, Phys 
(1951). 

26 Satio Hagakawa, Phys. Rev. 84, 37 (1951). 

27 Sherman, Heckman, and Barkas, Phys. Rev. 85, 771 (1952). 

28 Ashkin, Simon, and Marshak, Prog. Theoret. Phys. 5, 634 
(1950). 

29 Richard Wilson and John P. Perry, Phys. Rev. 84, 163 (1951). 

30 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
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TABLE II. Large angle scatters. 








Modal 
grain* 
density at 
1 mm for 
accepted 
track 


Angle (degree) 
Hori- 
zontal 
projec- 
tion 


Type of Distance 


plate 
(thick- 
ness) 


400 29 
32 
20 
35 


Grain density /100y* 
Before After 


3841.5 
20+1.1 
3742.1 
3741.5 
25+1.3 
3641.5 
3541.5 3042.7 
3941.6 6845.8 
41416 4343.6 
3542.0 2945.0 
3341.9 38444 
31414 3841.6 
33414 3742.0 
12 3842.2 
47 55+2.6° 
104 q 3841.5 
108 : . 3842.1 3843.6 
121 ; 3142.0 3442.5 
119 7 742.4 64+11.0 
143 ; = 6442.4 9947.4 
166 ; 3741.5 tee 
151 sf f 34418 36428 
158 f y 3941.6 5643.8 
171 55 : 3742.1 34428 
400 167 , : 3541.5 35419 
400 178 160 3541.5 3542.8 


plate 


otal (mm) 





3641.5 
2341.2 
4245.6 


~ 
i) 


40.9+0.9 
36.5+0.6 
36.340.6 


36.540.3 
36.340.6 
40.9+0.9 
40.9+0.9 


a 
Aeon 


25+1.9 
3642.7 


—_ 


NOP NE NRE wWhhone 
CSCeUANN OW Oo 


35.4+0.8 
36.340.6 
36.340.6 
36.340.6 


36.340.6 


50 
56 
5246.8 
4243.4 


40.9+0.9 
34.740.7 


36.340.6 
36.340.6 


® The errors are standard deviations. 
> Inelastic scatter 


¢ Abnormally low energy 


action mean free path, we assume an equal number of 
scatters above and below 90°. 

Figure 6 is a histogram of the angular distribution in 
horizontal projection. The data is too meager to justify 
analysis for the presence of diffraction scattering. 

The data is analyzed three ways, in order to check 
the sensitivity of the results to the low energy tail. Only 
the first 4.5 mm of each meson track is used, then the 


TABLE III. Stars. 


Modal grain* 
density at 
mm for 

accepted track 


36.540.3 
36.5+0.3 
36.5+0.3 
36.340.6 
36.340.6 
40.9+0.9 
40.940.9 


Distance 
in plate 
(mm) 


Type of Number 
plate 
(thickness) 


Grain density 
100u* 


before event 


prongs 





3741.5 
3741.7 
41+1.6> 
3641.5 
3641.5 
4141.6 
4141.6 


We me me OO DN et ee te ON 
SHAUN Ss 


36.340.6 
36.340.6 
35.4+0.8 


3741.5 
41+1.6> 
32414 


BD DD e e t  e 


Stops 


36.340.6 
36.340.6 
35.4+0.8 
35.4+0.8 
35.4+0.8 


35.0+1.5 
34.541.5 
31.0+2.6 
40.3+1.6" 
34.4+1.5 


400 
600 
600 
600 


* The errors are standard deviations. 
» Abnormally low energy. 
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rest of the track, and finally all of it. After all the 
mesons have passed 4.5 mm into the emulsion, the 
sharp 35-Mev rise point of the energy histogram will 
become 30 Mev. We then have about 65 percent of the 
meson track above 30 Mev, while the remaining 35 
percent may drop as low as 20 Mev. Because the mean 
free paths are statistically the same from the three 
points of view, we conclude that the energy is high 
enough and the resolution sharp enough to exclude the 
confusion from the Coulomb interaction, my decay, 
and diffraction scattering even in the low energy tail. 
The important measured quantities are gathered to- 
gether in Table I. 

Tables II and III give all the measurements taken 
on the scatters, stars, and disappearances. The plate 
thickness is given in the left-hand column and a modal 
grain density (or the most probable value of the grain 
density) corresponding to almost all plates is given at 
the right. The mode is obtained by taking the peak 
value over a random sample of tracks at 1 mm into the 
plate. It serves as an absolute standard for the energies 
of the events occurring in each particular plate. For 
instance, the mode of the random sample is considered 
to be the grain density for a meson of 34.5 Mev, the 
mode of the energy distribution in Fig. 2, after correcting 
for a path length of 1 mm in emulsion. 


CONCLUSIONS 


We have computed the geometrical area presented by 
the elements of an Ilford emulsion according to: 


o=m DL (Npi/ As) (104 3)?, 


where the summation is taken over the elements of the 
emulsion. The corresponding mean free path serves as a 
relative measure with which to compare our total inter- 
action estimates. It is interesting that the two quantities 
are statistically compatible, suggesting nuclear area as 
a rough interaction cross section for the individual 
elements involved. Chedester ef a/.? have added con- 
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firming information at 85 Mev by making attenuation 
measurements on pure materials. They find cross sec- 
tions close to nuclear area for a number of elements 
excluding hydrogen. Their experiments and others!'*—"4 
find hydrogen at less than 3 nuclear area for 85-Mev 
m~ mesons. Emulsion work at this laboratory’® finds an 
upper bound of } nuclear area for 40-Mev + mesons in 
hydrogen, where nuclear area is taken as A'(h/yc)*. 
Because hydrogen presents less than 10 percent of the 
geometrical area in the emulsion, our results refer 
essentially to the combined effect of the remaining 
elements, chiefly oxygen, carbon, bromine, and silver. 

The most valuable comparison of our results is made 
with the Columbia emulsion experiments. Bernardini 
el al.3~® have followed 30-110 Mev w~ mesons through 
emulsions and found at least two interesting things in 
contrast to our answers: a greater inelastic scattering 
cross section and a greater proportion of catastrophic 
events to elastic scatters. Moreover, they find a strong 
decrease in these quantities with energy, their lowest 
energy interval being 30-50 Mev. Our 30-Mev values 
further substantiate the striking drop off of catastrophic 
events with energy. Only 4 scatters out of 26 are 
detectably inelastic, while the cross section for elastic 
scatters is equal to the combined cross section for stars, 
disappearances and inelastic scatters. 

Johnson" has pointed out the theoretical importance 
of these measurements but is unable to explain the 
prevalence of catastrophic events at high energy or 
their rapid disappearance with decreasing energy. 

We wish to thank Dr. O. Piccioni for his original 
suggestions, and Dr. L. W. Alvarez for his helpful dis- 
cussions. Mr. J. Kent Bowker was of great assistance in 
constructing the channel and making the exposures. 
We wish to thank especially Mrs. Edith Goodwin who 
did the majority of the scanning. Her careful work was 
invaluable and insured a successful and reliable experi- 
ment. 


“1M. H. Johnson, Phys. Rev. 83, 510 (1951). 
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«* mesons produced in the exterior proton beam of the Berkeley cyclotron are bent by an auxiliary magnet 
and detected in Ilford G5 emulsions. These mesons are studied in the same way as were the x mesons in 
Part I of this experiment. Extra care is taken to eliminate protons from the data and a special technique is 
developed to make more efficient small angle scattering measurements. The average initial energy, 45.5 Mev, 
is slightly higher than that of the #~ mesons, and the spread in energy is greater. Less than 18 percent of 
observed track is less than 30 Mev and 98 percent of it is over 22 Mev. 

No disappearances are found over the 902 cm of track. Fewer are expected than were found in Part I, 


since the average number of charged prongs is greater for * induced stars than for x 


No inelastic scatters 


are found among the 5 scatters greater than 30°. Though the star frequency is the same as in the previous 
experiment, the frequency for scatters is significantly lower, a fact which is not explained by the slightly 
higher energy. A statistical upper bound on the cross section for #* scattering on hydrogen is obtained as 


2.3X 10% cm? 


INTRODUCTION 


9 


HE earliest laboratory experiments’ on meson 

scattering and absorption were designed for 
emulsion instrumentation and were performed on 
mesons. The scatterer, which was the emulsion, would 
serve as a detector so that the paths of the mesons in 
matter could be examined in detail. These experiments 
obviated the problems of geometry encountered else- 
where’ when emulsions were used as detectors only. 
They admitted the technical difficulties of microscope 
scanning in preference to the problems of electronic 
counting. However, their disadvantage was obvious: 
Only the hydrogen scattering could be analyzed inde- 
pendently, while the rest of the observed interaction 
was due to a family of elements which made up the 
emulsion. The information potentially available in par- 
ticular events, such as the energy loss of the meson in 
scattering, the prong distribution from absorption, and 
the frequency of charge exchange during disap- 
pearances, was partially obscured by an ignorance of 
the elements involved. 

These experiments could, however, serve as a be- 
ginning for accurate relative measurements on w~ and 
m+ meson interactions, the material of the scatterer 
being held constant. The earliest experiments were 
made on x~ mesons because it was technically simpler 
to do so. Fortunately, by August, 1950, Richman ef al. 
provided a copious source of +* mesons‘ by making use 
of the reaction 


p+pod+r*, 


which occurred when the 340-Mev protons of the 
external cyclotron beam impinged upon polyethylene, 


* This work was sponsored by the AEC. 

1H. Bradner and B. Rankin, Phys. Rev. 80, 916 (1950) 

2 Bernardini, Booth, Lederman, and Tinlot, Phys. Rev. 80, 924 
(1950). 

3M. Skinner and C. Richman, Phys. Rev. 83, 219 (1951). 

‘ Cartwright, Richman, Whitehead, and Wilson, 78, 823 (1950), 
also 81, 652 (1951), also Richman, Skinner, Merrit, and Youtz, 
University of California Radiation Laboratory Report No. 922 
(1950). 


(CH:),. The mesons produced are monoenergetic. If 
their mass is 275.1 electron masses, the unique energy 
is 70 Mev. With a w* beam at hand, the present experi- 
ment was undertaken, first, to provide estimates on the 
n* meson scattering and absorption cross section and, 
second, to provide information about the relative inter- 
action properties of high energy positive and negative 
mesons. It was designed to parallel its forerunner® on 
m~ mesons as closely as possible. 

Three experiments’: on the w* interactions in pure 
materials have now been reported. But aside from the 
Cornell evidence that #* and x~ do not interact dif- 
ferently, the best empirical evidence available with 
which to compare our relative measurements is found 
in the Columbia emulsion work*“" on w~ and rt 
mesons. From the theoretical point of view it is not 
clear at this time whether positive and negative mesons 
are essentially different particles in terms of meson 
forces. It is not known at what energy the Coulomb- 
nuclear interference can be neglected. Nor is it safe to 
say that the incident meson energy at the nucleus 
determines the scattering properties rather than the 
energy at a nucleon. The meson may ineract with the 
nucleus as a whole or may scatter within the nucleus. 
Hence, a large part of the interpretation of our experi- 
ment must be done in the future. 


EXPERIMENTAL ARRANGEMENT 


Our object in setting up the experiment was to get 
a high flux of approximately 45-Mev * mesons entering 
normal to the edge of photographic plates, with a 
minimum number of background protons and other 


5H. Bradner and B. Rankin, Part I of this paper, Phys. Rev 
87, 547 (1952). 
® A. M. Shapiro, Phys. Rev. 83, 874 (1951) 
7 Anderson, Fermi, Long,and Nagle, Phys. Rev., to be published. 
§ Bernardini, Booth, Lederman, and ‘Tinlot, Phys. Rev. 82, 105 
(1951). 
* Bernardini, Booth, and Lederman, Phys. Rev. 83, 1074 (1951) 
1© Bernardini, Booth, and Lederman, Phys. Rev. 83, 1277 (1951). 
" G. Bernardini and F. Levy, Phys. Rev. 84, 610 (1951). 
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Fic. 1. Diagram of the equipment. The 68-Mev mesons, 
created in a }-inch polyethylene target, are bent by an auxiliary 
magnet and enter two sets of photographic plates at the point 
marked “absorber detector.” 


heavy particles. The mesons should be found easily 
under the microscope and yet not be confused with one 
another. We would follow them individually in the 
direction of flight noting where they were deflected 
through an angle greater than 30° or abruptly stopped 
in the emulsion. We arranged the experiment also to 
yield a supply of 68-Mev mesons which could be fol- 
lowed later. 

Figure 1 is a diagram of the equipment in the “cave”’ 
just outside the cyclotron shielding. The 68-Mev 
mesons, created in a }-inch polyethylene target, are 
bent by an auxiliary magnet and enter two sets of 
photographic plates at the point marked “absorber 
detector.’ Each set of plates is pressed tightly together 
and wrapped as a group in black paper. One group 
stands in front of the other, acting as a partial absorber, 
and a 4X} inch 2S aluminum bar is placed between 
them. A }-inch thick aluminum plate above and a 
l-inch thick aluminum plate below the three pieces 
helps to define a parallel meson beam and at the same 
time shields out extraneous particles that would enter 
the surfaces of the emulsions. With about 600 mesons 
per second leaving a 2X2} inch channel exit, a suitable 
exposure is obtained in 15 minutes. 

lhe distribution of meson energies at the leading edge 
of the front plate should correspond to the beam dis- 
tribution” with a half-width of 5 Mev. The distribution 
at the leading edge of the back plates should center 
about 45 Mev assuming the total path in the front plates 
to be in glass and all other conditions as calculated. 

2 W. F. Cartwright, thesis, University of California Radiation 
Laboratory Report No. 1278 (1951). 
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However, upon passing through the absorbers, the 
lower half of the distribution will be stretched by about 
a factor of two, while the upper half will remain essen- 
tially unaltered. Actually, the mean of the energy dis- 
tribution fer mesons entering the back plates was found 
by the more direct methods of grain counting to be 49 
Mev. The discrepancy is attributed to slight errors in 
the estimates of beam energy. 

The plates were all 400u, G5, Ilford emulsions. They 
were developed in the same way as the plates exposed 
to m~ mesons," 


MICROSCOPE TECHNIQUES 


Throughout most of the experiment, random samples 
of the grain density and small angle scattering were 
taken on the selected particles. A sampling procedure 
was desirable, for it allowed us to choose the particles 
rapidly by sight and still have a check on their mass 
and velocity. Moreover, during the later part of the 
experiment we improved on our usual scattering 
method" and facilitated our sampling procedure by 
making a special “reflection goniometer” for the 
microscope. The device is especially suited for making 
small angle measurements rapidly and accurately under 
the microscope. 

The instrument is simple. It is essentially three con- 
centric cylinders, two of which are free to rotate, one 
containing the eye piece and reticle and the other a 
thin strip of glass tilted at 45°. The inside cylinder 
clamps to the microscope barrel. The arrangement 
allowsa row of point light sources outside the microscope 
to appear in the field of view. Upon rotating both 
cylinders through some angle, the light sources, if cor- 
rectly placed, will appear to rotate with twice the 
angular velocity about a center fixed at half the focal 
distance away. In other words, a scale can be made to 
pass over the field of view which might otherwise be 
swept by a 25-cm lever arm attached to the eyepiece. 
It is easily read to 1/20 of a degree. That is better by a 
factor of 2 then is required if the direction of a 100u 
segment length is defined up to } a grain diameter, or 
¢u. A comparison can also be made with our previous 
small angle scattering method. We then measured 
tangents under 450 by the lateral displacement of a 
track over, say, a 100u cell length. The advantage of the 
present method can be shown to be:'* 

advantage = focal length/ (power X cell length) =5.5. 
By measuring the angle between two adjacent 100u 
segments, we are not dependent upon the stage. 


ENERGY SELECTION AND PROTON 
DISCRIMINATION 


All observations were made more than 5 mm in from 
the leading edge of the back plate. A track had to extend 
further than 5004 beyond the 5-mm starting point, if 


13 See Part I (reference 5). 
4 Bayard Rankin, Rev. Sci. Instr. (to be published). 
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it was to be considered. It was accepted for study solely 
on the basis of its behavior in the first 500y. If it had 
the visual characteristics of a 40-Mev meson whose 
direction was within 10° of the beam, it was then 
followed until it left the emulsion or traveled 10 mm. 
We relaxed the angular discrimination rule of the x 
experiment because the energies in the ++ beam were 
not strongly dependent upon angle. The 500u distance 
was chosen as the minimum distance in which a meson 
could be identified, if it were actually measured. The 
distance allotted for selection was not extended even 
in special cases. 

We introduced a 10 percent sampling technique 
which would check our selection efficiency; the 
absorbers skewed the energy distribution, reducing a 
62-Mev meson to 28 Mev at 5 mm into the back plate. 
Also a dangerous directional spray of high energy 
protons entered the plates despite the quantities of 
brass shielding. We masked a table of random numbers!* 
allowing only one digit to show, and moved the mask 
after each particle had been chosen. Whenever the 
number 7 appeared, the particle was measured for grain 
density and small angle scatter over a 1000u distance 
starting at 5 mm into the plate. 

A relation of the form G= KI/J» had been established 
for x~ mesons of energy 30 to 60 Mev. To evaluate the 
constant K, for the x* plates, we compared grain counts 
of 500u long segments of four r+ mesons and eight x 
mesons at 2100 residual range. The relation becomes 
G/100u=197/T, for the x* plates. The relation taken 
together with E,=/(A/J/Jo), an adaptation of Aron’s 
curve’ for energy loss of a proton in aluminum, allowed 
us to convert the average grain density of our sample 
to an estimate of the average energy. In the last equa- 
tion E,=(m,/m,)E,, and \, a constant, converts 
specific ionization in emulsion to energy loss in Mev/mg- 
cm~ in aluminum. We obtained 45.5 Mev as the aver- 
age energy for accepted mesons at 5 mm into the back 
plate. 

Figure 2 is a plot of 50 sample points after converting 
grain density to specific ionization. The errors shown 
exemplify the standard deviations for any point. It is 
clear that the majority of the meson population have 
specific ionization in the range 1.39-1.85. The corre- 
sponding energy range is 34-56 Mev. Half of the 
mesons, those with initial energies above 45.5 Mev, will 
still have energies above 30 Mev after traveling 10 mm.” 
The lower energy mesons, say those of 34 Mev, will 
reach 30 Mev after 4 mm and 22 Mev after 10 mm of 
travel in emulsion. However, in the x~ experiment 
where the selection rules were the same, 64 percent of 
the 35.5-Mev mesons left a 400u emulsion in less than 
4.5 mm. It is then overly safe to say that less than 18 


15 M. G. Kendall and B. B. Smith, Tables of Random Sampling 
Numbers (Cambridge University Press, Cambridge, 1939). 

16 Aron, Huffman, and Williams, University of California Radi- 
ation Laboratory Report No. 121 (1949). 

17 Bradner, Smith, Barkas, and Bishop, Phys. Rev. 77, 462 
(1950). 
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percent of the observed track was less than 30 Mev and 
98 percent of it was over 22 Mev. 

Figure 2 of this experiment and Fig. 4 of its forerunner 
on m~ mesons can be used to demonstrate that prac- 
tically no protons were admitted into the data. A special 
control against protons was carried out for 191 cm of 
track, however, after we had noticed a peculiar lack of 
nuclear scatters. At the same time the average accepted 
meson energy was controlled by grain count and was 
lowered to 36 Mev. There was a fast method to use. 
We made only two 100u grain counts and two scattering 
measurements on each track, achieving our purpose by 
spreading these measurements over 1.6 mm. We chose 
tracks which would almost certainly stay in the emul- 
sion for 1.6 mm beyond the 500u mark. One grain 
count at the 500u mark, one grain count and one scatter 
count at the 1300u mark, and one scatter count at the 
2100u mark served to throw out 99 percent of all 
protons and keep 70 percent of the mesons. Moreover, a 
track was dropped as soon as one of the measurements 
fell outside a specified tolerance limit. This minimized 
the possibility of dropping a track after following it for 
2 mm. If an event occurred before we finished those 
measurements, or if the track went out, we would take 
grain count and scattering measurements over the first 
500u. We assured ourselves of the validity of this pro- 
cedure by applying it to two hundred 340-Mev proton 
tracks. The proton tracks were obtained by Frank L. 
Adelman by exposing plates to the external beam of the 
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Fic. 2. A plot of 50 sample points after converting grain density 
to specific ionization. The heavy curve is that of Y. Goldschmidt- 
Clermont. The statistical errors exemplify the standard deviations 
for any point. 
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TABLE I. Large angle scatters. 


Specifx 
ionization 
corre 
sponding 
to aver 
age grain 
density 
before 
event 


\verage 
scattering 
angle 
before 
event 
legrees 
micron 


Distance 
n plate 
mm Before 


100u* 
After 


Grain density 


0.26/110 90 
0.16/110 22 
0.31/158 66 
0.42/110 &3 
0.31/110 70 


37.342.4 
23.541.5 
36.1448 
37.7418 
38.0+3.2 


6.6 36.24+2.0 
14.0 23.241.5 
27 = 31.741.4 
7.6 35.0418 
64 32.541.7 


Stars 


30.341.7 
29.341.7 
35.141.8 
27.94+1.6 
23.941.5 
41.2+1.6 
31.2+1.7 
32.2+1.7 
33.241.5 
32.541.7 
30.941.4 


DONS =x 
Cou Dm Nw 


NSMwnraw 


-~ uN 


* The errors are standard deviations 
Ac nied by a recoil 
low energy 
ig makes a hammer track 


cyclotron. After it became evident that this special 
procedure gave no different results, the simpler sampling 
technique was recalled. 

u-meson contamination considered 
since less than 9 percent‘ of the r* mesons would decay 
before reaching the plates and only a fraction of the 
decay products would be detected. Fast electrons could 
not have been followed by mistake because their 
ionization was too low. The plates were lightly developed 
so that minimum ionizing electrons, such as 8-particles 
from the m-y-8 decay process, whose average energy 
is about 35 Mev,'§ were soon lost in the background. 
The same thing would have happened to higher energy 
electrons also since electron ionization is an extremely 
weak function of energy above 1 Mev. 


was negligible 


RESULTS 

The processes that can take place as a r* meson 
passes through matter are absorption by a nucleus, scat- 
tering by a nucleus or nucleon, charge exchange scat- 
tering by a neutron, and radiative absorption of the 
meson by a neutron. The probability for the last process 
to occur in emulsion must be small, as inferred by the 
inverse process!® 


yt port +n. 


Chedester ef al.° predict about 10~** cm? for the radia- 
tive absorption cross section, assuming that the fol- 


1 R. Sagane and W. L. Gardner, University of California Radi- 
ation Laboratory Report No. 1261 (1951) 

19 Bishop, Steinberger, and Cook, Phys. Rev. 80, 291 (1950) 

20 Chedester, Isaacs, Sachs, and Steinberger, Phys. Rev. 82, 
958 (1951) 
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lowing reactions occur with the same probability : 

n+ py-+n. 

Wilson and Perry*' have recently shown that the cross 
section for charge exchange scattering is the order of 
10-*7 cm? or less and so is small also. Consequently, we 
should observe only absorption and scattering. 

Some interesting properties of r+ absorption seem to 
make the probability of emitting only neutrons much 
smaller than in the w~ case.>° We found, in fact, no 
disappearances. The scatters and absorptions were 
analyzed according to the criteria set up in the previous 
experiment. However, no inelastic scatters were found 
in this experiment. We have measured all scatters 
greater than 30° but again use only what is found above 
90° for a cross section. In computing an interaction 
cross section, we assume an equal number of scatters 


nt+n—7t p, 


above and below 90°. 

Tables I to III include all the data on the nuclear 
events. The data for the two scanning procedures is 
shown separately and together. 

Table IT includes star prong measurements that were 
made on a separate area scan expressly to augment the 
m* capture data and display the interesting prong dis- 
tribution. Since area scanning is especially suited for 
picking up stars, in this case we followed the tracks of 
the captured mesons only to make scattering and grain 
count measurement. 1000u measurements were sufficient 
to eliminate proton induced stars. A plot of our measure- 
ments had about the same spread as the plot in Fig. 2. 
It revealed no dependence of prong number on meson 
energy. Since the total number of stars was few, we 
made no attempt to estimate energies of the emitted 
particles. 

It was possible to obtain an upper bound on the 
cross section for the scattering of r+ mesons on hydro- 
gen simply by analyzing the one two-prong star which 
was found. It was clear that the prongs were not the 
products of a meson-proton collision, because they were 
not in the same plane with the incident track. Since 
proton collisions will be distributed in any specified 
segment of meson path according to a Poisson dis- 
tribution, we found no Poisson event in our total path 
length L. Any mean free path which would make this 
event more than 50 percent probable must be more than 
1.43 L. Or, using the Ilford published data” on the 
hydrogen content of emulsion, the corresponding cross 
section must be less than 2.3 10>? cm’. 

CONCLUSIONS 

The prong distribution of the stars given in Table II 

is of special interest when taken in comparison with the 
TABLE IT. Star prong distribution. 
Prong number 1 


Number of events 1 : 1 5 


1 R. Wilson and J. P. Perry, Phys. Rev. 84, 163 (1951). 
= The data is distributed with the Ilford emulsions. 





FAST MESON 
corresponding distribution of the #~ experiment. The 
average number of prongs is significantly higher in the 
present case. This is qualitatively explained by assuming 
a primary nucleon-meson interaction in the absorption 
process. The reaction yields an energetic proton in the 
case of * absorption and an energetic neutron in the 
other case. Charged particle emission is favored in * 
absorption even without secondary collisions in the 
nucleus, while, if an a-particle model is justified, mul- 
tiple charged particle emission is extremely likely. More 
data on r* meson capture, such as is being gathered at 
Columbia," will be very valuable. 

The cross section for the scattering of r+ mesons on 
hydrogen as measured by Anderson et al., imply a low 
cross section at 45 Mev. Yet even the upper bound for 
the cross section found in this experiment is low enough 
to show that multiple collisions within the nucleus are 
unlikely for ++ mesons, as is also the case for m~ 
is reasonable then that no inelastic 


10 


mesons.”’ It 
scatters were found.® 

In contrast to Part I of this experiment on x~ mesons, 
few nuclear scatters were found. Though the statistical 
errors are large, it is striking that the estimated mean 
free path for scattering is significantly higher in the 


2H. A. Bethe and R. R. Wilson, Phys. Rev. 83, 690 (1951). 
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Taste IIT. Summary of results. 


Proton Usual 
control scanning 
technique procedure 


Either* 
technique 


Total path length scanned (cm) 191 711 


Number of disappearances in 
flight 0 
Number of stars 10 
Number of scatters greater 
than 30° 
Number of scatters greater than 
90° 
Mean free path for stars (cm) 
Mean free path for total nuclear 
interaction (cm) (assuming 
symmetry about 90°) 
Mean free path corresponding 
to nuclear area (cm) (for 
emulsion) 


* The errors are probable errors 


present experiment, a fact which is not reasonably 
explained by the slightly higher energy. The relative 
measurements are in qualitative agreement, however, 
with the Columbia emulsion investigations.?~"' 

We wish to thank Dr. Chaim Richmanand Dr. Miriam 
Cartwright for their help in exposing the plates. Mrs. 
Edith Goodwin scanned the plates with the extreme 
care that is necessary for an accurate experiment. 
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B® has been observed as a 0.61+0.11 sec positron emitter produced by the following reactions: 
B'(y,2n) B®, B"(y,3n)B%, and C(y,p3m) B®. Li® has been observed as a 0.19+0.05 sec beta minus emitter 
produced by the reaction, B"(y,2p)Li®. Irradiation of elements from Z=3 to Z=9 with a 0-50 Mev gamma 
ray spectrum failed to induce any other short-lived activities. In spite of this, B, C*, and O" are not ruled out 
as short-lived activities. Li‘ is not produced in observable amounts through the reaction Li*(y,2m) Li‘ if it 
has a half-life between 0.1 sec and 1 min; it is probably particle unstable. 


I. INTRODUCTION 
N investigation was undertaken to survey the field 
of short-lived radioactivities among the elements 
with Z<12 with particular emphasis on elements with 
Z<8. It seemed highly probable that any new radio- 
active isotopes found in this region would be short-lived 
because most of the isotopes which had not been ob- 
served would lie considerably away from the stability 
region of equal neutrons and protons. Equipment was 
set up specifically to observe activities of short half-life, 
i.e., in the region from 0.1 sec to several hours. Then 
an attempt was made to observe as many betatron- 
produced short-lived activities as possible. 
* Present address: Chemistry Department, Florida State Uni 
versity, Tallahassee, Florida. 


Since B* and Li’ had been observed only recently, 
confirmation of their existence from a betatron irradia- 
tion seemed significant. B® has been observed as a 
delayed alpha-emitter by Alvarez.' He found that it 
decays by a 13.7-Mev positron with a 0.65-sec half-life 
to the same excited state of Be® as does Li*; the B* 
was produced by the following nuclear reactions: 
B"(p,H*) B’, Be*(p,2n) B* and C"(p,na) B®. 

The positrons from B® have been observed in this 
laboratory in the current study from the gamma-ray 
betatron irradiations of B and C. During these same 
irradiations, a 0.19-sec negative beta-activity was also 
observed. Gardner, Knable, and Moyer* have described 


'L. Alvarez, Phys. Rev. 80, 519 (1950) 
* Gardner, Knable, and Moyer, Phys. Rev. 83, 1054 (1951) 
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Fic. 1. Schematic diagram of apparatus used for controlling 
betatron and counting apparatus so that counting may begin 
milliseconds after the beam is turned off. 


a new delayed neutron emitter, Li’, with a 0.168-sec 
half-life. Whereas they have observed the delayed 
neutrons, the negative beta-particles have been ob- 
served directly in this laboratory. 


II. EXPERIMENTAL 


Several investigators** have found that heavy frag- 
ments (e.g., Li’, Be’) are expelled from nuclei on irra- 
diation with high energy particles. Since many of these 
fragments have short half-lives, it would be necessary 
to distinguish between these processes (should they 
occur) and the production of new activities. Fortunately 
it was not possible in this study to observe this phe- 
nomenon when nuclei with Z>7 were bombarded with 
a gamma-ray spectrum of 0-50 Mev or with a gamma- 
ray spectrum of 0-85 Mev. 

Throughout the course of these experiments the 
principle problem was one of getting sufficiently high 
intensities of activities. Since the activities sought have 
short half-lives it was not possible to carry out chemical 
separations and the activities were to be identified by 
means of their half-lives and through the use of cross 
irradiations. Therefore, it was necessary to have enough 
of the activities produced to give good counting rates. 
Since y-ray cross sections are notoriously low, an effort 
was made to maximize the total counts by (1) using a 
solid cylindrical target with its axis along the beam to 
intercept as large a percentage of the beam as possible; 
(2) using a large number of Geiger tubes arranged in a 
concentric circle around the target to increase the 
geometry; (3) summing the counting statistics of a 
number of consecutive runs; and (4) counting the sample 
within milliseconds after the beam was turned off. 

The essence of the experiment was the following: a 
solid target in the form of a cylinder 20 to 25 cm in length 
was placed directly in the beam of the betatron in such 
a way that the beam center was focused along the axis 
of the cylinder. The target was counted in place 
immediately after turning off the beam witha concentric 
ring of 11 matched Geiger tubes two inches off the 
center of the beam but parallel to both the beam and 
the target. The Geiger tubes were shielded from the 
C. Wright, Phys. Rev. 79, 838 (1950) 

Marquez, Phys. Rev. 81, 953 (1951). 
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direct beam by 6 inches of lead. The betatron and the 
scaler were controlled by a motor-driven timing switch 
which executed the following duty cycle: betatron on, 
scaler off —3 sec; betatron off, scaler on —5 sec; 
betatron on, scaler off —3 sec, etc. The scaler pulse was 
fed directly to one pen of a two channel Brush recorder. 
The other pen was fed 60 cycle ac to act as a timer. In 
this way it was possible to irradiate a target for 3 sec 
and then count it within milliseconds after the beam 
was turned off for a period of 5 sec. The experimental 
arrangement employed is schematically illustrated in 
Fig. 1. The counters were of thin glass (35 mg/cm’), 
1 inch o.d., 12 inches long with an effective counting 
length of 25 cm. The targets were: lithium fluoride, a 
reagent grade chemical in the form of a pressed pill 
cylinder 8.25 inches in length and 3 inch in diameter; 
elemental beryllium fabricated from fragments in the 
form of a crude cylinder 8 inches long and approxi- 
mately 1 inch in diameter; elemental boron in the form 
of 4 cylinders 8.25 inches long and ? inch in diameter 
(the boron had 1.6 percent carbon as an impurity) ; and 
elemental carbon in the form of a cylinder 8 inches in 
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Fic. 2, Decay induced from the betatron irradiation of elemental 
boron with a 0-50 Mev gamma-ray spectrum. 





ACTIVITIES OF SHORT HALF-LIFE 


length and 1 inch in diameter with no spectrographically 
observable impurities. Similar targets of NH,I, V20s, 
NaF, NaCl were available. 

With the experimental arrangement schematically 
illustrated in Fig. 1 it was possible to observe half-lives 
in the region from 0.1 sec to 1 min. Some indication of 
shorter half-life activities was also possible. Using the 
more traditional lead shielded end window Geiger 
counter and a “rabbit”’ to transport the samples quickly 
after irradiation it was possible to check the half-life 
region from 1 minute to several hours. 


Ill. EXPERIMENTAL RESULTS 
In the irradiation of LiF with the University of 
Chicago 0-50-Mev betatron gamma-ray spectrum, a 
very considerable yield of He® was observed from the 
reaction Li’(y,p)He®. The half-life observed over 6 half- 
lives was 0.86+0.03 sec in good agreement with 
previous investigators.*-?7 There was no indication of 





100 T T T T T 


Gross Curve 


Bockground 





CARBON IRRADIATED WITH 
O- 50 Mev GAMMA RAYS 


B* from 8° and B from Lf 


COUNTS — SCALES OF 32/sec 














TIME - SECONDS 


Fic. 3. Decay induced from the betatron irradiation of elemental 
carbon with a 0-50 Mev gamma-ray spectrum. 


5 J. E. R. Holmes, Proc. Phys. Soc. (London) A62, 293 (1949). 

6W. J. Knox, Phys. Rev. 74, 1192 (1948). 

7D. J. Hughes and W. D. B. Spatz, private communication 
listed in G. T. Seaborg and I. Perlman, Revs. Modern Phys. 20, 
585 (1948). 
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TaBLeE I. Thresholds for some of the various nuclear reactions 
considered,* calculated from known masses. 


Reaction y-threshold E 
C®(y,H'n) B® 
C®(y,d2n) B* 
C8(-y,p3n) B® 
C8(-y,He*, p) Li® 
C8(-yd2p) Li* 
C8(y,3pn) Li8 
B"(-y,3n) B® 
B"(y,He*)Li® 
B'(y,dp)Li8 
B"(-y,2pn) Li® 
B'°(y,2n) B® 
B'(+,2p)Li® 
C(y,3p)Li® 
B"(,2p)Li* 





46.0 Mev 
52.3 


54.5 


50.7 


* The mass of B* was assumed to be 8.0273; the mass of Li* was assumed 
to be 9.0313. Corrections were not made for potential barrier effects where 
charged particles are emitted. 


a short-lived activity indicative of Li‘ which might 
have been produced by the reactions Li®(y,2n)Li‘ or 
Li’(y,3n)Li*. Therefore, it seems reasonable to conclude 
that Li‘, if it exists, does not have a half-life in the 
region from 0.025 sec to one min with the exception of 
the 0.85-sec region which is obscured by the He® 
activity. 

The bombardment of elemental Be with 0-50-Mev 
gamma-rays produced Li‘ by the reaction Be*(y,p)Li*. 
The activity was followed for six half-lives and gave the 
value 0.85+0.016 sec. Several runs were summed to 
give the best possible result (i.e., lowest probable error) 
because the value of this half-life was important in 
determining the half-lives of B® and Li*. This value 
agrees with the more recent work of Rall and McNeill® 
and Baldwin,’ and is lower and slightly outside the 
experimental error of Hughes ef al."° No evidence for 
Be® from the reaction Be*(y,3”)Be® was found. How- 
ever, Bethe" has suggested that Be® is not expected to 
be particle stable due to larger Coulombic forces than 
those in He’. 

The bombardment of elemental boron produced the 
decay curve shown in Fig. 2. When corrections were 
applied for the carbon activities induced from 1.6 per- 
cent carbon impurity, the resultant curve was easily 
resolved into the two half-lives of 0.75+0.03 sec and 
0.19+0.05 sec. When the beta-particles from this bom- 
bardment were magnetically analyzed, it was found 
that 55+8 percent of the 0.75-sec half-life component 
were negative beta-particles and the rest were positrons. 
The 0.19-sec component consists entirely of negative 
betas. The following nuclear reactions are postulated to 
account for the activities observed: B'(v,2p)Li'; 
B'(y,2pn)Li® or B"(y,He*)Li*—a 0.85-sec negative 
beta-emitter and B"(7,2) B®; B“(y,3n) B*—a 0.61+0.11 


8 W. Rall and K. G. McNeill, Phys. Rev. 83, 1244 (1951). 
9G. C. Baldwin, Phys. Rev. 76, 182A (1949). 
10 Hughes, Hall, Eggles, and Goldfarb, Phys. Rev. 72, 646 


(1947). 
uH. A. Bethe, Phys. Rev. 54, 436 (1938). 
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sec positron emitter. These two activities have such 
similar half-lives that they form the composite 0.75-sec 
half-life of 55 percent negative betas and 45 percent 
positrons shown in Fig. 2. B"(y,2p)Li® accounts for the 
negative beta-emitter shown in Fig. 2 with a 0.19+0.05 
sec half-life. Gardner, Knable, and Moyer’ have sug- 
gested that the decay scheme for Li? is: 


Li*>Be*+8-+ », 
Be**—Be**(2a)+n. 


(1) 
(2) 


If this suggestion is correct the neutrons should decay 
with the half-life of the parent, Li’, with which they 
are in “‘immediate’’ equilibrium because their true half- 
life is very short relative to the half-life of Li*. The 
half-life they report for the delayed neutrons, 0.168 sec, 
agrees within experimental error with the value ob- 
served in this laboratory for the negative betas, 
(0.19+0.05 sec). 

In the bombardment of elemental carbon some further 
evidence for B* was found. A composite half-life of 
0.76+0.12 sec was observed in which there were ap- 
proximately equal numbers of negative betas and 
positrons. The decay curve is shown in Fig. 3. The first 
point gives a hint of a possible Li’® activity in this decay 
curve also. However, because there were fewer counts 
it was not possible to verify the existence of Li® in this 
irradiation or to obtain an accurate value of the half-life 
of B®. Table I summarizes the various nuclear reactions 


and thresholds in producing Li‘, B*, and Li® from the 
gamma-irradiations of boron and carbon. 

In addition to the above-mentioned activities the 
following nuclear reactions and activities were pro- 


a 20-sec positron emitter; C” 
a 


C(+,2n)C™ 
(y,z)C'\—a 20-min positron emitter; N'(y,2)N" 
10-min positron emitter ; F'°(7,2p) N'"—a 4-sec negative 
beta-emitter; N'4(y,2n)N" and N!'*(7,2p)B"’—an ex- 
tremely short composite half-life; O'*(y,7)O'%—a 120- 
sec positron emitter and O'*(y,2n)O'*—a 77-sec positron 
Na’8(y,32)Na®—a _ 0.23-sec positron 


duced : 


emitter; and 
emitter.” 

No activities were observed which might have been 
ascribed to C*, B'’, or O'8 although these species might 
produced by the following reactions: 


have been 


2 R. K. Sheline, Phys. Rev. 82, 954 (1951 
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C®(y,3n)C®, N*(7,2p)B', and O'8(y,32)O". Since in 
each of these cases either the isotopic abundance of the 
element irradiated was very low, or a three particle 
nuclear reaction was involved, the absence of an ob- 
servable activity in the half-life interval from 0.1 sec 
to 1 min does not preclude its existence in this region. 


CONCLUSION 

The discovery of B* and Li’ has given new impetus to 
the search for other low Z isotopes. In view of this 
research B'* offers the greatest promise, with C® and 
O' as distinct possibilities also. Barkas'* estimates the 
mass of B'* as 13.0207, which distinctly indicates par- 
ticle stability. Furthermore B'* differs by one alpha- 
particle from both Li? and N' which are delayed 
neutron emitters of 4.13 and 0.168 sec, respectively. 
B' might then be expected to be a delayed neutron 
emitter of the order of 1-sec half-life. Barkas has also 
estimated the mass of C® as 9.036, which places it on 
the very edge of particle stability. (The sum of proton 
and B* masses is 9.0354.) If C’ and O'* exist they might 
be expected to be delayed proton emitters by analogy 
with the delayed neutron emitters, Li? and N". 

If Li‘ exists, it is possible to set limits on the energy 
of its positron from the following considerations. The 
mass of Li* must be greater than 4.02628 because other- 
wise B* would be essentially instantaneously unstable 
with respect to the products, Li‘+a. It also must be 
less than 4.02631 because, if it were not, Li‘ would be 
unstable toward the emission of a proton and formation 
of He*. Therefore, if a mechanically stable Li‘ exists it 
must go to He‘ by the emission of a positron of from 
19.82 to 19.85 Mev. This is not only a narrow mass 
range into which to expect Li' to fall, but it also suggests 
that a positron of such high energy should have a short 
half-life, observable in these experiments. In view of 
these calculations, the work of Breit and McIntosh" 
on H‘, and the failure to find Li‘ in these irradiations, 
it seems probable that Li* is particle unstable. 

It is a pleasure to acknowledge the help, advice, and 
interest of Professor W. F. Libby and Dr. R. W. 
Stoughton and the services of Mr. Charles McKinney 
and the betatron operating crew. 


'' W. H. Barkas, Phys. Rev. 55, 691 (1939) 
4G, Breit and J. S. McIntosh, Phys. Rev. 83, 1245 
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Line-Breadths of the Microwave Spectrum of Oxygen* 
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Line-breadth parameters for oxygen have been determined with a Zeeman modulation spectrograph for 
fifteen microwave transitions occurring in the 5-mm wavelength region. Measured values lie in the range 
0.0319 to 0.0516 cm~'/atmos, with a population weighted mean of 0.0475 cm™/atmos. Investigation of the 
variation of the line-breadth parameter as a function of K, the rotationa) angular momentum quantum 
number, reveals greater line-breadth for the most populated states. This leads to an interpretation of the 
self-broadening collision process as a mechanism involving not only the quadrupole-quadrupole and polariza 
bility interactions predicted theoretically, but also a rotational resonance interaction. 

Measurements are also reported for the line-breadths of oxygen transitions broadened by the perturbing 
molecules ammonia, nitrous oxide, nitrogen, and argon. Collision diameters are then determined for these 
molecules, and the results are shown to compare favorably with results from kinetic theory and from 
ammonia-broadening experiments. Interpretations of these data also strengthen the rotational resonance 
interpretation. A line-breadth parameter is calculated for air. 


I. INTRODUCTION 


HE absorption of microwave energy by oxygen 

contained in the earth’s atmosphere was pre- 
dicted by Van Vleck! on the basis of the interaction of 
the magnetic moment of oxygen with the magnetic 
field of the electromagnetic radiation. According to Van 
Vleck this absorption has two forms, resonant and non- 
resonant, the resonant absorption being greatest at 
5-mm wavelength and completely overshadowing the 
nonresonant absorption. Using equations derived by 
Schlapp,? Van Vleck predicted the presence of twenty- 
six absorption lines arising from levels of significant 
population. All but one of these lines fall in the 5-mm 
wavelength region, the one line occurring at 2.5-mm 
wavelength. The twenty-five lines are spaced by only 
a few hundred megacycles, a spacing so narrow that at 
high pressures the lines are sufficiently broadened by 
collisions to be overlapped. At atmospheric pressure 
the resonant absorption band of oxygen, centered at 
5-mm wavelength, is 10* Mc wide. 

The radiation, or natural, broadening of spectral lines 
and Doppler broadening are of no consequence in 
our experiments. In the present work only collision 
broadening will be considered. The intensity of the 
absorption band depends upon the manner in which 
the widths of the fine-structure lines vary with pressure. 
It is customary to express this variation in terms of a 
line-breadth parameter which is defined as the half- 
width, measured at half-intensity, of an absorption line 
at a pressure of 1 atmos, the quantity being expressed 

* The research reported in this paper has been sponsored by the 
Geophysics Research Division of the Air Force Cambridge Re- 
search Center. 

+ This article is based on a thesis submitted by R. S. Anderson 
to the Graduate School of Arts and Sciences, Duke University, 
in partial fulfillment of the requirements for the degree of Doctor 
of Philosophy (1951). Present address: Stanford Research Insti 
tute, Stanford, California. 

t Present address: Department of Physics, University of Dela- 
ware, Newark, Delaware. 

1 J. H. Van Vleck, Phys. Rev. 71, 413 (1947) 

*R. Schlapp, Phys. Rev. 51, 343 (1937). 


in cm~'/atmos. Van Vleck and Weisskopf* have shown 
the possibility of a variation of the line-breadth param- 
eter with the rotational state. Considerable research 
has been devoted to the determination of the line- 
breadth parameter for oxygen. Beringer,‘ the first to 
measure this quantity, determined the intensity of the 
integrated absorption at high pressures, from which 
the parameter may be obtained. He found that pure 
oxygen has an absorption at the band center of 67 
db/km for 1 atmos pressure. The line-breadth parameter 
was concluded to have a value between 0.02 and 0.05 
cm~'/atmos. Beringer’s measurements also indicated an 
integrated absorption for air of 14 db/km at 1 atmos. 
Lamont® determined the maximum attenuation of 
microwave energy in dry atmosphere to be 15.7 db/km 
at 5.13-mm wavelength. From these measurements it 
was concluded that the value of the parameter cor- 
rected from atmospheric absorption is less than 0.02 
cm~'/atmos. Strandberg, Meng, and Ingersoll® have 
very carefully repeated Beringer’s work‘ 0 high pres- 
sure absorption. From measurements on pure oxygen 
at 80-cm Hg pressure, they have determined the 
line-breadth parameter to be 0.02 cm~'/atmos. 

All of these measurements were made on the in- 
tegrated high pressure absorption band of oxygen and 
not upon resolved lines. From such data it is impossible 
to determine any variation of the line-breadth param- 
eter with rotational states. The first complete resolution 
of the rotational oxygen absorption spectrum at low 
pressures was reported by Burkhalter, Anderson, Smith, 
and Gordy.’:* Approximate measurements by them on 
the line-breadth parameter for three individual transi- 


3 J. H. Van Vleck and V. F. Weisskopf, Revs. Modern Phys. 17, 
227 (1945). 

‘R. Beringer, Phys. Rev. 70, 53 (1946). 

5H. R. L. Lamont, Phys. Rev. 74, 353 (1948). 

* Strandberg, Meng, and Ingersoll, Phys. Rev. 75, 1524 (1949). 

7 Burkhalter, Anderson, Smith, and Gordy, Phys. Rev. 77, 152 
(1950). 

§ Burkhalter, Anderson, Smith, and Gordy, Phys. Rev. 79, 651 
(1950). 
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tions indicated a range of values from 0.02 to 0.05 
cm~'/atmos 

More complete measurements on fourteen resolved 
absorption lines are reported in the present paper.’ 
A more precise method of measurement is used than 
that for the preliminary results.* The results suggest a 
dependence of the line-breadth parameter on rotational 
state. Values obtained range from 0.0319 to 0.0516 
cm~!/atmos. A rough value has also been reported by 
Anderson, Johnson, and Gordy for the single rotational 
transition occurring at 2.5-mm wavelength.!° A more 
precise measurement of this line by Hill and Gordy§$ 
yields Av=0.064 cm~'/atmos at T=300°K and 0.09 
cm~!/atmos at T=195°K. 

Beringer and Castle,'! in applying the strong-field 
Zeeman theory developed by Henry” for the micro- 
wave magnetic resonance spectrum of oxygen, found 
values from 0.017 to 0.100 cm~'/atmos. Their most 
reliable data, however, yielded values between 0.036 to 
0.056 cm~'/atmos. 

The most recently published data on the 5-mm lines 
are those of Gokhale and Strandberg," and Artman and 
Gordon.'"* Our results are in agreement with those of 
Artman and Gordon within the probable error in the 
two measurements. However, certain of the line widths 
measured by Gokhale and Strandberg lie outside the 
error limits estimated for the two measurements. The 
reason for this discrepancy is not yet known. 


II. DESCRIPTION OF APPARATUS 


Since the oxygen molecule does not possess a perma- 
nent electric dipole moment, sensitive techniques must 
be used for the detection of the transitions of oxygen. 
The Zeeman-modulation method used in the present 
work has been previously described.* Figure 1 is a block 
diagram of the spectrometer used in the present in- 
vestigation. Detection of oxygen transitions is achieved 
in the following manner. A 1-cm klystron supplies 
energy to a frequency-doubling crystal which generates 
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Fic. 1. Block diagram of the Zeeman modulation spectrograph. 


* A preliminary account has been given by Anderson, Smith, 
and Gordy, Phys. Rev. 82, 264 (1951). 

10 Anderson, Johnson, and Gordy, Phys. Rev. 83, 1061 (1951). 

§ R. M. Hill and W. Gordy (to be published). 

" R. Beringer and J. G. Castle, Jr., Phys. Rev. 81, 82 (1951). 

2 A. F. Henry, Phys. Rev. 80, 396 (1950). 

4B. V. Gokhale and M. W. P. Strandberg, Phys. Rev. 84, 
844 (1951). 

4 J. O. Artman and J. P. Gordon, Phys. Rev. 87, 227 (1952). 
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Fic. 2. An O; line recording with and without frequency markers. 


5-mm energy for transmission through the absorption 
cell. The klystron is mechanically tuned with a small 
driving motor very slowly through the absorption fre- 
quency. The absorption line is split into its Zeeman 
components at a 4-kc rate under the influence of a weak 
sinusoidal magnetic field applied to the molecules by a 
solenoid surrounding the absorption cell. The detector 
crystal responds to a 4-kc pulsating signal which results 
from a shifting of the absorption frequency in and out 
of the klystron frequency by the alternating Zeeman 
field. The detected signal is amplified and passed 
through a lock-in amplifier (coherent detector), and 
the output is displayed on an Esterline-Angus recorder. 
The recorder drive is synchronized with the klystron- 
tuning drive. 

Because of the symmetry of the Zeeman splitting, 
the detected signal would occur at twice the modulation 
frequency. When a lock-in amplifier is used, it is de- 
sirable to detect at the fundamental frequency of the 
modulation. Hence, a current of form (1+ coswt) is 
applied through the solenoid. Further, because the 
modulating magnetic fields are of the order of magnitude 
of the earth’s magnetic field, it is necessary to com- 
pensate for the Zeeman broadening caused by the 
earth’s field. This is achieved by orientation of the 
absorption cell and solenoid along the direction of the 
earth’s field. A compensating current is then introduced 
into the solenoid. The amount of compensation has 
been checked experimentally on an absorption line by 
adjustment for minimum line-width. 

So that the width of the recorded absorption lines 
can be measured, distance along the recorder chart is 
calibrated in units of frequency. This calibration is 
repeated for each separate recording of an absorption 
line. It was found possible to superimpose on the 
recorder-trace a lattice of several strong frequency 
markers spaced at 5.70-Mc intervals. Since the record- 
ing of a line is an operation requiring several minutes, 
the marker system must be frequency-stabilized so that 
the marker lattice will remain in fixed position on the 
line tracing. For this reason, a stable frequency is beat 
with the klystron frequency, and the resulting beat— 
detected by a communication receiver—triggers a relay 
which indicates the marker on the recorder chart. 
A cavity-stabilized, 3-cm oscillator supplies a constant 
frequency signal which is fed to a frequency-tripling 
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Fic. 3. Typical interpretation of recorded data (J = 18-19). 


1N26 crystal mounted on a section of 1-cm wave guide. 
Simultaneously, a crystal-controlled 5.7-Mc signal of 
about 3 v rms is mixed with the 1-cm energy generated 
in the tripler crystal to produce in the wave-guide 
radiation of frequencies 30,000+-5.70n Mc, where m is 
an integer. An absorption line with and without the 
frequency markers superimposed is shown in Fig. 2. 

Examination of Fig. 2 will disclose that the shape of 
a recorded absorption line is not that of the anticipated 
line contour. This is because the method of detection 
employed responds to the second derivative of the line 
shape. A simple explanation of this type of response is 
given in Appendix A. Line-widths are obtained by 
measurement of the distance in terms of frequency 
between the recorded minimums shown in Fig. 2. That 
this is the line-width may be shown from the fact that 
the minimums of the second derivative of the line-shape 
formula correspond to the half-intensity points of the 
line-shape formula’ for very small modulations. In 
practice, the line-width is determined from the distance 
between the recorded minimums, measured in terms of 
the number of marker intervals. The change in fre- 
quency between markers is assumed linear. This is not 
necessarily true, but any error arising from this assump- 
tion is small in comparison with the greater random 
deviation among actual readings. Note that the interval 
between markers represents 11.40 Mc, since the klystron 
frequency is being doubled. Because line half-widths at 
half-intensity are desired, however, the distance be- 
tween minimums must be divided by two. 


Ill. THE MEASURING PROCEDURE 


In this investigation it was desired to make two 
kinds of measurements: one of the self-broadening of 
oxygen lines, and the other of the broadening of these 
lines by foreign gases. In the self-broadening measure- 
ments, three kinds of information are desired: the 
value of the line half-width at some specified pressure, 
the variation of the linewidth with pressure, and the 
variation of the line-width with K, the rotational 
angular momentum quantum number. 

For the measurement at constant pressure, five re- 
cordings are made of the particular line for each of four 


MICROWAVE SPECTRUM 563 


successively decreasing modulation amplitudes. The 
modulation currents used are always the smallest 
necessary to record the lines with usable amplitudes 
above noise. For each line there is an optimum modu- 
lation for best reproduction, and this modulation is 
generally employed. The most commonly used modu- 
lating fields have amplitudes of 0.51, 1.02, 2.05, 3.08, 
and 4.10 oersteds. The five determinations of line- 
width for a particular modulation are averaged, and a 
mean deviation from the mean is determined. The mean 
values are then plotted as a function of the amplitude 
of the applied field. A typical plot of these data is given 
in Fig. 3. Since it is necessary to determine the line- 
width with no broadening Zeeman field, the data are 
extrapolated to zero modulating field. The intercept is 
taken as the limiting line-width at the given pressure. 
Because of the deviation in the mean of the observed 
line-widths at specified pressure and modulation, the 
zero modulation intercept has a small range of possible 
values. These are taken as the extreme values of the 
line-width. 

These measurements were performed on a single line 
at several pressures in order to test the variation of 
line-width with pressure, and the data are reproduced 
in Fig. 4. Linear behavior is confirmed over a one- 
hundredfold variation in pressure. It is to be noted that 
the line-width for zero pressure apparently does not 
vanish. This residual line-width is found to be reason- 
ably constant for all transitions and may be attributed 
to inadequate compensation of the earth’s field, to 
inhomogeneity in the earth’s field in the immediate 
vicinity of the absorption cell, and to the presence of a 
finite klystron output frequency spectrum. The latter 
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Fic. 4. Observed line-width as a function of pressure. 
Pure oxygen. J =4-—3. 
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Fic. 5. The broadening of an oxygen line by various foreign gases. 
J =8-+9. The partial pressure of O, is 1.5 mm of Hg. 


contribution was measured to be less than one-third of 
the total effect. 

In general, data are taken for three pressures: 1, 4, 
and 8 mm Hg. The slope of a straight line through a 
plot of limiting line-width as a function of pressure is 
taken as the line-width for 1 mm Hg pressure. This 
method of interpreting the data averages the three 
observed values and eliminates the residual width. 
From the maximum and minimum slopes of lines drawn 
through the elongated points, the deviations in line- 
widths are determined. 

The second point under investigation is the effect of 
various concentrations of foreign gases on the width of 
oxygen absorption lines. The experimental procedure is 
first to measure the limiting line-width of pure oxygen 
at a pressure of about 1.5 mm Hg. The pressure is then 
increased by the addition of the foreign gas. Four 
increments in pressure, each of about 2.5-mm Hg, are 
used. This allows determination of the line-widths of 
mixtures of gases at fixed oxygen partial pressure and 
variable total pressure. Typical data are plotted in 
Fig. 5. 


IV. THE SELF-BROADENING OF OXYGEN 


Anderson'® has given an elegant quantum-mechanical 
treatment for collision broadening in the microwave 
region. His treatment is based on an impact theory, as 
contrasted to a statistical approach. The basic assump- 
tion is that colliding molecules follow straight line 
paths. Collisions are classified as either strong or weak. 
In the strong collision the perturbation of a molecule 
is sufficiently great to induce a transition and thus to 
interrupt the absorption. Accordingly, a given state 
life-time results in an uncertainty in the energy of the 
level. The values of life-time are statistically distributed, 
and, similar to the classical Lorentz broadening theory, 
result in a line-breadth for the absorption. 


‘6 P. W. Anderson, Phys. Rev. 76, 647 (1949) 
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Weak collisions do not cause transitions and are 
known as adiabatic collisions. The initial and the final 
energy level for the transition are each temporarily 
perturbed slightly, not necessarily equally. This results 
in a net shift in the absorption frequency. The energy 
level perturbations may be considered as arising from 
Stark or Zeeman effects on the absorbing molecule 
caused by a perturbing field associated with the col- 
liding molecule. 

Since oxygen does not have a permanent electric 
dipole, the usual types of electrical interactions of im- 
portance for collision effects, namely, dipole-dipole and 
dipole-quadrupole interactions, cannot be considered as 
responsible for the observed broadening. Distinct possi- 
bilities do exist, however, for induced dipole inter- 
actions as well as for quadrupole-quadrupole electrical 
interactions. Such magnetic interactions as dipole- 
dipole, dipole-quadrupole, and induced polar inter- 
actions are of little importance. In the broadening 
formula given by Anderson," the line-breadth is pro- 
portional to the square of the dipole moment. A com- 
parison of ammonia with oxygen gives the ratio of the 
squares of their respective electric and magnetic dipole 
moments as 7800, so that ammonia lines might be 
expected to be broader by this factor. Experimentally, 
ammonia lines have been found only about 16 times 
broader than oxygen lines. Thus, magnetic dipole- 
dipole interactions contribute an insignificant amount to 
the observed broadening. 

Electrostatic interactions may account for the ob- 
served width of oxygen absorption lines, however. Two 
types of interaction have been postulated : quadrupole- 
quadrupole and polarizability interactions. Smith and 
Howard'* have shown the possible existence of a small 
quadrupole moment for oxygen. Mizushima" has cal- 
culated on the basis of a modified impact theory, the 
line-breadth caused by quadrupole-quadrupole inter- 
actions. This has the form, for high K values, 


Av/c=1.33X10"0(1/K+3/8K?)}, 


where () is the quadrupole moment, the + sign applies 
to transitions /=K+1-—>K, and the — sign to transi- 
tions J=K—1-—K. For high K values this becomes 
approximately 

Av/c=constK-}. (1) 


Although experimental evidence shows the measured 
line-width to vary, for high K, approximately according 
to this formula, the value required for the quadrupole 
moment of oxygen is several times too large as com- 
pared with the upper limit, Q<0.09X10~'® cm?, set 
by Smith and Howard'* from measurements on the 
broadening of ammonia lines by oxygen. The effects of 
polarizability interactions have been calculated by 
Anderson,'* and these lead to values for the line-width 


16 W. V. Smith and R. R. Howard, Phys. Rev. 79, 132 (1950). 
‘7M. Mizushima, Phys. Rev. 83, 94 (1951); 84, 362 (1951). 
‘8 P. W. Anderson, Ph.D. thesis, Harvard University (1949). 
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from 0.025 cm™!/atmos for K=3 to 0.014 cm~/atmos 
for K=21. The form of both types of interactions is 
approximately the same, and their sum is still too small 
to explain the observed line-breadths. 

The experimental data on self-broadening obtained 
in this investigation are listed in Table I. The experi- 
mental observations have a mean deviation of about 
10 percent. Our experimental values for the line-widths 
are generally higher than those predicted from early 
high pressure observations*~* but are reasonably close 
to those values measured recently.’:!!:* The most in- 
teresting feature is the variation of the line-breadth 
with K. The largest values of the line-breadth occur in 
the region of the maximum predicted by the Boltzmann 
distribution for oxygen at room temperature. The 
interpretation of this observation is based upon rota- 
tional resonance. This type of interaction is common in 
the infrared region, but it is not generally observed at 
microwave frequencies because a relatively small frac- 
tion of the total number of molecules are thermally 
distributed in the sufficiently low-lying rotational states 
which give rise to microwave transitions. Ammonia and 
oxygen, because of the unusual origins of their spectra, 
have many rotational levels lying in a frequency range 
allowing microwave transitions. The microwave spec- 
trum of ammonia originates in the inversion of the 
ammonia molecule and is not due to rotation. The 
microwave spectrum of oxygen arises from a spin 
reorientation and again is not related to the rotational 
state of the molecule. Anderson'® has considered rota- 
tional resonance effects in his theoretical calculations 
on the self-broadening of ammonia lines. 

A qualitative, quaantum-mechanical description of the 
collision broadening process is useful. The total time- 
dependent Hamiltonian for the molecule H(f) can be 
expressed as 


H(t)=Hot+ Ay(t)+:--, 


where H, is the Hamiltonian for no collisions, and H,(/) 
is the collision perturbation Hamiltonian. If Ho is 
diagonalized, then H(t) will have both diagonal and 
off-diagonal elements. If one neglects higher order 
terms, the perturbing matrix H,(/) can then be used to 
explain the nature of the collision. The diagonal ele- 
ments of H; each give the probability of perturbation 
to the energy level with which each is associated. Thus, 
the diagonal elements refer to the case of weak col- 
lisions. Since H, refers to only one molecule under- 
going collision, the values of H, for all collisions must 
be averaged over the collisions to determine the dis- 
tribution of the absorption frequencies causing the line 
broadening. The off-diagonal elements of H,(/) give the 
transition probabilities for strong collisions and so 
account for the collision-induced transitions. Experi- 
mental observations have led to the belief that weak 
collisions are of little consequence in the microwave 
region.'® In terms of the perturbation Hamiltonian, 
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this means that diagonal elements may be considered 
nonexistent. 

Because significant perturbation Hamiltonian ma- 
trix elements are completely off-diagonal, these elements 
may be expressed in the form (Ky, J;| Hi(t)| Ki, J,), 
where K,, J;, K;, and J; are the rotational and total 
angular momentum quantum numbers, respectively, in 
the final and initial states. Since H,(t) is believed to be 
due to at least two causes, polarization and quadrupole 
interactions, considered jointly, and rotational reso- 
nance interactions, it is desirable to let 


H,()=Ay (0+ Hy (0), (2) 


where H,'(t) refers to polarization and quadrupole 
interactions and H,''(t), to rotational resonance inter- 
action. The matrix elements for H, may then be 
expressed as 


(K, J=K|Hy'(t)|K, J=K+1) 
+(K+2, J,|Hy""(t)| K, J;). 


The justification for this particular form is that, first, 
for quadrupole and polarizability interactions, AK =0 
for H,’(t), and, second, that AK=+1, 2, 3, 4, --- for 
H,''(t) for rotational resonance. However, AK = +1, 3, 
- are impossible transitions since alternate rotational 
levels are missing, so that only AK==+2, 4, --- are 
possible. Since quadrupole and polarizability inter- 
actions both depend upon a cos*@ variation, where @ is 
the angle between the intermolecular distance r and 
the internuclear axis of the molecule undergoing per- 
turbation, the rotational resonance matrix elements for 
these interactions will allow transitions AK =-+2. 
Higher transitions are not ruled out, however, and the 
case AK = +4 may arise from two separate transitions. 
For example, for the transition K-+K+2 there exists 
the possibility of a simultaneous transition K+4— 
K+2," if the energy difference arising from the latter 

TaBLe I. Experimentally determined O, line-widths 
(T =300°K). 

Mc/mm 

1.96 

1.71 

1.92 


(cm ~' /atmos) 


0.0496 
0.0434 
0.0485 
0.0472 
0.0516 
0.0499 
0.0499 
0.0476 
0.0448 
0.0445 
0.0399 
0.0411 
0.0319 
0.0319 
0.0378 


The various measurements show a maximum deviation from the given 
values of about +20 percent; however, the mean deviation is about 
+10 percent. In other words, these data are certainly reliable to within 
+20 percent, although they should not be considered any more accurate 
than +10 percent 


‘* P. W. Anderson, private communication 
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transition is less than that of the former. In general, 
however, transitions of higher order than AK = +2 will 
not be of significance and are here neglected. 

The first part of the H, matrix element in Eq. (2) is 
related to the probability of a polarizability or quad- 
rupole interaction-induced transition. Its contribution 
to Av has already been calculated and is expressed 
in Eq. (1). In an evaluation of the second term, caused 
by rotational resonance interaction, the matrix may 
be considered as having two terms, one for transitions 
to higher rotational states, and the other for transi- 
tions to lower states. When each term is evaluated 
to yield a transition probability, it might be expected 
that this probability will be proportional to the popula- 
tion of the rotational state with which resonance occurs. 
It appears reasonable that the rotational resonance 
probability for transitions K-+K+2 should then be of 
the order, 


CL f(K—2)+f(K+2)], 


where {(K) is the fractional number of molecules in the 
rotational state K. This term has been added to Eq. (1) 
to give an expression of the form, 


Ci+ C.K+C,[f(K—2)+f(K+2)]. (3) 


This equation then includes the three most likely inter- 
actions affecting oxygen: self-broadening quadrupole- 
quadrupole, polarizability, and rotational resonance 
interactions. Equation (3) has been empirically fitted 
to the experimental data given in Table I. The solid 
curve in Fig. 6 is based on Eq. (3), where C,=0.033, 
C.=0.010, and C;=0.050 cm~!/atmos. 

The functions f(K) have been determined from the 
expression for the fractional population of a thermal 
Boltzmann distribution of rotational states, 
(2K +1) exp[—BoK(K+1)hc/kT ] 


O Yv« (2I+1) expl[—BoK(K+1)hc/kT] 


Av/< 


{(K)= 


where By= 1.44 cm™ oxygen, T= 298°K, K=1, 3, 5, «+> 
and J=AK+1. The mean line-breadth parameter, ob- 
tained by weighting according to population, is 0.0475 
cm~'/atmos. 





Fic. 6. Og line-breadth parameters as a function of K. 
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The K-independent term C;, is here evaluated experi- 
mentally and includes contributions from short-range 
interactions of all types. It is comprised partly of the 
polarizability interactions. However, Anderson’s polar- 
izability calculations account for only 0.014 in this 
term. The large remainder is attributed to short-range 
interactions of other types. 

From Eq. (3) C2 is seen to contain the effect of all of 
the quadrupole and part of the polarizability inter- 
actions. If it is assumed that C, contains as much as 
three-fourths quadrupole interaction, substitution of 
3C2/4 into Mizushima’s expression for quadrupole inter- 
action, Eq. (1), gives Q&0.06X 10~'® cm?, which is in 
good agreement with the upper limit 0<0.09X10-'® 
cm? determined by Smith and Howard.'® 

Definite proof for the hypothesis of rotational reso- 
nance as presented here can only be determined from 
experimental observation of the shift of the peak values 
of Av/c to lower K values as temperature is decreased 
or to higher K values with an increase in temperature. 
This investigation is currently being made in this 
laboratory. 


V. THE BROADENING OF OXYGEN LINES 
BY FOREIGN GASES 


An investigation of line broadening by foreign gases 
is of value in the determination of the nature of line 
broadening processes. Interpretations of observations on 
lines broadened by foreign gases are based upon the 
kinetic theory. For pure oxygen the line-breadth is 
given by” 

2Avyp=V2Noinby? sec, 
where Avy is the half-intensity half-width of the line, 
no is the molecular density, 5, is the mean molecular 
speed, and by is the microwave collision diameter of 
oxygen. In the case of foreign broadening the appro- 
priate expression is” 


2Av = V2nodobo?+ nj (Ho2+ 8) 'bo 7? sec, (4) 


where Avo; is the half-intensity half-width of the 
foreign broadening line, m; is the molecular density of 
the foreign gas, i; is the mean molecular speed of the 
foreign gas, and bo; is the collision diameter for mixed 
collisions. The mean molecular speed is determined 
from the formula, 
d= 2(2R,,T/4M)* cm sec", 

where R,, and M are the molar gas constant (R,,=8.32 
107 cgs) and the molecular weight, respectively. 
Equation (4) may be represented as a linear variation 
of pressure by 


Avos= poAvot pyAvy sec, (5) 


where po is the partial pressure of oxygen, py is the 
partial pressure of foreign gas, and Avy and Av; are the 
half-intensity half-widths at unit pressure of the self- 


20 R. Howard and W. V. Smith, Phys. Rev. 79, 128 (1950). 
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broadened line and of the foreign-broadened line, re- 
spectively. 

The results obtained from observations on the col- 
lision broadening of oxygen lines by ammonia, nitrous 
oxide, nitrogen, and argon are summarized in Table II. 
The data are based on measurements of the broadening 
of the J=8—>9 transition in oxygen. The error in these 
data is approximately 10 percent, the same as that for 
self-broadening. Collision diameters obtained in this 
investigation are compared with those obtained from 
the kinetic theory and with those by other investigators 
for the same perturbing molecules acting on ammonia. 

The perturbing gases represent, in the order of their 
listing in Table II, large electric moment, small electric 
dipole moment, quadrupole moment, and electrical in- 
activity. Collision diameters obtained by this method 
show excellent agreement with results from the kinetic 
theory and with measurements based on the collision 
broadening of ammonia lines. This agreement provides 
evidence of the accuracy of the method of measurement 
described herein. 

Comparison of the self-broadened collision diameter 
for oxygen with that determined from ammonia 
broadening, '*-**-* shows a general increase in the self- 
broadened coilision diameter over that from the kinetic 
theory and the ammonia broadening measurement. 
This observation provides further justification for the 
assumption of an interaction other than that arising 
from quadrupoles or polarizability in the self-broadening 
of oxygen. Nitrogen, which has a quadrupole moment 
considerably larger than that estimated for oxygen, 
should show a rather large collision diameter from mix- 
tures with oxygen. For oxygen-nitrogen mixtures, how- 
ever, the collision diameter is very close to the kinetic 
theory measurement. The inference is then that non- 
resonant quadrupole-quadrupole collisions are rela- 
tively ineffective in broadening spectral lines. Further, 
polarizability interactions do not seem to cause unusual 
broadening since the collision diameter for argon, which 
does not have a quadrupole moment, is also in agree- 
ment with kinetic theory measurements. Thus, the 
greater collision diameter for oxygen from self-broaden- 
ing as compared with that from the kinetic theory, 
seems to result from an interaction of greater magnitude 
than that of the nonresonant terms for quadrupoles or 
polarizability. A rotational resonance interaction again 
seems a reasonable interpretation. 

A final determination which should be made is that 
of the line-breadth parameter for air. This information 
is valuable, for example, in studies of the propagation 
of microwave energy through the earth’s atmosphere. 
The calculation is based upon a relation similar, to 


21 R. M. Hill and W. V. Smith, Phys. Rev. 82, 451 (1951). 

J. Weber, Phys. Rev. 83, 1058 (1951). 

% Potter, Bushkovitch, and Rouse, Phys. Rev. 83, 987 (1951). 

“4B. Bleaney and R. P. Penrose, Proc. Phys. Soc. (London) 60, 
540 (1948). 
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Taste II. Collision diameters of ne molecules. 


Electric 
Electric quadru- 
dipole pole Or 
moment moment broad- 
(3<10") (<10"*) ening 


Col- 
liding 
mole- 

cule 


Collision diameters (A) 


Kinetic 
theory NHs broadening (3,3 line) 
3.61! 48st 3.86! 4.31) 4.18* 
4.02 13.8 13.9) 13.8* 
4.356 7.324 11,21 

3.68! 6.4> 
3.63! 4.6% 


<0.09° 4.35¢ 
4. 


5.54 
3.73! 


* A. Van Itterbeek and K. de C Clippelier, Physica 14, 349 (1948). 
+P. Debye, Polar Molecules (Dover Publications, New York, 
p. 40. 
eW. V. Smith and R. Howard, Phys. Rev. 79, 134 (1950). 
4 See reference 21. 
* This is the ay eer observed value at K =9. The smallest observed 
vie is 3.55A for K =23. 
H. Kennard, Kini Tiwy of Gases (McGraw-Hill Book Company, 
te. ‘New York, 1938), p. 
«LI web, Kinetic Theory of Gases (McGraw-Hill Book Company, 
et York, 1934), p. 651. 
» See reference 24. 
i R. R. Howard and W. V. Smith, Phys. Rev. 79, 131 (1950). 
) See reference 23. 
* See reference 22. 
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Inc., 


Eq. (5), 


namely, 
Anyir= AvoPo+ Avy Pyt AvaPa. 


The composition of air is taken to be*® No, 78.03 per- 
cent; Oo, 20.99 percent; A, 0.94 percent, representing 
99.96 percent of the total constituency of the earth’s 
atmosphere. If the calculation is made on the basis of 
1 mm total pressure, and if the data obtained from the 
J=8-— 9 oxygen transition are used, 


Avair= 1.97 X0.214 1.52 0.78+ 1.24 0.0094 
= 1.60 Mc/mm Hg 


(Av/c)sir= 0.041 cm~!/atmos, 


It should be noted that the figure obtained here for the 
line-breadth parameter of oxygen‘in air“holds only for 
the transition given. In the general case of any transi- 
tion it may be said that the parameter for air is approxi- 
mately 82 percent that for pure oxygen. 

Direct measurements on the lines of pure air at low 
pressures are now in progress in this laboratory. 

We should like to thank Mr. Robert M. Hill for 
checking some of the measurements. 


APPENDIX A 


For simplicity the J=0-—1 transition is considered. This line 
will split into three Zeeman components under the influence of a 
magnetic field. Assume that a square-pulse magnetic field is 
applied to the molecules, so that for one-half period the line is 
degenerate and for the other half, it is split. Let /(v) be the in- 
tensity of the unmodulated line at some frequency », and dy, the 
frequency splitting in the presence of the field. Subscripts 0, +, 
and — signify, respectively, the nonexistent, higher, and lower 
frequency shifts of the Zeeman components. The intensity of each 
component is given by a Taylor expansion : 

1,(v) = 4 (e) + (01 /dv)( — bv) +4( 81 /dx*) (—dv)?+--- J, 
To(v) = 41 (v) 
I_(v) =4[1(v) + (01 /dv) (bv) +4(8T/dv*) (5v)?+- ++]. 


%C. D. Hodgman, editor, Handbook of Chemistry and Physics 
(Chemical Rubber Publishing Company, Cleveland). 
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The detector crystal responds to the difference in the incident 
power (or intensity) with and without the magnetic field. The 
crystal signal is then proportional to 


TG y+] (v)]- I(y) 
ede al / dv)bv+ (PI Ov*) br? +---)+41(v) 
+ iI (» + (01 / dv) bv +4( 2] Ov*) by? + +++ J—I(v) 


= \(#//d*)6v*+higher even degree terms 


; 
Because relatively low modulating fields are used, 5v*>>d»*. Hence, 


terms involving fourth and higher degrees may be neglected 
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Also, dv is a constant for any one line. Thus, the detector responds 
to a signal that is proportional to #]/dr. 

The argument is good, even for the (1+cosw!) type modulation 
used, as contrasted with the ideal square pulse of the derivation. 
Since the actual applied field remains within 15 percent of its 
maximum and minimum values for half the period of modulation, 
it reasonably approximates the ideal square-pulse field. The more 
complex Zeeman splitting resulting from higher rotational states 
will yield more terms in this derivation, but the net effect will be 
the same as that developed for the simplest case 
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The Spin-Wave Theory of Antiferromagnetics 
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lhe spin-wave theory of antiferromagnets, recently studied by Anderson for the absolute zero of temper- 
ature, is examined here for finite temperatures to derive the thermodynamic properties of antiferromagnets 
at low temperatures. Somewhat differently from Anderson’s semiclassical treatment, the present theory 
has used the formulation devised by Holstein and Primakoff, upon which the thermodynamic quantities 
are derived quantum:statistically. The parallel susceptibility is shown to be proportional to 7?, while the 
perpendicular susceptibility is independent of the temperature in the first approximation but decreases 
with increase in temperature if calculated in the second approximation. A tentative discussion is given of 
the nature of the divergences which arise in the simple formulation of spin-wave treatments in the absence 


of any kind of anisotropy 


INTRODUCTION 


ECENTLY Anderson! has presented an approxi- 
mate quantum theory of antiferromagnets on the 

basis of the semiclassical spin-wave theory first intro- 
duced by Kramers and Heller.» He examined very 
carefully the zero-point energy terms and showed that 
the spin-wave theory can be used to give pretty good 
approximations to the ground states of antiferro- 
magnets. His result lies between the limits predicted by 
his variation method,’ and moreover, it is very close to 
the rigorous value in the case of a one-dimensional 
chain of spins equal to one-half, which was treated by 
Hulthén‘ and by Bethe.® 

As a matter of fact, the spin-wave theory of anti- 
ferromagnets is far. more complicated and probably 
poorer as an approximate method than that of ferro- 
magnets. Unfortunately the spin-wave theories are still 
far from satisfactory in both cases, because we know 
very little about the limitations of the method, which 
necessarily introduces great simplifications to bring the 
problem into the tractable form of independent spin- 
wave oscillators. 

In spite of this situation, the writer wishes here to 

*On leave from the Department of Physics, University of 
Tokyo, Tokyo, Japan 

‘P. W. Anderson, Phys. Rev. 86, 694 

2G. Heller and H. A. Kramers, Proc 
dam 37, 378 (1934 

3 P. W. Anderson, Phys. Rev. 83, 1260 (1951) 

‘L. Hulthén, Arkiv. Mat. Astron. Fysik 26A, 1 (1938) 

5H. A. Bethe, Z. Physik 21, 205 (1931) 
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present a statistical-thermodynamical theory of anti- 
ferromagnets based on the Hulthén-Anderson spin-wave 
theory. The reason is, in the first place, that the spin- 
wave theory is at present the only approach we can 
use to attack the problem at low temperatures, and 
secondly that Anderson’s success suggests that the 
low-lying energy levels may be reasonably approximated 
by this method. Approximations for higher tempera- 
tures can be treated by several methods. Van Vleck’s 
theory of antiferromagnetism® is one of them and should 
be regarded as the standard theory. Refinements of 
this theory have been tried by Li’ using the Bethe- 
Peierls-Weiss method and also by the present author, 
Obata, and Ohno.’ 

The treatment to be presented here is of course to be 
regarded as a starting point from which we should 
proceed to more rigorous theories. Also it should be 
emphasized that such improvements will be achieved 
more easily by handling the density matrices directly, 
rather than the Hamiltonian, to yield the separate 
energy levels. We hope the present theory will be 
improved in the future by taking account of the higher 
terms in the Hamiltonian, which are omitted in the 
simple theory but are very important to establish any 
satisfactory theory. In the last section of this paper we 
shall consider, by first-order perturbation theory, some 
of the effects due to these higher terms together with 

6 J. H. Van Vieck, J. Chem. Phys. 9, 85 (1941) 

7 Yin-Yuan Li, Phys. Rev. 84, 721 (1951). 

* Kubo, Obata, and Ohno (unpublished) 
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some discussion as to the applicability of the customary 
perturbation methods. 

We confine ourselves at present to some simple 
models of antiferromagnets, which are surely unsatis- 
factory for the understanding of any actual antiferro- 
magnetic crystals. However, most of our theory may 
be extended to apply to the more complicated anti- 
ferromagnetic structures, which will be discussed on 
some other occasion. 


1, THE HAMILTONIAN FOR THE SPIN WAVES 


First we shall repeat some of Anderson’s treatment 
in a somewhat different language, namely in the 
formalism invented by Holstein and Primakoff,® which 
seems useful to make clearer the nature of the approxi- 
mation. Following Holstein and Primakoff, we express 
the spin operators in the forms 


(1.1a) 
(1.1b) 
(1.1c) 


S,+4S8,= (2S)'[1—(a*a/2S) }ta, 
S,—iS,= (2S)'a*(1— (a*a/2S) }}, 
S,=S—a*a, 


where S is the magnitude of the spin in units of 4, and 
the operators a* and a are defined by 


(1.2a) 
(1.2b) 


(n+1|a*|n)=(n+1)!, 
(n—1|a\n)=n', 


in the representation diagonalizing S,. They satisfy 


the commutation law, 


aa*—a*a=1. (1.3) 


As one can see from Eq. (1.1c), the operator 


* 


a*a=n (1.4) 


is the ‘spin deviation,” so that a* is to be regarded as 
the creation operator of the spin deviation and a is the 
annihilation opeator. 

In the ferromagnetic case, where the Hamiltonian is 
assumed to be 


Hex= — JE (x) 8S, (1.5) 


we obtain 


Hex= —4N2IS+[2ISYLnj—ISY (urla;* (nj) f.(mear 
+an*f.(me) f.(mj)a;} —JX Ge) nym]. (1.6) 


In Eqs. (1.5) and (1.6) the exchange interactions are 
supposed to be present only between nearest neighbors. 
This assumption can easily be removed if necessary. 
In Eq. (1.6) we have introduced the abbreviation, 


f.A(n)=[1—(n/2S) }}. 


In the antiferromagnetic case, where the lattice is 
assumed to be divided into two interpenetrating sub- 


® T. Holstein and H. Primakoff, Phys. Rev. 58, 1908 (1940). 


(1.7) 
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lattices, we have to introduce two different definitions 

of the spin-deviation operators, that is, 
S2j+iS,j;= (2S)'1— (n;/2S) Jha;, (1.8a) 

(1.8b) 


(1.8c) 


Sj— tS yj= (2S) 4a;*[1— (n;/2S) }, 
Sj=S— Nj, 


for a spin j on one of the sublattices, say the (+) 
lattice, and 


Se +iS yx= (2S)$b,*01— (my /2S) J, (1.9a) 


Sre— tS yx= (2S) 1 — (4/25) ]di, (1.9b) 


S,n.=—S+m, (1.9¢) 
for a spin k on the other lattice, say the (—) lattice. 
The operators 6 and 6* are naturally defined in the 
same way as a and a*, and satisfy the equations 


b,*b,=ny, 0,b,*—b,*b,=1. (1.10) 


The simplest form of the Hamiltonian of an anti- 
ferromagnet is usually assumed to be 


H..= ® > Ge S;°Sx, (1.11) 


with positive exchange interactions between the nearest 
neighbors. Inserting Eqs. (1.8) and (1.9) into Eq. 
(1.11), we obtain 


Hex=—43N2|J|S+2|J|SCOj nj3+Xe me) 
+ |J Sz; ik fa(ms asf. (med: 


+a;*f.(nj)bi*fa(me)} —|J| Xo Ger myx. (1.12) 


The semiclassical formulation is simply obtained by 
the approximation 


f.(n)=1, (1.13) 


and by omitting the last term of Eq. (1.12), which is 
square in the spin deviations. Smith and Klein” have 
used this kind of approach in their argument about the 
semiclassical theory of Kramers:and Heller in the 
ferromagnetic case, and these approximations are 
completely equivalent to Anderson’s treatment. 

As was noticed by Holstein and Primakoff, the 
operators a, a*, 6, and b* are to be considered as 
matrices with infinite dimensions in order to satisfy the 
commutation rule (1.3), which is very useful in simpli- 
fying the mathematics and makes the spin-wave parti- 
cles obey the Bose statistics. This mathematical trick 
is, of course, quite rigorous as far as we treat the whole 
expression of the Hamiltonian such as Eqs. (1.6) and 
(1.12). In the n-representation, that is, the representa- 
tion where all the spin deviations are diagonalized, the 
eigen spaces are completely separated into three parts, 
namely, for the n;, n.<0, O=nj, ne =2S, and for nj, me 
>2S. Therefore the apparent infinity of dimensions 
does not introduce anything wrong. 


© M. J. Klein and R. S. Smith, Phys. Rev. 80, 1111 (1950). 
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Now the function f,(m), Eq. (1.7), can be developed 
as 
f,(n)=[1—(n/2S) }! 
=1+ fint+ fon?+ ---+ fesn**, 


which is rigorous for 0=n=2S. Since the subspace 
which corresponds to this range of values of n is com- 
pletely separated from other parts, Eq. (1.14) can be 
used for rigorous treatments of the Hamiltonian (1.12). 
The examples are 


(1.14) 


fy(n)=1—n, 
fi(n) = 1—(3—Vv2)n—4(v2—1)n’, 


—}(11+3v3—6y/6)n-+ §(6+4v3 —51/6)n? 
4+3(—1—v3+4/6)n" 


fy(n)=1 


For large values of S, the polynomial expansions (1.14) 
are naturally approximated by the binomial expansions. 

As a matter of fact, the inclusion of higher terms of 
(1.14) and the square terms in ” presents insurmount- 
able difficulties for mathematical manipulation. Conse- 
quently, we usually omit these terms to get simple 
spin-wave Hamiltonians. However, with this simplifi- 
cation we cannot avoid introducing other difficulties, 
because it will certainly destroy the separability of the 
space and it causes the appearance of any large number 
of spin deviations. This is the chief reason for the fact 
that we have to have many divergences in the ordinary 
spin-wave theories. We shall return to this point in a 
later section. 

One might think that the spin-wave theory may 
reasonably be applied to the ferromagnetic case, while 
it is not so good for the antiferromagnetic cases. In 
fact, the spin-wave theory is perfectly rigorous for the 
ground state of the ferromagnet, which is, however, 
trivial, and on the other hand, it remains only an 
approximation if applied to the antiferromagnetic case. 
However, the difficulties with regard to the excited 
states seem almost of the same nature in both cases. 
Though it may sound somewhat paradoxical, this 
situation seems to suggest that the spin-wave theory 
may be applied to antiferromagnetics as well as to 
ferromagnetics. 

Postponing more discussion of this point to later 
sections, we proceed to establish the Hamiltonian of a 
spin-wave system following Anderson’s treatment. In 
Eq. (1.12) the operators follow the commutation rules 


bubu*®— ber *be= Sex’, 
a;*b,— b,a;*=0, 


a;*b,*— b,*a;* ==(), 


aja;'"*—ay*a;= 5;;, 
(1.15) 


a;b,*— b,*a;=0, 


ajb,— bya; = 0, 


By the canonical transformation defined by 
a;*=}3(Q;— iP), 
by*=3(Ri—iSx), 


a;= 4(Q;+iP)), 
be=4F(Rit iSi), 
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Eqs. (1.15) are transformed into 

O;P 9p — Pi Qj= 1855", 
Q;Ri— RiQ;=0, 
QSi—S10j=0, 


RpSi—S,Re= 154%, 
P;Ri—R,P;=0, 
PS,—S,P;=0. 


(1.17) 


We introduce the Fourier transforms by 


Py=(2/N)§3XDj e™P;, Qx=(2/N)'*X; e—™0;, 
Sx=(2/NP'Xiu e-*S,, Ra=(2/N)'Li e™*Ri, 7 
which satisfy the commutation rules 
QOxPy— PyQx=tbanx,  RxSy-—Sy-Ra=idyy, 
QyRy — Ry'Qy= PrRy — Ry Py =0, (1.19) 
QySy1— Sy’ On = PrSy— Sy Pr = 
The Hamiltonian of the spin waves is 
H x= —4nz|J|S?+(2)|J|SQl; a;+d m) 


+/J SY (x)(ajb,+4,;*,*), (1.20) 


which is obtained from Eq. (1.12) after the simplifica- 

tions mentioned before. In terms of the Fourier trans- 

forms Eq. (1.20) is written as 

Hex®= —4N2|J|S(S+1)+(2/2)|J| SX af P?+0 
+S)?+ Ry?+ 27.(Q,Ra—PrSr)}, (1.21) 


where ¥, is defined by 
ya=(1/z)20, e~*, 


with p denoting the vectors to the nearest neighbors 
from a lattice point. The diagonalization of Eq. (1.21) 
is accomplished by the transformation, 


(1.22) 


seiliaaiinaaiie (1.23) 
Sr= (pir— par)/V2,  Ra=(Gia— Gan) /V2, 


Py= (Pit pa) v2, 


which gives 
Hex®= —4N2|J|S(S+1)+42|J| SCE qu2™(1+r) 
+ pr(1— yx) +92°(1— yn) + Par(1+y0)}] 
—4N2|J|S(S+1)+4$2|J| SCX {(2mn+1) 
+ (22+ 1)}(1—a)!]. 


As a typical form of antisotropic forces, we assume 
here that the crystalline fields cause anisotropic fields 
on the spins with an additional Hamiltonian, 
Hanis= — K(O; S,f+ ki S.s*) 

— KS(S+1)+2KS(%j 2;+d% m) 
—K(Qijn?+XL me’), 


which is only reasonable for S>4 and for tetragonal 
structures. Anisotropic fields with symmetry higher 


(1.24) 


(1.25) 
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than the form (1.25) can also be treated without any 
serious modification. Equation (1.25) is transformed as 


Hanis= —NKS+2KS(% ; nj3+d: m) 
—K(Xijn7+Li mi?) 
=—NKS(S+1)+KSD)(P?+02+5,2+ Ry?) 
— K(X n7+Le m?) 
= — NKS(S+1)+ KSZ (qu?+ prr?+qar’+ pa’) 
—_ K(; n?+>. ni). (1.26) 


Thus, including the effect of anisotropy, the Hamil- 
tonian of the spin waves is assumed to be 


H°= Hex°+ Hanis’ 
=—4Nz|J| (14+a)S(S+1) 
+3(2|J|S\CEa qu2(1t+a+y)+ prr(i+a— ya) 
+ qan7(1t+a—yr)+ prr(l+at ya) ] 


= —4$N2|J|(1+a)S(S+1)4+3(2|J|S)Da{(2mn+1) 
+ (2na+1)}[(1+a)?— 7}, (1.27) 


where a means 
a=2K/z|J|. 


Equations (1.24) and (1.27) were given by Anderson, 
who has examined the zero-point energies of the 
oscillators. 

In the following we shall examine some of the 
thermodynamic properties of the spin-wave system 
expressed by Eqs. (1.24) and (1.27). 


(1.28) 


2. MAGNETIZATION OF THE SUBLATTICES, 
AND THE FREE ENERGY 


The magnetizations of the sublattices are defined by 
the operators 


M *+=gyuod_; Sap M .-=guod_k Same 


where g is the Landé g-factor, uo the Bohr magneton, 
and the superscripis, + and —, refer to each of the 
sublattices. With the use of Eqs. (1.8), (1.16), (1.18), 
and (1.23), Eq. (2.1) is transformed to 

M ,*+=3NguoS— guodin; 

=4Nguol S+3—(2N) OD (pr2+ par?+ qr? 
+42x2-+ 2pirport 2G1r9aa) ] 

M .~=4NguoS— guodm 


=4N guol S+$—(2N) 7D (pin?+ par?+ gir? 
+2x?— 2pirPor— 2g1r92a) ]. 


(2.1) 


(2.2) 


The magnetizations of the sublattice, M,* and M,-, 
are not, of course, constants of motion for the Hamil- 
tonian (1.27). However, it is important to recognize 
that this situation does not prevent us from asking for 
the probability distributions of the observables M,* 
and M,~ (long-range order parameters), which are 
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phase functions constructed from a great number of 
dynamical variables (S,; and S,,). Usually such phase 
functions are expected to have normal distributions 
(Gaussian distributions) with extremely sharp maxima. 
If such distributions are really proved for the expecta- 
tion values of M,+ and M,-, we should be justified in 
conceiving the magnetizations of the sublattices to be 
thermodynamic quantities. And if these magnetizations 
are proved to be finite, then our theory may be con- 
sidered as self-consistent. 

Generally speaking, the probability distribution of 
dynamical quantities A;, As, ---Ax, in a system with 
a Hamiltonian H and the canonical distribution 
exp(—H/kT), should be defined by its moment- 
generating function 


exp®(£1, £2, -- +) 

=trace[e~#/#T. efiAittsdst---]/trace e~#/*T, (2.3) 
which has a natural correspondence in classical sta- 
tistical mechanics. A complexity in the quantum 
statistics is the product of operators A;, ---Ax, but 
these are reasonably interpreted in Eq. (2.3) as the 
symmetrized products. All expectations of dynamical 
quantities are defined by Eq. (2.3) in agreement with 
the simple definition 


(A)=trace(e~#/*7A)/trace e~#!*?, 


Equation (2.3) can be transformed inversely to give 
the probability distribution of “thermodynamical 
variables” A,, As, ---Ax, by 


pi 1 
P(A, Ao, dis -A,)= “ag ix f. . f exp[ ®(é:, £2: ° +) 
(2ri)* 


—$,A,— fAe: = \déidés- as (2.4) 
where the A,’s should be distinguished from their 
averages (A;)’s. 

Although we lack any exact proof, it seems very 
reasonable to expect a certain form of the central limit 
theorem to hold for the distribution (2.4) in quantum 
statistics, if the dynamical variables A,, ---Ax have 
really their counterparts as thermodynamical variables. 
But of course we need some conditions for this state- 
ment. Unfortunately we know nothing about such 
conditions, so that we have to check the situation in 
each case. 

If one assumes a Gaussian distribution for (2.4), we 
need to know the expansion of (é), &---) only to 
second powers, which can be conveniently written as 


= DEKA)+4 LU Antiert ---. (2.5) 
Then Eq. (2.4) is explicitly written as 


P(A,, Ag, -- 


- Ay) = (2)-**(detAj}-4 
Xexp{—4D j(4~) (Aj;—(A)))(Ai-(AD)},_ (2.6) 
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where 
H/kT. 4 ,)/trace(e—#/*7), 
A A ?)—(A;’, 
Aj=(4(AjAr+A1A;))—(AX 


Returning to our problem, we take as the 
generating parameters. Then we have 


M.*++&M.-=guol$N(S+4)(E+—&) 


¢ 
$4 


(E, — ED a(qur?+ prt gen?+ por 
e(E, +E > a(Girgaat pirprr) |, 


(2.8) 


which indicates that we had better ask for the distri- 
bution of (M.++M,~-)/2 and (M,+—M,-)/2, taking 


(2.9) 


t 
g 
because we have 


t£,M.++¢M,-=3(M,At+M,)?'+34(M-M, )t" 
mol — $€D- (qingeat Pirpar) 
bE LENS FD a(gir’t pr’ 
+g2?+ poy?—2)}. (2.10) 
In our problem the whole expression for the gener- 
ating function can be calculated without difficulty. But 
in the present paper we do not make use of it, so we 
give here only the first and the second moments, 
assuming a canonical distribution with the Hamiltonian 
H®, (1.27) 


notation: 


For convenience, we introduce the following 


Z\J\S/2kT)(A+at+yr)= By’, 
(ZiJ\S 2kT)(1+a—y.)=By”, 
2(Bx’Br (Z| J|S/RT){(A1+a)?— 7} }= By. 


The well-known formulas for harmonic oscillators give 


us 


By" ger? + By’ por 
1 1 
-1( ae ), 
2 eP—I 


gin” por*)= 4(By”’ By’)! coth}3 


By'qir? tT By piv 


which shows that 


Pir® Jor*) = 3(By’/By’’)! coth$ By. 
We also have evidently 
(J1ag2n) = (Piaprra) = 0. 
(2.13) and (2.14), we obtain 


From Eqs 


(M,*+)+(M,-)=0, 


KUBO 


=(M,+\)=—(M,-) 
= EN gyol S—(2/ NED (gin?+ pir?+ gor?+ por?— 2)) ] 
Vguo i 2 (1+ a) 
[s+ -—> - 
2 2 N {(1+a)?—y?}! 


1 1 
x| + | (2.15) 
2 e—1 


The fluctuations are calculated as follows: One can 
easily show that 


(Bxg2n?+ By’ Por)?) 
= }8)7(2 coth*48,—1). 


((Bx’qin?t Bx” pir”)? = 


(2.16) 


On the other hand, we know that the equalities 


(pit)=3( pi), (gi) = 3g), etc., (2.17) 


hold because of the Gaussian properties of the canonical 
distribution for harmonic oscillators. Equations (2.16) 
and (2.17) give at once 


(Pin’gin?+1r*Pir®) = (Pon?Gan?+ Gon? pov”) 
=} coth*48,—1. (2.18) 
Further, we evidently have 


—(Pingia) = (qinPia) = — (Porgaa) = (GaaPan) = 4/2. (2.19) 
Equations (2.17), (2.18), and (2.19) are enough to yield 
the formulas for the fluctuations. For brevity we put 


(Pir?+9in®)= (pon?+ ger?) = my 


(1+a) 
me coth$Ay, 


[( 1+a)*— TK 
and then we have 


((pin?+gin?)?) = ((por?+ Gan?)?) = 3my?— 6), 


(2.21) 
(Pin?+ qin”) (por? + ger”) = m)’, 
where 
6,= 1+ coth?$p,. 


Now one can easily see from Eq. (2.8) that 
(exp{}(M.++M,-)t’'+3(M.t+-—M,_)t”}) 


= exp{$.Vguo(S+ 1)é"} X[1—Fguoe” Loa 2m 
+43(dgmoe’’)*{ odo 4mymy’+ > [2(3m?— 5,)+ 2m*)}} 


AX’ 
£’)°$>>,(coth*48,—1)+--- ] 
=exp(M ,£+4£'7A"+$£7A'+), 
with A’ and A” defined by 


A’'= £(guo)?>_,(coth*38,— 1), 
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A” =} (guo)*d, (2m,?— 6) 
2(1+ a)? 


Hou ; 
(1+ a)*— y)? 


2(1+a)? 

+| _ 1} (cotn*h3,—1) | (2.23) 
(1+a)*—y)? 
The free energy F(M,*, M.-) is defined by 

e~ F/T = (trace e~#/'T)P(M,*, M."), (2.24) 
so that we have 

MW .~, T)=—4Ns|J| (1+a)S(S+1) 

+2\J SY a{(1+a)?— yy")! 


+2kT>, log(1—e-) 


kT = _ 
+— (M.-H) MY? 
2ar 


ed cath : 
nnn ) apes 
2A’ 2 


which is an expansion in the neighborhood of the 
equilibrium values of the magnetizations 


(2.25) 


M,+=—-M,-=M.. 

In Eq. (2.25) the second term is the zero-point energy 
of spin waves, which has been discussed by Anderson. 

The equilibrium values of the energy, the entropy, 
and the specific heat are derived from Eq. (2.25) by 
the standard methods. They are given by 
E(T)=—3N2\ J| (14+ a@)S(S+1) 
2|J|SY{(1+a)—y,7}3 
22|J|SYov{ (1+ a)?— 7} (e**—1)-, (2. 


— 
2 
+ 
a 


S(T) = —2k>dy log(1—e~®)+ (22| J| S/T) 

XE al (1+ a)?— yp i(e™—1), (2.27 
J\S)?/kT?] 

X Dal (1+a)?— yr7}e"(e%—1)-2. (2.28) 


‘(T)=2[(z 


3. MAGNETIC SUSCEPTIBILITY 


The antiferromagnet we are now considering is 
magnetically anisotropic, the anisotropy being caused 
not only by the antisotropic energy H4ni,, but also by 
the approximate form of the Hamiltonian (1.21), 
though in fact the direction of the magnetization can 
be settled only by the existence of anisotropic energy. 
Thus we have two different susceptibilities x, and xy, 
the former being observed in the external field parallel 
to the spontaneous magnetization, the latter in a 
perpendicular field. The parallel susceptibility x, can 
be calculated in two ways. In the presence of an 
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external field H., the potential energy term, 
Aiiea=HAAM,+M, ) 


= — Higuodr(gingert pirpar) (3.1) 


is added to the Hamiltonian (1.27). The new Hamil- 
tonian can still be brought into a diagonal form, so 
that we can calculate the free energy as a function of 
H., M.+, M.-, and T. The second procedure is a 
thermodynamical one, namely with the use of the 
equilibrium conditions 
aF/a(M.++M.-)=H., dF/a(M.+-—M,-)=0. (3.2) 
Of course, this thermodynamical method is equivalent 
to the first one, as one can easily see from the fact that 
Hieta, (3.1), commutes with the Hamiltonian (1.27). 
Inserting Eq. (2.25) into (3.2), we obtain 
M++M.-=(44'/kT)H., M.+-M-=2M.,. 
Thus we arrive at 
xn=4A'/kT =[(guo)?/2kT J>_,(coth?$8,—1), 
which clearly vanishes at the absolute zero. 
The total magnetization in the x-direction is given 
by the operator 
M = guo(d; Sit di Ssa), 
which is expressed in the Fourier component as 


M = guo( NS) quo, 


(3.3) 


(3.4) 


(3.5) 
using the simplification (1.13). The perpendicular 
susceptibility x, is obtained from the equation 

M, 


i 
H, 


kT 9 1 
=— log trace exp ——(H°—H.M,) } (3.6) 
H, 0H, kT 
Inserting Eq. (1.27), (3.6) is simplified to 
kT O ( 3 J\S 
X= log trace exp ~ 
H, dH, | 2eT 


[quw?(1 +- a+ Yo) 


_ §o 
+ pio?(1+a— yo) ]}+—(N'S)!H 210 | (3.7) 
kT 


The magnetic energy —H,M, gives simply a shift of 
€= guo(VS)!H,/[2|J|S(l1+a+vyo) ] (3.8) 


to the equilibrium point of the oscillator (10), so that 
the exponent of Eq. (3.7) can be brought into the 
standard form by a simple canonical transformation 
exp(/ePio). Hence we get 
kT @ suc NSH? 

Xa. = e 4 soe 5 7 

H, 0H, 22|J| SkT(1+a+ yo) 

Ng? uo? 
(Ilta+yo)z\J 
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which can be written as 


x= Ngtue?/22J (3.10) 


if we neglect @ relative to 1 and put yo=1. Equation 
(3.10) is exactly the same as the susceptibility x, at the 
Curie point derived by Van Vleck.* (Note that J used 
in the present paper is just twice the ordinary definition 
of the exchange integral.) 
4. TEMPERATURE DEPENDENCE 
Now we turn to the discussion of the temperature 
dependence of the thermodynamic quantities derived 
in the previous sections. Equation (1.22) gives the 
following expressions for y): 
1. one-dimensional chain, 
x= cos(A/2); 
2. two-dimensional square lattice, 
yx = cos}, cossAr.; 
3. NaCl-type, 
t os}(Ay ti Ae d3)-+cos}(Az—A3—A ) 
+cos}(A3—A1— Aa) ; 


™_ 
(4.3) 
4. CsCl-type, 

(4.4) 


x= cos}; Cos}A2 COSZA3; 


where the wave numbers are referred to the reciprocal 
lattice of the sublattice, so that each component varies 
independently from —z to r. Thus we can ee all 
the sums over wave numbers such as (2.15), (2.22), 

(2.23), (2.26), (2.27), and (2.28), by integrations over 


X’s, namely, 
N 
~ =k “fe ]d\i-+-ddp, (4.5) 
2 (2)? 


where D=1, 2, 3 denotes the dimensionality of the 
lattice. In Eq. (4.3) the axes are not orthogonal, so that 
it is sometimes more convenient to change them into 
orthogonal coordinates defined by \y’=}(A2+A3s— Aj), 
etc., the integration domain being changed at the same 
time into the first Brillouin zone of the face-centered 
cubic system whose volume is equal to 42°. At first 
sight Eqs. (4.1)-(4.4) look different from the simple 
formula, 


a 
-¥ cosXr,, 
D i=1 


(4.6) 


Anderson, but it turns out that except for 
they are equivalent to (4.6), because of the 


used by 
Eq. (4.4) 
relations, 


2n 
“( ), (4.7) 
n 


1 ° 
= f (cosd)?"dA = 2 
2rd _» 


KUBO 


Ae 
SSS (om coo) dd ddz2 
(2m)? 


1 , 
fe = ff Ca(cosdst+cosn) Prandas 
(27) 
2n\ 7 
a) 
i oa 
G Ff Jesteose.—re— a) e08h Ae Asm) 
2a)’ 


+cos$(A3— Ay—Az)} P"dAsdradA3 


1 a 
=— < ff fa cosrstcosdsr+cosh;) Prddidasdhs 
(27) 


(2n)t 


') 
pt+qtr=n (plg'r 'y 


(4.8) 


= 3-#nJ-2" 


2n\ » s2m\?s/n\? 
oo CVO 
n J m=0\ m m 


However, 


— 
A SS con cos ) dd\dd2dd3 
(2x)! 2 


is not equal to (4.9). Equations (4.7)-(4.10) are useful 
for the numerical evaluation of integrals. 

At absolute zero, x,,, S(T), and C(T) are zero, as 
they should be, while E, M,, A”, and x, are finite. 
But in the absence of the anisotropy K, M, diverges 
for the one-dirnensional case (D=1), and A” diverges 
both for D=1, and D=2. As will be seen later, this 
divergent character is emphasized more at finite temper- 
atures, where M, and x,,(A’) diverge for D=1, 2, and 
A” for all cases. These divergent quantities remain finite 
if we assume a finite anisotropy K, which may be much 
smaller in magnitude than the exchange constant J. 
Therefore, in the following we may neglect K for 
convergent integrals, while the divergent integrals are 
evaluated with finite Kz|J|; but in some cases the 
convergence thus attained is to be considered as 
superficial, as will be discussed in the next section. 

For brevity we use the following notation: 


6=kT/s\J\S, 
Ma=NguoS/2, 


(4.11) 
(4.12) 


and for the averages over wave number space we use 
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the symbol [ _]s,; for example, 


2 
—L(1—y*)! 
N 


C(t— 07)" Jw= 


—f (1—y2)'(an)?, 
” (Om jP 
or 


[(1— yn?) '(e*— 1) Jy 


“of (112) 1)-(dn)?, (4.13) 


For convenience we rewrite here the thermodynamic 
quantities derived in the preceding sections in the 
following forms: 


E=Eo+ Er, 
Eo= —3N2|J|S{S+1—[(1— 7)" Jan}, 
Er=Nz|J|SU(1—?)(e%— 1)" Ja, 


Sr=Nk{—[log(1—e-) Jy 
+0 "[(1— yn?)8(®— 1) Jv, 


Cr=NkO-[(1—-yy2)e(e®— 1)? Ju, 
Ms => M gso+ M ST; 


M s=M.[1+4S-{1—(1+a)[{(1+a)? 
— yn} Jw} J, (4.17) 


M sr=—(M,./S)[(1+a){(1+a)?— y.2}-(e®— 1)" Ju, 
Xu= (Ng? uc? 4kT)[coth*48,— 1 Jw; (4.18) 
A” =Ayo’+Ar”, 


(4.15) 
(4.16) 


pe (1+a)? 
Ao’ =$\ uf] wp rig Spee 
(1+ ) —7? 


2(1+a)? 


(1+a)*— y” 
X (coth*48,— »| : 
AY 


At temperatures lower than the order of magnitude 
z|J|S/k, the low frequency spin waves are most 
important, so that we may approximate in the custom- 
ary way the frequency distribution of the spin waves 
by retaining the first-square term in the wave number 
\ in the expansion of y,. Thus, for all types of crystals 
we can put 


y= 1—’, (4.20) 


with normalization factors properly chosen for the 


integrals. The approximation formula is 


Cain?) wai f f(1—d*)AP—"'dd, (4.21) 
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with 
for the linear chain, 
for the quadratic layer, 
for the NaCl-type, 
for the CsCl-type. 


(4.22) 


For example, Er is calculated as follows: 
Er/N2|J|S=[(1— 2) '(e®™—1)- uy 
=[A(e*— 1)" Jay 


=4if 


=A ,IT'(D+1){(D+ 1)", 


we 


Xr Zz em’ 9, D-1qy 


n=l 
(4.23) 
and Msgr: 

Msr 


—=—[(1—92)-He®—1) 
M./S 


aw 


=A;>> J e-™/")2-*dy 


n=l 


AT (D—1)§(D—1)@?-. (4.24) 


In Eqs. (4.23) and (4.24), ¢ means Riemann’s zeta- 
function, whose values are 


¢(2)=7°/6, ¢€(3)=1.202, ¢(4)=2*/90. 


The results of the integrations are summarized in 
Table I, where the integrals involved in Eo, Mo, and 
Ao” are calculated numerically with use of formulas 
(4.7)-(4.10). Some of the numerical results have been 
borrowed from Anderson’s work. The integrals which 
are divergent for a=0 are evaluated crudely only to 
the leading terms. 

Leaving to the next section the discussions on the 
nature of the divergences in the limit of vanishing 
anisotropy, we shall now make some comments on the 
results. The most interesting point is the temperature 
dependence of x, which is given ae 


ial Gan 
32|J|S\z|J|S 


The perpendicular susceptibility, x,, has been predicted 
to be independent of temperature by Eq. (3.9). There- 
fore, the decrease of x,—xn with temperature is 
expected to be proportional to 7*, a fact which has 
been observed by Griffel and Stout" for the case of 
Mnf; (see Fig. 1). 

It is interesting to note that our theoretical formulas 
are consistent with experimental data on this crystal. 
From Eggs. (3.10) and (4.25) we obtain 


1 d(xu— x4) -“(- k )= 
3Nz|J|7 S? 


uM. Griffel and J. W. Stout, J. Chem. Phys. 18, 1455 (1950). 


(4.25) 


(4.26) 
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Tasie I. Thermodynamical quantities of antiferromagnets 
calculated by the spin-wave theory 
Linear chain Quadratic layer 


NaCl-type CsCl-type 


S +0,363* S +-0.158* S +0.097* S +0.073' 


3are 
15 


264 iui 
wr? is 
3424 

wt 

45 


16 
Sil 
45 


ie 16 
T iad is” 


298 


S —0.197" S —0.078* S —0.075" 


1 1 3? 
( 7 logs, )e 2 


wv 
(tog je te 


finite 


Anderson 
the present author 


lated by 


Calculated by 
so that the Curie point 7, is correlated with the slope 
of the plot x,—xn versus T*, by the equation 


8 wl d(xu— xa) 
+ | Xa dT? 
if the Van Vleck formula® 


T= 4(2|J| /k)S(S+1) 

is assumed. The data of Fig. 1 gives 2|J| /k=21.2°K 
and T.=62°K, while the specific heat anomaly has 
been observed at 66.5°K. (If the corrected formula for 
x1, Eq. (6.17), is used instead of (3.10), one obtains 
s|J| /k=24.2°K and T.=71°K.) According to Stout,” 
the experimental data on the FeF, crystal gives 
T.=113°K calculated by Eq. (4.27). Experimentally 
the Curie point of this crystal is not known accurately, 
but from the magnetic data it is guessed to be around 
80°K 
not to be emphasized too much, because the crystal 
structures and probably the interactions of the magnetic 
ions in these crystals are different from the simple 
models we have assumed in this paper. 


These quantitative comparisons, however, are 


Equation (4.25) is valid for the temperature range 
where k7<z|J|S. At higher temperatures, our simple 
treatment will be unsatisfactory because the higher 
terms of the original Hamiltonian will become im- 
portant. However, if we neglect such complications and 
assume that the frequency spectrum of the spin waves 
is approximated by something like the Debye model of 
lattice vibrations, we expect that x, will be proportional 
to T in the higher temperature regions. In this approxi- 


2 Private communication 
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mation Eq. (4.21) is replaced by 


dm 
[inte ai f f(1—d*)NP“'dd, (4.26) 


with a cut-off wave number A,,. Equation (4.26) pre- 
dicts the behavior of x,, for k7=z/| J |S. Of course, this 
kind of treatment cannot be trusted too much, but it 
indicates that the increase of x,, will be slower than 
proportionality to 7? as the temperature goes higher. 
Such a trend has also been observed for MnF>." 

The temperature dependence of the quantities listed 
in Table I is derived on the assumption that 2(s|J| K)4S 
>kT. At low temperatures, where k7S2(z|J| K)3S, 
all quantities, except A”, are expressed in terms of 
functions G,, defined by 


T(v+3) « (26) 
G,,(6’)=——_ & — 


T(}) n=1 nate 


K,(n/6'), (4.27) 


where 6’ means 

6’ =kT/[2(s| J| K)'S ], (4.28) 
and K, means the Bessel functions of the second kind 

with imaginary arguments. For example, we have 

E=Eo+N2|J|SA,22+*'(K/2| J | itv 
x {Gp, 4:p-1 (0) +Go, 
= kEo+N2|J|SA ~D-2?*! 

« (K 2|J )HD+UGy 


(D4 (9')}, 


(p41) (0')}, 
= —4}Nguo(1+a)A 2? 
XK (K/2\ J \SP—DGo p12 (8), 


A’ =1N gy? D-'29(K/s| J |)2°G_s, 4 (0')/6’. 
At very low temperatures, Eq. (4.27) is approximated 
by 

Gy»(0’)~43 1 (v +4) (20’)’+4 exp(— 1/6’), 


which gives exponential decreases for all the quantities. 
Ar” cannot be expressed by the function (4.27), but it 
behaves in the same way at very low temperatures. 


5. DISCUSSIONS ON THE NATURE OF 
THE DIVERGENCE 


Many of the quantities listed in Table I will diverge 
in the limit of vanishing anisotropy. These divergences 
are very important, because some of them are usually 
interpreted as proof that particular types of lattices 
cannot be ordered. In Table I one can see at once 
that the divergent character (as a—0) increases as one 
goes downward in a column and leftward in a line. 

The situation is almost the same also in the case of 
the spin-wave theory of ferromagnets, where M, 
diverges for D=1 and 2, and its fluctuation diverges 
for all cases. It seems that there is no essential difference 
between the two, and the spin-wave theory can be 
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applied to antiferromagnetic cases with almost the 
same rigor as to ferromagnetic cases, though the 
approximation is certainly somewhat worse for the 
former. 

The divergence of the fluctuations needs to be more 
carefully examined. As a matter of fact, they are of the 
order of .\V“/? (D=1, 2, 3), N being the total number of 
spins under consideration." This estimation is obtained 
from Eq. (4.19) by the approximation 


( kT \? 1 cake i 
PO ihe ) eu Mis a 
2|J\S (Qn)* (hte +b lp??? 


where L is the length of the crystal (which is supposed 
for simplicity to be a cube) in a proper unit, and the 
sum is over integral values of |), ---/p, except /,;=--- 
=Ilp=0. The same result is obtained also for ferro- 
magnetics, where the fluctuation vanishes at T7=0. 

The extremely large fluctuations for one- and two- 
dimensional cases may be regarded as strong indications 
that any ordering, either ferromagnetic or antiferro- 
magnetic, is impossible in these cases, in agreement 
with the customary interpretation of the divergence of 
M,. 

For three-dimensional lattices, the spin-wave theory 
gave finite magnetizations. Their fluctuations are of 
the order of \**, which is sufficiently small to define 
sharp distributions. However, these fluctuations are 
abnormal in the sense that they are larger than O(.V), 
which should be expected if the magnetizations can 
really be regarded as thermodynamical variables. Of 
course, any small anisotropy can change them to 
normal. But, this seems an important point of the 
spin-wave theory, so that we shall discuss it a little 
further. 

With regard to this point, one may take one of the 
following points of view: 

(a) The abnormal fluctuations are physically signifi- 
cant, and they are probably related to the free rotation 
of magnetization vectors. Therefore it is necessary to 
take account of anisotropy in order to obtain results 
which are consistent with the thermodynamic point of 
view. If we do this, the customary spin-wave theory 
will give good approximations to reality. 

(b) The fluctuations should be normal, even in the 
absence of any anisotropy, so that rigorous calculations 
will remove the difficulty of abnormal fluctuations if 
we could take into consideration the higher terms in 
the Hamiltonian which are omitted in the customary 
formulation of the spin-wave theory. 

If one takes the viewpoint (a), he can derive all the 
thermodynamical quantities of ferromagnets and anti- 
ferromagnets without any divergence difficulty if an 
anisotropy is assumed, although the results apply only 
to very low temperatures. The calculation of Holstein 
and Primakoff® is an example, which gave the suscepti- 


(5.1) 


‘8 This fact was pointed out to the author by P. W. Anderson. 
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bility (which is proportional to the fluctuation of the 
magnetization) of ferromagnets taking into account the 
dipolar interactions. 

However, the anisotropy energy is usually supposed 
to be so small that it can be treated by a sort of pertur- 
bation method. In other words, the spins are aligned 
by the exchange forces, and the resultant magnetization 
vector is rotating in the field of the anisotropic force 
and of the external forces. As a matter of fact, the 
anisotropy field is a free energy field rather than a 
simple potential-energy field. All the same, this picture 
assumes that the magnetization vector is a well-defined 
quantity with a normal fluctuation. Therefore it seems 
to be inconsistent with the viewpoint (a) and must be 
justified, if possible, from the viewpoint (b). 

At present we are not ready to decide between these 
two viewpoints, because, in order to do this, we have 
to find some mathematical device to deal with the 
troublesome nonquadratic terms which represent the 
interaction between the spin waves. Unfortunately, the 
usual perturbation method does not work well for this 
purpose, although it can give useful results in some 
cases. 

It might be worth while to note here the following 
remarks. If no anisotropy is present, the spin wave of 
infinite wavelength has a quantum of energy equal to 
zero, a fact which corresponds to the free rotation of all 
spins in phase. Consequently the number of quanta 
belonging to this oscillator is primarily indefinite. This 
indeterminism, has been removed in the 
usual spin-wave theory, in which the sums over a 
wave number of the oscillators are calculated assuming 


however, 
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t This point will be discussed in detail in a following paper from 
the viewpoint of variational principle. 
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the quantum number of the spin wave with infinite 
wavelength always to be zero, so that the sums are 
replaced by the integrals. (Otherwise we should obtain, 
for instance, any value of the magnetization ranging 
from M, to —«.) Therefore the divergence in the 
spin-wave theory has nothing to do with the free 
rotation of the magnetization vectors. Thus it seems 
probable that the abnormal fluctuations of three- 
dimensional spin lattices should be attributed to the 
approximate nature of the spin-wave method. 

Evidently the approximation (1.13) makes it possible 
for any spin wave to assume any large number of 
quanta, so that the distribution probability of M, will 
have too large a tail towards — ”, which may result 
in an overestimation of the fluctuations. This is also 
responsible for the failure of the perturbation method, 
as will be seen in the next section. 

rhe assumption, that m,=0 for \=0, may possibly 
play an important role in any extension of the spin-wave 
theory to include the nonquadratic terms in the Hamil- 
tonian. In such a theory, the spin waves are no longer 
independent, and it may happen that the inhibition 
introduced by this assumption will change the situation 
essentially and give convergent results which are quite 
normal thermodynamically, even if no anisotropy is 
assumed. Thus, refined calculations on this assumption 
may give magnetizations equal to zero for D=1 and 
presumably for D=2, finite magnetizations for D=3, 
and normal fluctuations for all cases. 

These considerations seem to throw some doubt on 
the validity of the results obtained by the spin-wave 
theory assuming a finite anisotropy. The fluctuations 
of the magnetizations can be very different from their 
rigorous values, at least when the actual anisotropy is 
small. 

Our simple results show that even the one-dimen- 
sional lattice is antiferromagnetic if the anisotropy is 
sufficiently large. The same is true also for the ferro- 
magnetic case. This is, of course, very improbable, 
because a linear chain can be neither ferromagnetic nor 
antiferromagnetic if the spins are replaced by a semi- 
classical Ising model, which corresponds to the quan- 
tum-mechanical model where the anisotropy is ex- 
tremely large. The apparent failure of the spin-wave 
theory in this case can easily be traced. This is also 
caused by the omission of higher order terms, the most 
important term in this case being the last term of 
Eq. (1.26). 

According to the spin-wave theory, a two-dimen- 
sional lattice is ordered at very low temperatures if a 
finite anisotropy is present. Although this is not 
unreasonable, we cannot have much confidence in it. 
Similarly for the one-dimensional case, the last term 
of Eq. (1.26) will diminish the tendency of ordering. 
On the other hand, other higher terms may result in 
rapid convergence of the magnetizations and the 
fluctuation. Thus the problem of two-dimensional 
ordering seems still to be an open question. 
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As we have seen in the above, we have many questions 
left for the future which should be solved before we 
can find how far the spin-wave theory can give trust- 
worthy results. At present we only assume that the 
convergent results of the spin-wave theory may be 
physically significant and will be good approximations 
if they are continuous in the anisotropy parameter. 


6. SECOND APPROXIMATIONS 


In the preceding section, we have emphasized the 
importance of higher terms, in the Hamiltonian, which 
are omitted in the customary formulation of spin-wave 
theories. They should be included in any satisfactory 
improvement of the theories. However, it turns out 
that this cannot be done usually with the perturbation 
method. Leaving detailed investigations about this 
point to some other occasion, we shall examine here 
some of the results obtained by the application of 
perturbation theory to our problem. In such applica- 
tions we suffer very often from divergence difficulties, 
which limit the usefulness of the method. This comes 
from the fact that our unperturbed Hamiltonian (1.12) 
is not good enough to give unperturbed wave functions 
sufficiently concentrated in a region which corresponds 
to small numbers of spin deviations. Therefore we feel 
that we need a more refined approach than the ordinary 
perturbation methods. This is also true even for ferro- 
magnetic cases if one wants to improve the spin-wave 
theory to apply a little higher temperature. 

However, the ordinary perturbation method can 
give convergent results in some cases, which may be 


supposed physically significant. So it seems worth 


while to try higher approximations in this frame. In 
the following we shall confine ourselves to discussions 
of the energy and the perpendicular susceptibility x,. 

The classical treatment of spins in the limit of S 
will be called the zeroth approximation. The first 
approximation is the approach by the spin-wave theory 
on the basis of the simplified Hamiltonian (1.20). 
Taking account of some of the higher terms omitted in 
the first approximation and applying the first-order 
perturbation theory, we may obtain the second approx- 
imation, provided that the results are convergent. This 
successive approximation is an expansion in powers of 
1/S, but it cannot be applied always, because it often 
happens that the results are divergent. Therefore it 
has only limited applications depending on the dimen- 
sionality and also on the nature of the physical quantity 
in question. 

Our perturbation Hamiltonian is obtained from 
Eq. (1.12), the fourth-order terms of which are 


Hex = fi| J | SD Ga)(njajbitajnyd,+a;*njbyt+ajb,*ny) 
—|J Dd Gxaj*ajb,* by. (6.1) 


Now, let us introduce the Fourier components of the 
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creation and annihilation operators by 
ay,= (2 NY ajye™=3(Xy+X-), 
a,* = (2 N)iS-a;*e = 4(X1)*+X_-*), 
b= (2 NUS he Mk=3(Xn—Xa), 


b*= (2 N)'Db,*e?*= (X1,*— X2"*), 


(6.2) 


where X),, etc., mean 


Xin= Quatipn, etc., (6.3) 


ob ee ; 
Xi*= qu—-ipn, 


with q’s and p’s defined by Eq. (1.23). In terms of these 
Fourier components Eq. (6.1) is written as 
HA,’ =fi|\J|SNXDDY Y[an*a,0,b,4+4,b,*b,b, 

At+ac=mptr p 


+ a,*a ,*a ,0,*+ a,*b,*b,*by Je” 


—(1/N)|J|X>S Xay*a,b,*b,e8-”*. 


Atrv=uta p 


(6.4) 


The unperturbed Hamiltonian H”° is that of Eq. (1.20), 
with which the averages of operators are defined by 
(A)=trace[exp(—H°/kT)-A ] 
traceLexp(—H°/kT) ]. (6.5) 
For our calculations the following averages are useful: 
(ay*ay) = by*d) = Aginr+ pwr gor°+ po? 2) (6.6a) 
(a,*b,)=(a,b,*) =0, (6.6b) 


(6.6c) 
(6.6d) 


(ay?) = (by?) = (ay**) = (b,**) =0, 
= : ‘ ' ‘ 
(aby) = (ay*by*) = Fun? pin?— gan?+ par’). 


Now, to the first order of H.,x’, the partition function 
can be written as 


e~F/kT = trace[ exp(— H°/kT)(1— Hex’ /kT) ] 


=([trace(exp(—H°/kT)) ](1—(Hex’)/RT), (6.7) 


and the free energy as 


— F/kT=log[ trace(exp(— H°/kT)) |—(Hex')/RT. (6.8) 
The derivation of (6.8) from (6.7) is far from satis- 
factory from the mathematical point of view, but 
nevertheless Eq. (6.8) is rigorous in the first order of 
H_.,'. Noticing that all products of two operators, such 
as @)@,, @,b,, 5yb,, a,*a,, and so on, have averages 
equal to zero if the wave number \ and uy are different, 
we find easily that 


(Hex!)= —4NZ|J|(A+CP+N|J|(1+44S)AC, (6.9) 


which is correct to O(.V). In Eq. (6.9), A and C are 
defined by 
A=(2/N)>)(ay*ay) 
= (2/N)3¥(bx*dy) 
=5/M.—M,)/Mz, 
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TABLE II. Ground-state energies of antiferromagnets. 


Lattice z ~ Exero/(N8|J|S/2) 
S+0.363+0.033S™ 
S+0.158+0.0062S~! 
S+0.097 +0.0024S—* 
S+0.073+0.0013S™ 


Linear chain 
Quadratic layer 
NaCl-type 
CsCl-type 


and 
N > ya (andy) 
N > ya(an*b,* 


relation 


(6.11) 


for which we have the 


(H%x)+4N2| J |S? 


A+C= — 
2N2|J\S 
If we assume 

f=—1/4S (6.13) 


of Ey and Er 


in the second 


in Eq. (6.9) and insert the expressions 
given in Table I, we obtain the energy 
approximation as 


E=—4Nz|J|S(S+cot}ceeS-) 


+Nz|J|SA+4DeoS)c,02*!, (6.14) 


where co and ¢ are easily found from Table I. The 
corrected formulas for the ground-state energies are 
shown in Table IT. One can see that the first approxima- 
tion obtained from the Anderson’s spin-wave theory is 
very good as far as the zero-point energies are concerned. 
It should be remarked that if we abandon the assump- 
tion (6.13) using instead, for instance, the polynomial 
expression of fs(m), Eq. (1.14), the last term of Eq. 
(6.9) diverges always for the one-dimensional case and 
for the two-dimensional case except at absolute zero, 
unless a certain anisotropy is assumed. 

Finally we shall examine the perpendicular suscepti- 
bility x, a little further than the first approximation. 
In this case Eq. (3.4) should be replaced by 


M,=M,+M,’, 
where 
M°= guo(NS)*q10 


M,'= guo(2S)! Ald \(njaj;+a;*n;) 


+¥0.(mpbp+b,*nx)] (6.15) 


so that the partition function in the presence of external 
field H, is written as 
trace[exp{ — (H°—H,M ,°+H’'—H,M,)/kT}] 
= tracelexp{ —(H°—H.M,")/kT} ] 
-{1—(H)/kT+(HMz')/kT} 


to the first order of H’ and M,’. In terms of the Fourier 
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components (6.2), Eq. (6.15) is written as 


M ,' = }guo(2S)*fi(2/N SOL [ar*a,a, 


A=ypt+p 


+a,*a,*ayb,*b,b,+b,*b,*b ]. (6.16) 


Now, the external field H, causes the shift of equi- 
librium position of the oscillator 10 by the amount e, 
Eq. (3.8). Considering this, we easily see that 


M ,')=4fguo(4S/N)!2{(ao+a*)>(a,*ay) 
+ (bo +bo*)d(d,*by)}, 


=2figuoll(SN)tAe 
=4f,2|J| Ae, 


HAM,’ 


and that the part of H,x’ Eq. (6.4), which depends on 
the external field H,, is given by 


(Hex’)= —}2|J|(1-4f,S)(A+C)é+::-. 
Thus the correction F’ to the free energy is obtained as 
F’=—4s|J|{(1t+4/,S)A+ (1-44, 9C}e, 


which is simplified to 


if the assumption (6.13) is made. Hence, with use of 
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Eqs. (6.10), (6.11), (6.12), and Table I, we arrive at the 
corrected expression of 


X= x(1—co'S 1 ¢/ S++ o.S—16), (6.17) 


where the constants are 


co =0.127, o’=3'/2, c=3'r/15 for NaCl-type, 


and 


a’ =2/3, o=49/15 for CsCl-type. 


’ 


The result (6.17) is of some interest. Experimentally, 
Griffel and Stout" have shown for MnF, that x, de- 
creases slowly at low temperatures with increasing tem- 
perature, while theoretical investigations* seem to sug- 
gest that the susceptibility at the Curie point will be 
somewhat lower than the value predicted by Van Vleck 
theory. Equation (6.17) shows, in agreement with this, 
that x, is very near to the value given by the Van 
Vleck theory at absolute zero, and that it decreases 
with increasing temperature. 

The author wishes to thank Dr. P. W. Anderson for 
sending him his unpublished manuscript which has 
inspired the present work. He is also very grateful to 
Professor G. Wentzel and Professor J. W. Stout for 
their stimulating discussions. 
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Evjen’s Method of Evaluating the Madelung Constant 
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A convenient method of evaluating the Madelung series is first to group the terms into unit cells and 
then sum the contributions from the different cells. It is emphasized that even such a grouping, which 
involves neighboring terms only, may affect the sum. This happens, for example, with the CsCl type of 
lattice, if the unit cell chosen is the usual body-centered cube, whereas by choosing an oblique elementary 
cell containing one ion, the sum remains unaltered. A criterion is given for the choice of a suitable ele- 


mentary cell. 


HE Madelung series has been evaluated by several 

methods.' Among them we shall consider here in 
particular the method adopted by Evjen,? in which the 
contributions from the ions in a unit cell are summed 
first, and then the contributions from the different 
unit cells in the crystal. Let us consider for example a 
crystal of CsCl, whose unit cell is a cube of side 2a 
which contains 2 ions, one at the center and the other, 
of opposite sign, at each of the corners of the cube. 
Each of the latter ions will contribute } to the cell. 
Expressing all the charges in terms of |e| where e is the 
electronic charge, and the distances in terms of a, and 
taking the coordinate axes along the cubic axes of the 
crystal, and the origin at a lattice point occupied by a 
positive ion, the potential at the origin, due to all the 
surrounding ions, will be given by the Madelung sum 


S= ZX (PP re+etiy, (1) 
(E.9.8) 

in which &, n, ¢ are integers which define the coordinates 
of the ions, all three of them being odd if the ion is 
negative, and even if the ion is positive; £=n={=0 is 
naturally excluded. Series (1) can be shown to be 
convergent, but not absolutely convergent. By dividing 
the medium into such unit cells, the original triple 
series (1) can be converted into a new triple series in 
which each term is the contribution from a unit cell. 
Consider one of these cells whose center is at a distance 
p from the origin. The contribution from this cell to 
the potential at the origin can be expressed as a power 
series in 1/p, in which, as Evjen has shown, the first 
nonvanishing term is that involving 1/p*. Hence the 
new triple series will be absolutely convergent, and 
can therefore be summed in any manner that is con- 
venient. 

Since the preliminary grouping of the ions into unit 
cells is among neighboring ions only, and is the same at 
all distances from the origin, it may appear at first 
sight that the rearrangement of terms involved in such 
a grouping will not alter the sum, and that the sum of 
the resulting absolutely convergent series, which can 
be obtained without ambiguity, should be the same as 
that of the original series, namely, S. It is the main 


1 See J. Sherman, Chem. Revs. 11, 93 (1932) 
2H. M. Evjen, Phys. Rev. 39, 675 (1932). 


purpose of this note to emphasize that this would not 
in general be the case, and in order that the sum might 
remain unaltered by the grouping, the group, i.e., the 
elementary cell selected, should be such that its faces 
do not carry a net electric charge. In CsCl the unit 
cell that we have chosen, namely, a cube of side 2a, 
does not satisfy this condition, and actually, depending 
on whether the cell chosen contains a negative ion at 
the center and positive ions at the corners, or a positive 
ion at the center and negative ions at the corners, the 
resulting absolutely convergent series has different 
sums, namely, S;=S—2/4 and Sy=S+ 72/4, respec- 
tively, as we shall show presently. 

It is however possible to construct an elementary 
cell of this crystal that does satisfy the condition stated 
above. Consider for example the parallelopiped whose 
three adjacent edges are the lines joining the center of 
the unit cube to any three adjacent corners of the cube. 
This new elementary cell has one ion at each of its 
comers, and these ions are alternately positive and 
negative. By dividing the medium into such oblique 
cells, series (1) can again be converted into an abso- 
lutely convergent triple series, but now with its sum 
unaltered.’ 

Coming back to the division into cubic unit cells, 
consider the infinite plane defined by =n, the distances 
being expressed as before in terms of a. This plane will 
contain exclusively positive or negative ions depending 
on whether n is even or odd. Denoting the contribution 
to the potential at the origin from the ions in this plane 
by (—1)"7,, where 7, is positive, one can readily see 
that r, will be infinite. On the other hand r,—7,41 tends 
to a finite value independent of n, when m becomes large 
in comparison with unity, namely, r/2. This follows 
from T,—Tn+1 being the potential at the origin due to a 
uniform double layer of moment } per unit area, and 
subtending at the origin a solid angle 27. 

Considering now the absolutely convergent series 
obtained by dividing the crystal into cubic unit cells, 
the sum of this series should be independent of the 
mode of grouping these cells (keeping of course the 
cells intact). In particular we may group these cells in 

§ An analogous lattice sum has been evaluated by us by dividing 
the crystal into cells of this type. See K. S. Krishnan and S. K. 
Roy, Proc. Roy. Soc. (London) A210, 481 (1951). 
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infinite layers or perpendicular to &-axis, each shell 
being one cell thick. The contribution to the potential 
at the origin from one such shell when 1 is large, will 
be given by 


t =(—1)"(4rp— Tayi t}tn42), (2) 


in which » will be consistently even for all the shells, 
or consistently odd, depending on how the unit cell has 
been chosen, whether with a negative ion at the center 
or with a positive ion there. » will take both positive and 
negative values, s, obviously tends to zero as n be- 
comes large, and the sum of the series }>s,, ” increasing 
in steps of 2, is finite, as it is the sum of an absolutely 
convergent series. In other words, depending on the 
particular choice of the cubic unit cell, the resulting 
absolutely convergent series }-s, will have different 
sums 5S; and Sy the difference between them being 


Tnti—Tr a/2. The same result can also be obtained 
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by grouping the unit cells into cubic shells about the 
origin as center, each shell being again one cell thick. 
Thus the rearrangement of the terms of the series (1) in- 
volved in grouping them into cubic cells alters the sum. 

As we mentioned earlier the positive and the negative 
ions in CsCl separate out in layers parallel to faces of 
the type {100}. Any unit cell whose faces are parallel 
to these faces will not therefore be suitable for our 
present purpose. The condition stated above requiring 
the electrical neutrality of the faces of the unit cell is 
to preclude such a choice. 

On the other hand when the parallelopiped described 
above is chosen as the unit cell, there can be no such 
separation of charges. The resulting absolutely con- 
vergent series, besides giving the same sum S as the 
original series, is also found to be rapidly convergent, 
and can therefore be used conveniently for the numerical 
computation of S. 
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rhe specific heats of magnesium, titanium, zirconium, and chromium have been measured between 1.8° 
and 4.2°K by the vacuum calorimeter method. In each case it has been possible to represent the results by 
an expression containing an electronic term linear in the temperature and a lattice term cubic in the tem 
perature. The electronic contribution to the specific heats of these metals is in reasonable agreement with 
expectations based on the Sommerfeld theory and, in particular, with the results of more recent detailed 


calculations of energy bands in transition metals 


This work has been facilitated by the development of a sensitive semiconducting resistance thermometer of 
germanium-indium alloy for use at liquid helium temperatures. 


INTRODUCTION 


HROUGH measurements at liquid helium tem- 
peratures it is possible to separate with reason- 
able certainty the contributions to the specific heat of 
a metal originating in its lattice vibrations from those 
originating in the motion of its conduction electrons. 
Analysis of these quantities results in the determination 
of a value of the characteristic temperature of the 
lattice approximating the low temperature limit of that 
parameter and the density of electronic energy states 
at the top of the filled portion of the conduction band 
of the metal. 
In the work to be described measurements have 


* Assisted by the ONR and the Research Corporation. A pre- 
liminary report was presented at the Chicago meeting of the 
American Physical Society, October, 1951. 

t Now at Office of Naval Research, Navy Department, Wash- 
ington, D. C 

t Westinghouse Graduate Fellow in Physics during much of 
this research. Currently at the Kamerlingh Onnes Laboratory, 
Leiden, The Netherlands. Abstract of thesis submitted by S. A. 
Friedberg in partial fulfillment of the requirements for the degree 
of Doctor of Science at the Carnegie Institute of Technology 


been carried out between 1.8° and 4.2°K. The sub- 
stances whose specific heats have been determined are 
representative of Groups Ib, Ila, 1Va, and VIa of the pe- 
riodic table. Included are copper, magnesium, and the 
transition metals zirconium, titanium, and chromium. 
With the exception of copper they are substances on 
which no specific heat measurements have previously 
been made at these temperatures. Facts which have 
directed attention to these particular metals will be 
discussed in connection with descriptions of the in- 
dividual samples. 


THEORETICAL 


The specific heat of a metal at sufficiently low tem- 
peratures varies with the temperature according to a 
relation of the form C,=y7T+ 87". The term y7 has 
been shown! to represent the contribution of the con- 
duction electrons of the metal, while the term 87* cor- 
responds to the contribution of its atoms vibrating 
harmonically about their lattice positions. 


1 A. Sommerfeld, Z. Physik 47, 1 (1928) 
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Debye’s theory of the lattice specific heat? is based 
on the assumption that the vibrational spectrum of a 
lattice of discrete particles may be approximated by 
that of an elastic continuum. A formula for the varia- 
tion of C, with T is obtained which contains a single 
parameter 6, the Debye characteristic temperature, re- 
lated directly to the elastic constants of the continuum 
model representing a crystal. The value of @ is presum- 
ably independent of the temperature. In magnitude it is 
of the order of several hundred degrees for most solids. 
For temperatures below about 6/12 Debye’s formula 
reduces to 87* where B= 464.5/@, C, being in units of 
cal/deg, mole. 

Blackman’ and others have shown that deviations 
from the simple Debye theory observed at low tempera- 
tures result from the fact that the vibrational spectra 
of real crystal lattices are much more complex than 
that of the continuum model. The consequences of this 
complexity may be included within the formalism of 
Debye’s theory by allowing 6 to vary with the tem- 
perature. Theoretical calculation and experiment in- 
dicate that, generally, @ will approach a constant value 
at high temperatures, decrease or increase continuously 
with decreasing temperature, pass through a minimum 
or maximum, and assume a constant value again only 
within a few degrees of absolute zero. This low tempera- 
ture limiting value of 6 generally differs from the high 
temperature quantity. Blackman‘ estimates that it is 
reached only at temperatures below the order of 6/50 
(where @ is the high temperature value). 

At liquid helium temperatures the electronic term 
yT will be comparable with 87°. Fortunately, it is here 
that we can assume @ to take on a constant value for 
most substances. Thus it becomes a simple matter to 
determine ¥ and § in the expression for C, if we limit our 
measurements to the helium range. A plot of C,/T vs 
T? will then determine a straight line whose slope is 8 
and whose intercept on the C,/T axis is y. 

The results of the present measurements have been 
analyzed in this manner. The assumption that @ re- 
mains constant throughout the helium range has been 
found to be justified in each case. In the discussion of 
these results the 6-values obtained will be compared 
with 6-values at higher temperatures where possible. 

The coefficient y of the electronic term is directly 
related to the density of electronic energy states at 
the level in the conduction band of a solid to which 
that band would be filled with electrons at 0°K, i.e 
the Fermi level, Zo. It may be shown® that for a band 
of arbitrary form partially filled with electrons, 


C,(elect.) =yT = 9r?k’N (Ey)T cal/deg,cm*, (1) 


2p. then Ann. Physik 39, 789 (1912). 
5See the review article, M. Blackman, Reports on Progress in 


Physics VIII, 11, (1941), in which complete references on the 
theory of lattice specific heats are given. 

*M. Blackman, Proc. Roy. Soc. (London) A149, 117 (1935). 

5 See, for example, A. H. Wilson, The Theory of Metals (Cam- 
bridge University Press, Cambridge, England, 1936), p. 185 
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where & is Boltzmann’s constant and N(E,) is the 
number of energy states per unit energy per cm? at 
the Fermi level. 

To permit direct comparison with the observed 
quantities C,(elect.) should be expressed in units of 
cal/deg, mole. Multiplying Eq. (1) by Avogadro’s num- 
ber L and dividing by the number of atoms per cm’, nq, 
we get 


C,(elect.) = 32k. NV (Eo)/na |RT 
=17.9X10-'"[ N(E)/ma |T cal/deg, mole. (2) 


A convenient measure of the density of states at the 
Fermi level is the number of energy levels/atom-ev, 
which is simply 


N(Eo)/(maX1.59X 10-”) = 
EXPERIMENTAL 


The vacuum calorimeter method of Nernst and 
Eucken as adapted by Keesom and his collaborators® 
has been used almost exclusively for the determination 
of the specific heats of solids at liquid helium tempera- 
tures. Descriptions of such apparatus and discussions 
of the problems associated with its use are given in 
numerous references.” The experimental arrangement 
used in the present work involves no basic departure 
from previous designs. Some details, particularly those 
concerning temperature measurement, are thought to 
be of interest, however, and are therefore included here. 


8.9X108xy. (3) 


a. The Calorimeter 


Samples of the metals studied were prepared in the 
form of solid polycrystalline cylinders about 3.5 cm 
high and 2.0 cm in diameter. A heater coil (No. 39 
Manganin wire, resistance at 300°K: 1002) was wound 
on each sample and cemented to it with thin layers 
of Glyptal lacquer to insure good thermal contact. 
A germanium resistance thermometer, which will be 
described, was applied to the polished bottom of the 
sample. The cylinder was covered with a thin radiation 
shield of aluminum foil and suspended by three fine 
threads inside a copper can immersed in a liquid helium 
bath. The usual provisions were made to permit the 
can either to be very highly evacuated or filled with 
helium gas to transfer heat from the sample to the bath. 
The temperature of the helium bath could be reduced 
by pumping, permitting the sample to be cooled to the 
temperature at which measurements were begun. 
Evacuation of the transfer gas isolated the sample 
thermally except for a small heat flow through the 
electrical leads. 

Known heat increments were applied to the samples 
for periods timed to 0.01 sec by a special synchronous 


®W. H. Keesom and V. N. Van den Ende, Proc. Acad. Sci. 
Amsterdam 33, 243 (1930); 35, 143 (1932); W. H. Keesom and 
K. Clusius, Proc. Acad. Sci. Amsterdam 35, 309 (1932). 

7See, for example, Burton, Grayson-Smith, and Wilhelm, 
Phenomena at the Temperature of apd Helium (Reinhold 
Publishing Corporation, New York, 1940), p. 126. 
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Fic. 1. Calibration curve for the germanium thermometer. 


electric stopclock. By measuring the temperature at 
15-second intervals before, during, and after a heating, 
sufficient information was obtained to permit correction 
of the observed temperature rise for unavoidable heat 
exchange between sample and bath. The specific heat 
was thus determined at the mean temperature of each 
heating period. The process was repeated throughout 
the helium range, the bath temperature being chosen 
for a given set of points so as to produce a minimum of 
heat exchange. 

The liquid helium Dewar used in this work was 
totally immersed in a liquid nitrogen bath. To permit 
this the top of the Dewar was sealed to a Kovar ring 
carrying a copper flange. A copper cap through which 
passed the pumping lines and electrical leads was 
soldered to the flange with Wood’s metal. Liquid helium 
was transferred directly into the precooled cryostat 
from a Coilins liquefier by inserting the latter’s transfer 
tube through the cap by way of the pumping tube. 


b. The Semiconducting Resistance Thermometer*® 


The dynamical nature of calorimetry at helium 
temperatures with the vacuum calorimeter makes it 
practically mandatory that an electrical secondary 
thermometer of some sort be used. At present resistance 
thermometers of phosphor bronze, constantan, and 
carbon in varicus forms of sufficient sensitivity and 
reliability are available. None of these, however, could 
be said to combine in a completely satisfactory manner 
the characteristics: high temperature sensitivity, re- 
producibility, and insensitivity to measuring current 
and external fields. 

Recent studies of the properties of the semiconductors 
germanium and silicon have resulted in the preparation 
of specimens of these materials having a wide range of 
resistivity characteristics. Estermann® has surveyed the 
resistivities of a large number of samples (both » and 
p type between 1.8° and 20°K) of these materials 
containing various amounts of added impurities. It 
was found that samples with moderate impurity con- 
centration (~2 X10" impurity centers/cm* for Ge) 


8 A preliminary account of the work of this section was reported 
in abstract form by S. A. Friedberg in Phys. Rev. 82, 764 (1951). 
*T. Estermann, Phys. Rev. 78, 83 (1950). 
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and room temperature resistivities of about 0.05 ohm- 
cm often have large temperature coefficients of re- 
sistivity in the helium range. As thermometers these 
samples were found to be reproducible to within 0.01°K 
after warming to room temperature. 

Guided by these results, a further survey was made 
of the resistivities of samples cut from an ingot of ger- 
manium containing 0.001 atomic percent indium. The 
ingot had been cooled slowly, and consequently the 
concentration of impurities was found to vary con- 
tinuously along its vertical axis. By slicing the ingot 
perpendicular to the vertical axis it was possible to 
obtain layers of the material 1 mm thick of rather high 
homogeneity, each of which contained a slightly dif- 
ferent amount of indium. 

Samples 10 mmX3 mm X1 mm were cut from each 
layer. Current leads were soldered to their end surfaces 
and potential leads soldered to form two parallel line 
contacts 6 mm apart on one surface. The resistivity of 
a sample at 300°K increased with its original distance 
from the bottom of the ingot. Those of the topmost 
samples were about 0.09 ohm cm, while those of lower 
samples were all less than 0.05 ohm cm. 

Between 1.6° and 4.2°K only the specimens from 
the top layer of the ingot showed large temperature 
coefficients of resistivity. Typical values of (1/R)(dR/ 
dT) for these samples are —1 per °K at 4°K and —370 
per °K at 2°K. In spite of repeated warmings from liquid 
helium to room temperature, several of them exhibited 
reproducibility as resistance thermometers of 0.001°K 
throughout the helium range. In addition their re- 
sistances were found to be relatively insensitive to the 
size of the measuring current used. No measurable dif- 
ference was found between resistance curves obtained 
with measuring currents of 0.01 and 0.1 ma. 

Hall effect measurements at room temperature on 
samples from the top layer of the ingot show a hole 
concentration of about 1.5X10!7/cm* in agreement 
with the indications of the original survey. The 
improvement in reproducibility observed in these’ speci- 
mens is apparently associated with their higher room- 
temperature resistivity as compared with the pre- 
liminary criterion of 0.05 ohm cm. 

A resistance thermometer for use with the calorimeter 
was chosen from among the germanium strips de- 
scribed above. Satisfactory thermal contact between 
the thermometer and the calorimetric samples was 
achieved by pressing the smooth side of the germanium 
strip against the flat bottom surface of the metallic 
cylinder with a simple clamp. This consisted of a small 
rectangular Plexiglas bar passing over the thermometer 
(perpendicular to its long axis) and fastened to the 
sample by means of small screws through either end. 
A thin mica sheet between the thermometer and metal 
provided electrical insulation while permitting heat 
flow. The same thermometer and clamp assembly was 
used with each sample. 

The thermometer was calibrated against the vapor 
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pressure of the helium bath between 1.6° and 4.2°K by 
means of the tabulated results of vapor pressure deter- 
minations of Schmidt and Keesom.!® The calibration 
(measuring current 0.01 ma) is shown in Fig. 1. Checks 
of the calibration were made at several temperatures 
in the course of each experimental run. No deviations 
from the original calibration were observed. 


MATERIALS 
a. Copper 


In order to test the equipment and the operating 
procedure the specific heat of copper which had been 
very accurately determined at helium temperatures by 
Keesom and Kok" was measured again. The specimen 
used in these measurements was not of high enough 
purity to be strictly comparable with that of the cited 
investigators. However, measurement of its specific 
heat does permit an approximate check, at the same 
time providing information about copper of a par- 
ticular impurity content which was used subsequently 
in the fabrication of a capsule to contain granular 
samples being studied in this laboratory. 

Analysis showed the specimen to be about 99.6 per- 
cent copper, the principal impurity being lead. Traces 
of iron, nickel, and silver were also found. The amount 
of material used was 151.59 g (2.38 mole). 


b. Magnesium 


The electrical resistivity and magnetic susceptibility 
of magnesium have been investigated recently at very 
low temperatures. In both instances the observed 
effects are striking although not unique. The re- 
sistivity is found to increase with decreasing tem- 
perature after passing through a minimum (near 15°K). 
The susceptibility"* varies periodically with magnetic 
field intensity (de Haas-van Alphen effect). While this 
effect is qualitatively understood” in the metals exhibit- 
ing it, the electrical resistivity phenomenon in magne- 
sium still awaits sa‘isfactory theoretical discussion. 

Measurements o; the specific heat of magnesium 
below 4°K permit the investigation of the possibility 
that the resistivity minimum (in magnesium, at least) 
might be associated with a significant deviation from 
the electronic band structure as predicted theoretically 
for the metal and confirmed at room temperatures by 
soft x-ray studies. It seems probable that peculiarities 
of the band scheme (such as failure of the 3s and 3p 
bands to overlap) which could be correlated with the 


0G. Schmidt and W. H. Keesom, Leiden Communications 
250C (1937). 

" W. H. Keesom and J. A. Kok, Physica 3, 1035 (1936). 

2D, K. C. MacDonald and K. Mendelssohn, Proc. Roy. Soc. 
(London) A202, 523 (1950). 

8 Garfunkel, Dunnington, and Serin, Phys. Rev. 79, 211 (1950). 

4D. Schoenberg, Proc. of the International Conference on 
Low Temperature Physics, Oxford, August 1951, p. 134. 

16M. Blackman, Proc. Roy. Soc. (London) A166, 1 (1938); 
L. Landau, unpublished eh quoted by D. Shoenberg, Proc. 
Roy. Soc. (London) A170, 341 (1939). 


resistivity minimum would be reflected in an abnormal 
electronic specific heat, particularly at temperatures 
below that of the minimum, and so be detectable in 
the helium region. 

A specimen of Dow magnesium having a mass of 
29.697 g (1.22 mole) was used. Its purity was stated to 
be at least 99.96 percent. 


c. Titanium and Zirconium 


The electronic specific heats of several transition 
metals have already been measured and are found to 
be quite high (y>10X10~). These results have re- 
ceived at least qualitative interpretation in the light of 
the theory of Mott'® and Slater.'7A narrow, incompletely 
filled d band is pictured as overlapping the broad s 
band of the transition metal. The density of states at 
the Fermi level, which lies with in the region of overlap 
of the two bands, is high as a result of the high density 
of states in the d band. The electronic specific heat is 
thus much larger than that found for ordinary metals. 

The transition metals whose electronic specific heats 
have previously been measured belong to Groups V 
through VIII of the periodic table. It is considered of 
interest to extend these measurements to the transition 
metals of Group IVa in which the overlapping ds band 
may be expected to be filled to a relatively low level. 
This has been made possible through the cooperation of 
the Oak Ridge National Laboratory of the United 
States Atomic Energy Commission, which has supplied 
titanium and zirconium samples of high purity in a 
form appropriate for study. 

The mass of the titanium specimen was 33.622 g 
(0.702 mole). Its purity exceeded 99 percent. 

The zirconium specimen was machined from a crystal 
bar of the metal having a purity of 99.5 percent. The 
principal impurity was sodium. The mass of the speci- 
men was 47.538 g (0.521 mole). 


d. Chromium 


The abnormally high specific heat of chromium at 
high temperatures,'* as well as the unusual character 
of its magnetic'® and elastic properties, have suggested 
the desirability of measuring its thermal properties at 
low temperatures. Of particular interest is the density 
of electronic states at the Fermi level, a knowledge of 
which would permit a more critical examination of the 
magnetic susceptibility curve and of the suggestion 
that the unusual properties observed might be due to 
antiferromagnetism as first suggested by Néel®® and 
more recently amplified by Zener™ in contrast with 


16N. F. Mott, Proc. Roy. Soc. (London) 47, 571 (1935). 

17 J. C. Slater, Phys. Rev. 49, 537 (1936). 

18L. D. Armstrong and H. Grayson- Smith, Can. J. Research 
A28, 51 (1950). 

%T. R. McGuire and C. 
(1951). 

”L. Néel, Ann. phys. 18, 5 (1932). 

% C. Zener, Phys. Rev. 81, 440 (1951). 


J. Kriessman, Phys. Rev. 82, 774 
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the energy band approximation and the Pauli theory of 
spin paramagnetism in metals. 

The specimen studied was prepared by melting down 
flakes of electrolytic chromium” in an argon atmosphere. 
Machining removed most of the material which had 
become slightly contaminated with aluminum from 
the alumina crucible in which the melting was carried 
out. Analysis indicated a purity of about 99.9 percent 
with traces of Al, Cu, and Si comprising the major 
impurities. The specimen had a mass of 75.372 g 
(1.41 mole). 


DISCUSSION OF RESULTS 


As shown in Fig. 2, where the experimental data are 
plotted as C,/T vs T*, the results for all the metals 
may be represented by an equation of the form 


C,=yT+8T*=7T+464.5(T/6)* cal/deg, mole. 


From the slopes and the intercepts of the straight lines 
shown in Fig. 2 the constants y and 6 were calculated. 
These are given in Table I together with the density 
of states at the Fermi level V(Eo)/ma, as calculated 
from Eq. (3). The last column contains values for the 
m*/m is the “effective mass’’ of the con- 
duction electrons. The calculation of this quantity de- 
pends on the form on the band, i.e., the way in which 
\(E) varies with E. This relation is not generally known 
for real metals. By assuming a rather restricted model 


, wherein m* 
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Fic, 2. Specific heat of various metals, plotted as C,/T vs T? 
® We are indebted to Dr. L. C. Hicks of the Allegheny Ludlum 
Steel Company for supplying this material. 
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of a metal™ one obtains the relation 


N(E) = 29(2m*))/l'/E, (4) 


and in particular at the Fermi level 


N (Eo) = (2 (5) 


where g is the number of free electrons per atom. This 
relation is often used with appropriate choice of q for 
a calculation of m* from the experimentally determined 
value of y. For the values of m* given in Table I, q¢ 
was approximated from the chemical valency of the 
metallic ion in question. Even so, it should be remem- 
bered that these calculations are based on the assump- 
tion that the conduction band has a quadratic form at 
the Fermi level, a condition which is generally satisfied 
only if Ep lies near the bottom or the top of the band. 
(In the latter case m* will be the effective mass of the 
unfilled holes just above EZ) which may be regarded as 
conducting particles.) Moreover, the quantity m* as 
used here is defined uniquely only within a single band 
and would lose its meaning if E» should lie in a region 
of overlap between two bands. Thus, though it may be 
interesting to compare m* with the free electron mass 
m in considering the results of the measurements, 
attention should be directed principally to the quantity 
N (Eo), whose physical significance is more general. 


*)(3naq/m)}, 


a. Copper 


The values obtained in this work can be represented 
by the formula 


C,= 1.80 107+ 464.5(7/315)’ cal/deg, mole. 


Keesom and Kok" have given 
C,= 1.777 X 10*7+-464.5(7/335)§ cal/deg, mole. 


The agreement between these results is rather good, 
particularly in the electronic terms. Some of the 6 
percent discrepancy between the 6-values probably 
arises from the lead impurity in our sample, which 
because of its insolubility is deposited in crystalline 
form on the copper grain boundaries. Owing to its low 
characteristic temperature (@~90°K) even a small 
amount of lead can produce an apparent lowering of 
the 6-value of the copper, leaving its y-value unchanged. 
Correction for 0.4 percent lead would increase the @- 
value of our specimen to about 325°K. 


b. Magnesium 


There appears to be nothing anomalous in the be- 
havior of the C, vs T curve or in the magnitudes of y 
and @ which could be interpreted as a link between the 
peculiarities in the electrical conductivity of the metal 
and its band structure. On the contrary, both the 
electronic and lattice contributions appear to agree 
with expectations based on the observation of the 

3A. H. Wilson, 


Semiconductors and Metals (Cambridge Uni- 
versity Press, Cambridge, England, 1939), p. 26. 
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properties of the metal at higher temperatures and on 
general theoretical considerations. 

The soft x-ray emission data for magnesium at room 
temperature obtained by O’Bryan and Skinner™ pro- 
vide direct confirmation of the picture of overlapping 
3s and 3p bands postulated by the theory of metals to 
account for the metallic properties of the solid.*® The 
Fermi level of magnesium should thus lie in the region 
of overlap at a point where the density of states may 
well exceed the value expected for two completely free 
(m*=m) valence electrons per atom. For the latter 
case calculation by Eq. (5) would lead to y= 2.43 10™. 
The observed value of y is 3.25 10~ corresponding to 
N(Eo)/na= 0.286 level/atom/ev. 

It should be noted that for zinc, another metal 
having the hexagonal close-packed structure and two 
valence electrons per atom, the observed’® value 
(y=1.50X10~*) is less than the free electron value, 
y=1.84X10-*. This difference in behavior between 
magnesium and zinc may be related to the fact that 
c/a> 1.63 for zinc and c/a<1.63 for magnesium (where 
c and a are lattice constants and c/a= 1.63 corresponds 
to closest packing). Differences in overlap of s and p 
bands when the axial ratio is changed have been ex- 
plained by Mott and Jones.*® 

The characteristic temperature, 0, for the magnesium 
lattice below 4.0°K has been found to be constant at 
342°K. We may compare this value with the values ob- 
tained by Clusius and Vaughan,”’ whose specific heat 
measurements for magnesium extended from 11°K to 
230°K. Down to 40°K @ was found to be practically 
constant at 320°K. Between 40°K and 11°K @ in- 
creased continuously, apparently approaching a maxi- 
mum value of about 370°K. The value 6= 342°K found 
below 4°K indicates, therefore, that @ passes through 
a maximum before reaching a low temperature limiting 
value. Such behavior has been observed previously for 
silver. 


c. Titanium and Zirconium 


The electronic structures of titanium and zirconium 
are expected to be quite similar, since zirconium lies 
directly beneath titanium in Group IVa of the periodic 
table. These elements are characterized in the atomic 
state by outer s shells filled with two electrons and next 
lower d shells containing only two of a possible ten 
electrons. In the metallic state, according to the pic- 
ture developed by Mott and by Slater for other transi- 
tion metals, one would expect the d and s states of these 
atoms to form overlapping bands. The bands produced 
by N atoms would consist of a wide s band containing 


%*H. M. O’Bryan and H. W. B. Skinner, Phys. Rev. 45, 370 
(1934). 

2N. F. Mott and H. Jones, The Theory of the Properties of 
Metals and Alloys (Clarendon Press, Oxford, England, 1936), 
». 161. 
2% A A. Silvidi and J. G. Daunt, Phys. Rev. 77, 125 (1950). 

27K. Clusius and J. V. Vaughan, J. Am. Chem. Soc. 52, 4686 
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HEATS OF 


SEVERAL METALS 


TaBLe I. Summary of results. 


N(Eo)/na 
y X10+ (levels 
(cal/°K%, mole atom-ev) 


1.80 0.159 
3.25 0.286 
8.00 0.711 
6.92 0.615 
3.80 0.338 


a(°K) 


Copper 315 
Magnesium 342 
Titanium 280 
Zirconium 265 
Chromium 418 


Sample 


m*/m 


1.47 
1.33 
3.15 
2.24 
2.93 


2N states and a narrow d band having 10N states, thus 
leading to a high density of states at the Fermi level. 
Since for both titanium and zirconium there are avail- 
able only 4 electrons to go into the combined d-s 
bands, their Fermi levels probably lie somewhere in 
the region of overlap. Because of the high density of 
states in the d band, .V(E,) should be higher than for 
the equivalent situation with free electrons. Slater and 
Krutter’* and more recently Fletcher and Wohlfarth*® 
have calculated the band shape for the overlapping s 
and p bands of copper and nickel, respectively. It is 
reasonable to extrapolate their results back to the other 
elements of the first transition series. On this basis one 
would expect to obtain a reasonably large density of 
states for titanium but perhaps not as large as for the 
later elements of the series, e.g., manganese and iron. 
As shown in Table I, the values of N(E»)/n, for ti- 
tanium and zirconium obtained in the present measure- 
ments are 0.711 and 0.615 level/atom-ev, respectively. 
These quantities are several times larger than 0.159, 
the value for copper, while considerably less than 4.00, 
the value of \V(E,)n, for manganese.*® These results 
are consistent with the simple model for a transition 
metal given by Mott and Slater. 

The values of @ found below 4.2°K for titanium and 
zirconium are 280°K and 265°K, respectively. Until 
recently the only other values of @ available for these 
metals were those obtained from electrical resistivity 
data by Meissner* using the semiempirical formula of 
Griineisen.” Meissner found #=342°K for titanium 
and @=288°K for zirconium. These are essentially 
average high temperature values which may not be 
readily compared with the results given above. 

Recently, the specific heat of zirconium of high 
purity has been measured between 14°K and 300°K 
by Skinner and Johnston.* They find a constant value 
of 6=242°K at least up to the temperatures where C, 
and C, begin to differ appreciably. If, however, C, in- 
cludes a term 6.9X10~T as indicated in the present 
measurements, a correction must be applied to the 


7H. M. Krutter, Phys. Rev. 48, 664 (1935); J. C. Slater, 
Phys. Rev. 49, 537 (1936). 

29G. C. Fletcher and E. P. Wohlfarth, Phil. Mag. 42, 106 
(1951). 

* Elson, Grayson-Smith, and Wilhelm, Can. J. Research 18, 
82 (1940). 

3} W. Meissner, Handbuch der Physik (Springer, Berlin, Ger- 
many, 1935), Vol. 11, Chap. 2, p. 50. 

* G. Griineisen, Ann. Physik 16, 530 (1933). 

%G. B. Skinner and H. L. Johnston, J. Am. Chem. Soc. 73, 
4549 (1951) 
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observed values of Johnston and Skinner near 14°K. 
When this is done, @ is found to increase slightly with 
decreasing temperatures, being equal to 253°K at 
14.4°K. The value 265°K observed below 4.2°K is in 
good agreement with this trend. 

Similar higher temperature data are not yet available 
for titanium. It is to be expected, however, that 6 will 
behave for titanium in roughly the same way as it does 
for zirconium. 


d. Chromium 


Chromium is a transition metal which in the atomic 
state has five electrons in the 3d shell and one electron 
in the 4s shell. In the metallic state one would expect 
the band structure to fit qualitatively into the simple 
scheme of Mott and Jones, as was the case for titanium 
and zirconium. Consequently, the y-value for chromium 
could be expected to lie near the values for vanadium™ 
(y=15X10~) and manganese” (y=42X10-) which 
lie on either side of chromium in the periodic table. 
The observed y-value for chromium, however, is only 
3.80 10~. The density of states at the Fermi level in 
chromium is, therefore, much smaller than expected if 
it is assumed that these three metals have d-s bands of 
the same form containing no abrupt minimum. Our 
results, however, can be explained on the basis of the 
band calculations of Slater and Krutter and of Fletcher 
and Wohlfarth, both of which show a minimum in the 
N(E) vs E curve near the center of the band where the 
Fermi level in chromium should be located. The experi- 
mental data for chromium which at first sight seem to 
be very low for a transition metal are, in fact, in striking 
agreement with the calculated band shapes. An alterna- 
tive explanation of the low y-value has been suggested 
by Zener* and is based on the possible antiferromag- 
netism of this metal. It has been suggested by Slater*® 
that the energy bands of an antiferromagnetic crystal 
may be split into two halves separated by a gap, as the 


* A. Wexler and W. S. Corak, Phys. Rev. 85, 85 (1952). (We 
are indebted to Dr. A. Wexler of the Westinghouse Research 
Laboratories for communicating this result to us prior to 
publication.) 

% J.C. Slater, Phys. Rev. 82, 538 (1951). 
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result of a periodic perturbation of potential with a 
period twice the lattice spacing due to the exchange 
interaction. Such a perturbation is presumed to result 
from the different potentials experienced by electrons 
of + or — spin in atoms of like and opposite spin 
constituting the two sublattices of the typical anti- 
ferromagnetic crystal. 

According to this view, a band which in the absence 
of antiferromagnetism would be considered half-full 
may in the antiferromagnetic case be divided into two 
halves of which the lowest in energy is completely 
filled. Electrons in such a filled half-band would thus 
be unable to contribute to the electrical conductivity 
of the solid or to its electronic specific heat. The d band 
in chromium may be split in just this way. The five d 
electrons per atom could then just fill the lower half 
and thus be prevented from contributing to the elec- 
tronic specific heat. The observed electronic specific 
heat could, therefore, be attributed to the one s electron 
per atom. The observed y-value (3.80 10~) is higher 
than that found in other metals known to have one s 
electron per atom. It is possible, however, that overlap 
of the 4s and 4p bands would produce a density of 
states at the Fermi level high enough to account for it. 

Below 4.2°K the characteristic temperature of the 
chromium lattice has been found to assume a constant 
value, 2=418°K. Anderson** has measured the specific 
heat of chromium between 56°K and 291°K and finds 
that near 56°K, 6=485°K. The discrepancy between 
these values, although high, is not unreasonable in 
view of the possible variation of @ with temperature. 
There seems to be little reason to regard @ as anoma- 
lously low for chromium below 4.2°K in the manner 
discussed for tungsten by Silvidi and Daunt.”® 

We are indebted to Dr. Clarence Zener for several 
conversations in which he discussed the significance of 
his views on the transition metals in relation to the ob- 
served properties of chromium. Thanks are also due Mr. 
I). Burk for his assistance with some of the measure- 
ments and Mr. C. T. Linder for determining the Hall 
constants of several germanium-indium alloy samples. 


%C. T. Anderson, J. Am. Chem. Soc. 59, 488 (1937). 
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Experiments have been carried out to investigate the existence of a paramagnetic effect, reported by 
other workers, at the transition to superconductivity. While, in the other experiments, the induction in the 
sample was measured during changes of the magnetic field, the work described in the present paper deals 
with induction measurements at constant values of magnetic field, current, and temperature. The transition 
region of tin was investigated by separately varying, stepwise, each of these three parameters. With the 
current of 10 amperes used in our experiments, no paramagnetic effect was observed anywhere in the 


transition region. 





INTRODUCTION 


INCE the discovery, in 1933, by Meissner and 

Ochsenfeld, that superconductivity is accompanied 
by zero magnetic induction (B=0), it has generally 
been assumed that, as the metal becomes supercon- 
ductive, its susceptibility becomes strongly diamag- 
netic. Numerous experiments in which the temperature 
or the magnetic field were changed have, indeed, con- 
firmed this view. However, in 1943, Steiner and 
Schoeneck! reported observations indicating a para- 
magnetic susceptibility which preceded the change to 
diamagnetism. This effect occurred only when the 
destruction of superconductivity was carried out simul- 
taneously by a magnetic field in the longitudinal direc- 
tion and a current in the same direction. It was pointed 
out by one of us? that the observed increase in induction 
might possibly have been only an apparent one, because 
only the flux in the longitudinal direction was measured. 
Similar experiments have recently been performed by 
Meissner, Schmeissner, and Meissner,’ who also ob- 
served paramagnetic effects of the same nature. In 
these experiments, the changes of flux were measured 
which occur in ‘he specimen when the magnetic field 
was reversed, while at the same time a steady current 
was passing through the specimen. 

Since in all this work the observation of a para- 
magnetic effect was coupled with a simultaneous 
variation of one of the variables of state (the magnetic 
field), it is clearly desirable to investigate whether 
there actually exist, in the transition, definite values of 
magnetic field, current, and temperature, for which the 
susceptibility of a superconductor is paramagnetic. 
Assuming the validity of Silsbee’s hypothesis, a three- 
dimensional diagram of state can be constructed (Fig. 
1), with the temperature, the magnetic field, and the 
current as dependent variables. The volume inside the 
T, H, I, surface represents the superconducting state, 
and that outside represents the normal state. The 


+ Visiting Professor from Oxford University, Oxford, England. 
1K. Steiner and H. Schoeneck, Physik. Z. 44, 346 (1943). 
2K. Mendelssohn, Repts. Prog. Phys. 10, 358 (1946) (London: 


Physical Society). 
3 Meissner, Schmeissner, and Meissner, Z. 
(1951). 
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transition to superconductivity can be effected in three 
different ways, as is indicated by the arrows. It was 
decided, therefore, to carry out measurements of the 
induction in the longitudinal direction of a long cylinder 
of tin, at fixed values of magnetic field, current, and 
temperature, in the transition region. The experiments 
were carried out in such a way that two variables were 
held constant throughout, while the third one was 
changed in small steps in the way indicated by the 
arrows in Fig. 1. 
METHOD 


The method consists in moving an induction coil 
along a cylindrical specimen, which is aligned in the 
direction of a homogeneous magnetic field. The cylinder 
is made up of rods of copper, tin, and lead, in series, 
and the coil can be moved from the center of the tin 
rod to the center of the lead rod or of the copper rod. 
Since in the transition region of tin (3.7°K) lead is 
superconductive and copper is nonsuperconductive, 
the movement of the coil will compare the flux in the 
tin rod, at constant field, current, and temperature, 
with the flux through a superconductive or a normal 
rod of identical dimensions. 


iD 


Fic. 1. The 7, H, J, surface, separating the normal and 
the superconducting phases. 
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Figure 2 shows the apparatus with the induction 
coil, C, which is connected to a ballistic galvanometer, 
so that the deflections of the galvanometer are propor- 
tional to the changes of total flux through the coil. The 
coil moves from one position around the specimen to 
another 

The specimen, S, consists of lengths of 8 cm each of 
lead, tin, and copper cylinders, soldered together in 
series in a thin German silver tube. The diameter of 
the metal samples is 2.8 mm. The rod is mounted 
vertically, with the upper end (copper) held in a 
textolite block, B. The sample holder is suspended 
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Fic. 2. Schematic cross section of the experimental apparatus 
(not to scale) 
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Fic. 3. Penetration of the 7, H, 7, surface at constant 
temperature and magnetic field. 


from the upper plate, P, by steel and textolite pipes, 
P, and P», in series. 

The coil is hung by means of two German silver 
tubes, 7; and 7», from a textolite rod, R. The rod R 
extends up through the pipes P; and P»2, and on through 
the plate and brass tube, D. Above the brass tube, the 
rod is fastened to an iron cylinder, 7. The coil may be 
raised and lowered by moving the block of iron with a 
small solenoid placed on the outside of the glass vacuum 
cover, G. 

To reduce heat leaks, a can for liquid nitrogen, .V, is 
hung from the upper plate by two monel pipes, M, and 
M,. The current carrying wires, K, leading to the 
sample are thermally connected to the liquid nitrogen 
can. The top of the copper cylinder is attached to one 
of the current leads; the return lead is shielded by a 
superconducting lead tube, so that its magnetic field 
cannot disturb the field at the specimen. 

All of the apparatus shown in Fig. 2 is placed in a 
flask of liquid helium, H. Outside of this flask, and not 
shown, is an outer Dewar flask for liquid nitrogen. 
External to all this is the solenoid for producing vertical 
magnetic fields. The magnetic field produced by the 
external solenoid was known to be homogeneous, to 
within one percent, over the volume of the tin specimen. 
The temperature was measured and controlled by the 
vapor pressure of the helium bath, and the bath could 
be stirred by moving the coil up and down. 


RESULTS 


The experimental results are shown in Figs. 3, 4, 
and 5. In each of the figures, two of the three variables, 





PHASE DIAGRAM 
H, T, and J, were held constant while the third variable 
was changed in small steps. The abscissa is denoted by 
the parameter that was varied. The ordinate in the 
figure is the galvanometer ballistic throw obtained 
when the coil was taken from the center of the tin rod 
to the center of the lead rod. 

The superconducting state could be destroyed in the 
tin by a sufficiently large current in the rod, by high 
enough temperatures, or by a sufficiently large external 
field. Under these conditions a large galvanometer 
deflection was obtained. The superconducting state 
could then be entered as shown by the arrows in the 
phase diagram of Fig. 1. Under these conditions the 
galvanometer deflection is reduced to zero, since both 
the tin and the lead are in the superconducting state. 
It is clear from the figures that the galvanometer 
deflection does not at any point increase in the direction 
of paramagnetism, i.e., showing greater flux in the tin 
specimen than normal. The scatter of the observed 
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Fic. 4. Penetration of the 7, H, 7, surface at constant magnetic 
field and current. 
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deflections is fully explained by experimental error 
caused by uneven movement of the induction coil and 
smal] shifts in the galvanometer zero. 
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Fic. 5. Penetration of the 7, H, J, surface at constant 
temperature and current. 


CONCLUSIONS 


Our results leave little doubt that, with the current 
of 10 amperes used in these experiments, there is no 
region in the H, 7, J, space showing paramagnetic 
susceptibility. It must be emphasized that our findings 
are not necessarily in disagreement with the results of 
Meissner, Schmeissner, and Meissner, because the 
quantity measured is a different one in the two cases. 
In their work, the change in the magnetic induction 
produced by varying the external field is determined, 
and their observations, therefore, comprise the dy- 
namics of the transition process. Our measurements, 
on the other hand, were carried out at a series of steady 
states in the H—T—TI space, well after any change in 
these parameters had taken place. Thus, we must 
conclude that such paramagnetic effects as have been 
observed with similar values of the parameters seem 
to be of a transient nature. They are, as was suggested 
earlier, possibly due to a re-arrangement of the magnetic 
flux when, in a cylinder carrying a current, additional 
currents are inducted in the specimen as it becomes 
superconducting in an external field. 

It is hoped to extend the present work to higher 


values of the current. 
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Gamma-ray absorption measurements have been made using a Nal energy selective scintillation counter 
with radioactive source gamma-rays of 0.411, 0.664, 1.33, and 2.62 Mev energy. A range of absorbers from 
hydrogen to uranium was used. The final absorption coefficient was determined to +0.2 percent root- 
mean-square statistical accuracy. Additional absorption measurements were made with nuclear reaction 
gamma-rays at the energies 4.47, 6.13, and 17.6 Mev with the same absorbers. A statistical accuracy of 
+2 percent was attained. A comparison of theory to experiment is presented and no radical differences 


are observed. 


I. INTRODUCTION 


ANY gamma-ray absorption measurements have 
been made with, in general, increasing accuracy.! 
The present experiment is based on the refinement of 
using an selective scintillation counter as 
detector. 
The absorption of gamma-rays in matter is according 
to the well-known absorption law 


I= Ie—**, 


energy 


where u is the absorption coefficient and x the distance 
of matter traversed. The primary ambiguity in an 
experiment to measure yu is the definition of the absorbed 
photon. Two absorption processes, Compton scattering 
and Rayleigh (or coherent) scattering, give rise to a 
fraction of “absorbed” photons that are only slightly 
modified in energy or direction. The means of discrimi- 
nation between primary and absorbed photons is 
customarily made by making the solid angles of source 
to absorber and absorber to detector small. This con- 
flicts with intensity requirements so that some compro- 
mise has always been necessary. 

Geiger counters or ionization chambers are not energy 
selective, so that they give a composite absorption 
coefficient for those sources that are not monoenergetic ; 
and furthermore, they require careful shielding from 
gamma-rays scattered from surrounding objects. The 
sodium iodide scintillation counter, on the other hand, 
permits the selection of the higher energy gamma-rays 
of a spectrum at relatively high efficiency. Because of 
these characteristics it seemed valuable to make absorp- 
tion measurements with the scintillation counter using 
gamma-ray energies from 0.5 Mev to 17.6 Mev. The 
lower energy measurements would overlap the excellent 
two-crystal spectrometer measurements of Jones? in the 
x-ray region, and the high energy measurements at 
17.6 Mev would duplicate the pair spectrometer work 
of Walker’ using the lithium gamma-ray. 

* This work has been supported by the ONR. 

+t Now at the Radiation Laboratory, University of California, 
Berkeley, California. 

1 An excellent review of recent work is given in the article by 
C. M. Davisson and R. D. Evans, Phys. Rev. 81, 404 (1951) 


2M. T. Jones, Phys. Rev. 50, 110 (1926) 
2R. L. Walker, Phys. Rev. 76, 527 (1936). 


An absorption measurement is performed by observ- 
ing the transmission ratio of an absorber placed between 
the source and the detector. It is well recognized that 
the accuracy of an absorption measurement is deter- 
mined by the accuracy of the transmission ratio meas- 
urement divided by the number of mean free paths of 
the absorber. Thus for this experiment, if the trans- 
mission ratio was determined to a statistical accuracy 
of $ percent for an absorber of 3 mean free paths lengths, 
then the statistical accuracy of the absorption coeffi- 
cient u, so determined, would be +0.17 percent pro- 
vided the density and the thickness of the absorber 
were known to an accuracy better than this. Using 
radioactive sources of 10 millicuries and taking ad- 
vantage of the high counting rate of 200 per second 
feasible with the Nal detector, this degree of statistical 
accuracy is attainable in times of the order of 10 
minutes, so that counting times are not usually the 
limiting factor in the final accuracy. Instead, systematic 
errors in various features of the experiment become the 
limiting factor. For the low energy measurements it 
was endeavored to reduce the systematic errors to less 
than 0.2 percent and then determine yu to better than 
0.2 percent statistical accuracy. The errors quoted in 
Tables I-VII are root-mean-square statistical errors. 
For the high energy measurements counting rate was 
the limiting factor for the quoted 2 percent accuracy. 
The experimental equipment is described first, followed 
by a description of the subsidiary measurements used 
to calibrate scattering and, in general, to substantiate 
the thesis that an absorption coefficient is being meas- 
ured. A short description of the measurements and 
corrections for each gamma-ray with the subsequent 
results follows. The article is concluded by a comparision 
of these results to theory. 


Il. THE EXPERIMENTAL EQUIPMENT 
A. The Detector 


The detector for the low energy measurements was a 
2-cm diameter by 2-cm long cylindrical crystal of Nal 
mounted on a 5819 photomultiplier. The differential 
pulse-height spectrum of Cs"? gamma-rays at 0.664 
Mev showed a 10 percent full width at half-maximum 
of the photoelectric line. If a differential pulse-height 
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width of 10 percent was set on the photoelectric peak 
of the Cs'*? gamma-rays, the stability of the counting 
rate was +1 percent per hour. 

The detector for the high energy measurements was 
a 4-cm diameter by 4-cm long cylindrical crystal. A 
larger crystal is a more efficient detector because it 
increases the probability for a given quantum to lose 
all its energy within the crystal. The crystal and 
mounting showed a 20 percent full width at half- 
maximum for the Cs'*’ photoelectric peak at 0.664 Mev. 


B. Experimental Arrangement 


The preliminary experimental arrangement, as shown 
by Fig. 1, was used to approximate the geometry of 
completely isolated source, detector, and absorbers, and 
to investigate the effects of collimation, solid angles, 
and differential bias settings. The linear distance 
between elements—source, absorber, detector—was 
varied according to the desired solid angle, the absorbers 
remaining half way between the source and detector. 
The alignment for Fig. 1 was estimated to be accurate 
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Fic, 1. Open geometry arrangement. 


to within +1 mm. Absorption measurements in copper 
were taken as a function of displacement of absorber 
from the central position, and showed that a misalign- 
ment of 1 cm could be tolerated with no change in the 
absorption coefficient. This was approximately the 
geometrical shadow. 

The collimated geometry arrangement for the low 
energy measurements is shown in Fig. 2. The most 
critical solid angle from the standpoint of scattering is 
the largest solid angle, which in this case was the solid 
angle from source to absorber equalling 8X10~° for a 
thin line source. This set-up was used as opposed to 
the open geometry one because of the need for health 
radiation shielding. The lead collimator was aligned 
by tracing the outside limit of the gamma-ray beam 
with a Geiger counter and placing the crystal at the 
center of the pattern. 

The set-up of Fig. 3 was used for the high energy 
measurements to reduce background and to make use 
of the greater detection efficiency of the larger crystal. 


C. Absorbers 


The density of the absorbers was determined by 
measuring the volume and by weighing, and was esti- 
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Fic. 2. Collimated geometry arrangement for low 
energy measurements. 


mated to be accurate to 0.03 percent. The absorbers 
for the open geometry arrangement were 1-in. diameter 
disks except in the case of gold, platinum, polyethylene, 
and uranium, which were all approximately 4 square 
inches in cross section. The large size absorbers were 
always used in the collimated geometry arrangement. 
In order to check this and for the high energy measure- 
ments, absorbers of the remaining elements were dupli- 
cated in a 2 in. X2 in. square size from the same ingots 
from which the original 1-in. disks were made. The 
purity of the aluminum, carbon, copper, tin, bismuth, 
and lead was checked spectroscopically and chemically 
when necessary. The only element requiring corrections 
was the 2S aluminum which contained 0.6 percent iron 
plus approximately 0.1 percent copper. The correction 
for this was negligible for all but the 17.6-Mev measure- 
ments. The uranium was certified pure to 99.8 percent 
by the AEC. The carbon was pile graphite from 
Brookhaven, and the gold and platinum were certified 
to be better than 99.9 percent pure. The gold absorber 
showed a casting void in it and so was not used for any 
but the Au'®* measurements where the void was missed 
by the gamma-ray beam, in which case a density of 
19.52 g/cm’ was assumed. 


D. The Sources 


The ratios of the energies of all the gamma-rays used 
were checked to +3 percent by observing the values of 
the pulse-height maximum from the scintillation coun- 
ter. The actual energy value used in the calculations are 
from the National Bureau of Standards Circular 499 
(Nuclear Data) for the radioactive sources, and from 
the review article “Energy Levels of Light Nuclei,” by 
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Fic. 3. Collimated geometry arrangement with 4-cm crystal for 
high energy measurements. 
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Hornyak, Lauritsen, Morrison, and Fowler, Revs. Mod- 
ern Phys. 22, 291 (1950), for the high energy gamma- 
rays. 


Ill. EXPLORATORY MEASUREMENTS 
A. Large Angle Scattering 


Large angle scattering can give rise to two types of 
systematic error: (1) It can cause a high background 
that is slightly dependent upon the presence of the 
absorber. (2) Scattering within the source volume itself 
gives rise to secondary gamma-rays of degraded energy 
so that the effective gamma-ray energy of the source 
appears less than that of the primary emitted quanta. 

The Klein-Nishina formula‘ for Compton-scattering 
predicts a unique relationship between the energy of a 
scattered photon and the angle of scattering. This 
energy dependence was qualitatively checked. For the 
set-up of Fig. 1 it was observed that no massive object 
outside a region defined by a maximum scattering 
angle of 25° would contribute detectable scattering to 
the detector for a differential bias setting of 80 percent 
to 100 percent of the 1.33-Mev gamma-ray of Co®. 
The only mass inside this region for the set-up of Fig. 1 
is the absorber supports and the surrounding air. The 
scattering from the absorber supports was observed to 
be negligible by observing the counting rate depending 
upon the presence or absence of the support when a 
lead attenuator of 10~* attenuation was supported by 
a string from the above. The scattering from the 
surrounding air was calculated to be one order of 
magnitude less. 

The problem of degradation of energy of the source 
by scattering within the source volume is determined 
by the total mass of the source and container. The 
change in absorption coefficient resulting from the 
change in effective energy of the source was observed 
by placing one mean free path of copper directly 
against the Co® source and then using this combination 
source for an absorption measurement. For a 20 percent 


*W. Heitler, The Quantum Theory of Radiation (Oxford Univer- 
sity Press, London, England, 1936). 
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differential bias width set at the 1.33-Mev gamma-ray 
of Co®, the observed change in Compton cross section 
was 0.5 percent. When the differential bias width was 
reduced to 10 percent width at pulse-height maximum, 
this change in absorption coefficient was reduced to 
approximately 0.1 percent. Both these corrections agree 
with calculations. Because of the high specific activity 
source used, and also because of the energy selectivity 
of the detector, no correction was made for the Compton 
degradation of effective energy of the sources. 

To investigate further the properties of the experi- 
mental arrangement, an absorption coefficient in copper 
was taken as a function of the differential bias setting 
for the Co® source. Figure 4 gives these results and 
shows a reasonable separation of the two absorption 
coefficients of the two gamma-rays, using the differ- 
ential bias width of 10 percent. When the differential 
bias is set below the 1.17-Mev line, both gamma-rays 
are detected and the resulting absorption coefficient is 
a composite one. To get the true absorption coefficient 
for the 1.33-Mev gamma-ray alone, a correction must 
be made for the detection of the 1.17-Mev line. This 
correction was not made from this curve, but instead 
calibrated by using a Zn® source at 1.12 Mev. This 
will be discussed under the absorption measurements 
with Co, 


B. Small Angle Scattering 


The effect of small angle scattering is that a photon 
from the source is scattered by the absorber through a 
small angle into the detector. The detection of these 
scattered photons gives a systematic error to the 
transmission ratio observed. For the Compton scattered 
photons the change in energy for small angles is too 
small to observe. The Rayleigh scattered photons have 
nearly identically the same energy as the primary ones. 
The relative magnitude of this effect is diminished by 
making the source-to-absorber and absorber-to-detector 
solid angles small. To show this, the observed absorption 
coefficient of Co® 1.33-Mev gamma-rays in copper is 
plotted as a function of the mean solid angle (Fig. 5). 
This is perhaps the most significant experiment that 
indicates that an absorption coefficient is being meas- 
ured. If effects of alignment, background scattering, 
and pile-up are negligible, then the functional behavior 
will essentially be determined by the “small angle” 
scattering from the absorber into the detector. Rayleigh 
scattering from copper will be negligible, so there is 
only Compton scattering to be considered. To see 
intuitively the different cross section behavior for small 
angles of approximately 4° and less, it can be pointed 
out that the momentum transfer from photon to elec- 
tron is extremely small and so the Compton process 
approaches Thompson scattering which has a (1+cos"@) 
differential cross section dependence.‘ Therefore, for 
small angles, the Compton differential cross section is 
essentially constant, so that the amount of scattering 
will be directly proportional to the solid angle. This 
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behavior is observed experimentally as shown in Fig. 5 
for copper, and the theoretical slope is plotted on the 
same curve. Figure 5 shows the same measurement for 
carbon and lead using the Co® source. It is to be noted 
that the carbon slope is the same as the copper indi- 
cating that the scattering is the same from both carbon 
and copper as would be expected. The curve of absorp- 
tion coefficient versus solid angle for lead, on the other 
hand, exhibits a behavior that can be explained in terms 
of Rayleigh scattering. The relative amount of the 
Compton scattered component from lead should be less 
than from copper and carbon because of the additional 
photoelectric absorption, but the Rayleigh component 
should give a strong peak of the order of 1 percent at 
very small angles. This behavior at small angles could 
not be determined accurately without a major experi- 
ment, and so the data was treated in the following 
manner. 


IV. LOW ENERGY MEASUREMENTS 
A. Method 


For all but the Cs'*7 measurements the absorption 
coefficient was determined accurately at a very small 
angle. Then the Compton scattering and the Rayleigh 
scattering were corrected for in the treatment of the 
data. The Compton scattering correction was no larger 
than 0.1 percent and was determined both experi- 
mentally and theoretically. The Rayleigh scattering 
correction was less than 1.5 percent and was deter- 
mined theoretically.’ These corrections for the corre- 
sponding solid angles are given in the Table of Results 
(Tables I-VII). The absorption coefficient for copper 
determined with the arrangement of Fig. 2 agreed to 
within 0.1 percent of the extrapolated value in Fig. 5 
for the open geometry arrangement. Absorption curves 
in copper for beth arrangements were taken to an 
attenuation of 0.01 and showed logarithmic behavior 
to the statistical accuracy of +1 percent for each point. 
The same was true for the lead absorption curve using 
the 2.62 Mev ThC” source. All other measurements 
were made as a transmission ratio through approxi- 
mately 3 mean free paths of absorber and the ratio 
determined to 0.5 percent root-mean-square statistical 
accuracy. The thickness of the absorbers was known to 
better than 0.1 percent. In all sigriificant measurements 
the background counting rate was less than 5 percent 
of the lowest counting rate observed. 


B. Results of Measurements with each Source 
(a) Au! Source at 0.411 Mev 


The 50-mC Au’ source was obtained from Oak 
Ridge in the form of a gold foil, 0.5 cmX0.5 cm X0.001- 


5 The small angle dependence of Rayleigh scattering is given 
numerically by Debye (see reference 16). The asymptotic form 
of the large angle dependence is given by Franz (see reference 15). 
Together they determine a differential cross section that can be 
normalized to the total cross section given by Franz. For a given 
solid angle, absorber, and gamma-ray energy a fraction of Rayleigh 
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in. thick. It was mounted 10 in. from the front of the 
collimator, back in the lead pig so that the solid angle 
of source to absorber remained 8X 10°. 

There exists in the gamma-ray spectrum of Au 
two gamma-rays of higher energy than the primary one 
at 0.411 Mev. They are at 0.67 Mev and at 1.09 Mev 
with relative intensities of 4.8X10-* and 1.3X10-%, 
respectively. A qualitative check of these was made 
by taking oscilloscope pictures of the direct pulse 
pattern at increasing exposures. In order to determine 
the amount of 0.67-Mev gamma-ray included in an 
absorption measurement it is necessary to have an 
estimate of the relative detection efficiencies for the 
0.411-Mev and 0.67-Mev gamma-rays in a 10 percent 
differential bias width set at 0.411 Mev. For an approxi- 
mate estimate this can be considered composed of two 
parts: the ratio of the photoelectric cross section in 
Nal at 0.411 Mev and at 0.67 Mev, and the ratio of 
counting rates in a 6 percent channel width set at 
0.411 Mev and at 0.67 Mev for a 0.67-Mev gamma-ray 
exclusively. The first ratio is, both experimentally and 
theoretically, 3:1; and the second ratio was determined 
experimentally from the differential pulse-height spec- 
trum of Cs'*7 at 0.66-Mev gamma-ray and gives also 
3:1. Therefore, the amount of 0.67-Mev gamma-ray 
detected in the 0.411-Mev absorption coefficient meas- 
urements was certainly less than 5X10~ and still 
smaller for the 1.09-Mev gamma-ray so that no cor- 
rection was needed. 


(b) Source: Cs" at 0.663 Mev 


The Cs'*? source was 1 mC in strength so that larger 
solid angles had to be used. This was done by using the 
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Fic. 5. Absorption coefficient in cm*/g versus solid 
angle for Co™ source. 


scattering detected can be determined. In terms of total cross 
section this fraction gives the corrections listed in Tables I-IV. 
*L. G. Elliot and J. L. Wolfson, Phys. Rev. 82, 333 (1951). 
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Tase I, Absorption measurements using the Au'** 
0.411-Mev gamma-ray. 


Rayleigh 
Measured absorption scatter. 
coefficient, cm?/g correct. 


Final absorption 
Absorber coefficient, cm?/g 


Carbon 
Aluminum 
Copper 

Tin 

Platinum 
Gold 

Lead (round) 
Lead (square) 
Bismuth 
Uranium 


0.0941+40,0002 
0.0914+0.0002 
0.0909-+0.00015 
0.1091+0.0002 
0.1964+0,0004 
0.1981+0.0004 
0.2125+0.0003 
0.2126+0,0003 
0.2164+0.0003 
0.2666+0.0005 


0.0001 

0.0003 

0.00043 
0.00085 
0.00088 
0.00084 
0.00084 
0.00084 
0.00092 


0.0941+0.0002 
0.0915+0.0002 
0.0912+0.00015 
0.1095+0.0002 
0.1973+0.0004 
0.1990+0.0004 


0,2131+0.0003 


0.2172+0.0003 
0.2673+0.0005 





open geometry of the preliminary experiments (Fig. 1), 
and scattering was determined by the method of 
plotting absorption coefficient as a function of solid 
angle. The curves for copper, tin, and lead are shown 
in Fig. 6. The scattering from copper and tin would be 
due entirely to Compton scattering, but from lead 
there would be 50 percent Rayleigh scattering. The 
relative amount of Compton scattering would be 
reduced in tin because of the photoelectric cross section, 
but Rayleigh scattering would still be too small to see, 
so that the expected slope of the scattering curve for 
tin would be flatter as demonstrated experimentally. 


(c) Source: Co® at 1.33 Mev 


The Co® source was 20 mC in strength enclosed in a 
Pyrex tube 2-mm inside diameter, 4-mm outside diam- 
eter, and 3-cm long. These dimensions excluded any 
possible Compton degradation of effective energy in 
the source. Using the geometry of Fig. 2, copper 
measurements were repeated that reproduced the 
extrapolated open geometry measurements to 0.10.1 
percent. However, the absorption coefficient versus bias 
curve of Fig. 4 indicated that a fraction of the 1.17-Mev 
gamma-ray was being detected. A means was sought, 
therefore, for calibrating the amount of 1.17-Mev 
gamma-rays being detected and accurately controlling 
this throughout the experiment. Fortunately, Zn® has 
a gamma-ray of 1.12 Mev that seemed ideal for the 
purpose. With the Zn® source, the ratio of the counting 
rate in the 10 percent differential bias width was 
determined for the two settings of the center of the 


TABLE IT. Absorption measurements using Cs'*’ 0.664-Mev gamma-ray. 


Mean effect. 
solid angle 


Measured absorption 


Absorber coefficient cm?/g 





 ' 
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0.0730) 
(PbO!06) 


0.0720) 
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0.0710) 
Pb 0.104) 
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0.0700F imentol 
(Pb 0103) Lead Experimento 


A 


\ 








0.0690} 
(Pbo102)} , 


02 06 | a 
Solid Angle x 10 





Fic. 6. Absorption coefficient in cm?/g versus solid 
angle for Cs'*’ source. 


“window” at 1.28 Mev and 1.12 Mev. That is, the 
ratio of counting rate was determined for the differential 
bias window set on the Zn® photoelectric peak, and for 
off the photoelectric peak on the high energy side by 
an amount corresponding to the 1.33-1.17 Mev differ- 
ence. In this way it was determined that 6.5 percent of 
the 1.17 Mev gamma-ray was being detected when the 
window was set on the 1.33-Mev photoelectric peak. 
This in turn gives rise to an absorption coefficient 
correction of 0.4 percent to carbon increasing to 0.8 
percent correction to uranium. The setting of the 
differential bias width was checked frequently through- 
out the experiment by counting the Zn® source in a 
standard position. The correction is estimated to be 
accurate to 10 percent which is smaller than the 
statistical accuracy. 
(d) Th’'C Source at 2.62 Mev 

A 72 mC (radium equivalent) Ms Th; source was 
used of the same dimensions as the Co® source, and in 
the identical geometry. The major difficulty in using 


Final absorption 


Compton scatter Rayleigh scatter. a 
coefficient cm?*/g 


correct correct 





0.07657 +0.0001 
0.07373+0.0001 
0.0717 +0.0001 
0.0732 +0.0001 
0.0997 +0,.0002 
0.1057 +0.0002 
0.1056 +0.0002 
2x10-4 0.1067 +0.0003 
1x 10~* 0.1241 +0.0002 


4.5X10~ 
4.5X10~ 
1X 10-** 
1x10-* 
1x10 
1x 10-** 
1X 10~* 


Carbon 
Aluminum 
Copper 

Tin 

Platinum 
Lead (round) 
Lead (square) 
Bismuth 
Uranium 





0.0770+0.0001 
0.0742+0.0001 
0.0721+0.0001 
0.0740+0.0001 
0.1011--0.0002 


0.1072+0.0002 


0.1083=+0.0003 
0.1258+0.0002 


0.00046 vee 
0.00044 0.00007 
tee 0.0004 


0.0008 








* Extrapolated. 
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TaBLE III. Absorption measurements using the Co 1.33-Mev gamma-ray. 
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Correct. for 6.5% 


Rayleigh scatter. 
1.17-Mev y-detect. 


correct. 


Compton scatter. 
correct. 


Measured absorption 


Absorber coefficient cm?/g 


Final absorption 
coefficient cm?/g 





0.0552 +0.0001 0.00005 
0.0551 +0.0001 
0.05338+0.0001 
0.05074+0.00005 
0.05075+0.0001 
0.04888+.0.0001 
0.0537 +0.0002 
0.05534+0.0001 
0.05578+0.0001 
0.0587 +0.0002 


Carbon 
Carbon* 
Aluminum 
Copper 
Copper* 
Tin 
Platinum 
Lead 
Bismuth 
Uranium 


0.00005 
0.00005 


0.00005 


® Extrapolared values. 


Ms Th; as a source for absorption measurements is the 
large quantity of low energy gamma-rays. There are 
approximately 10 times as many gamma-rays below 
1 Mev as above,’ and these low energy gamma-rays 
will interact with the scintillation counter with approxi- 
mately 10-20 times the efficiency for near maximum 
pulse size. Consequently pile-up becomes a limitation 
to the resolution for counting rates feasible in relation 
to long time electronic stability. The relative efficiency 
for a large pulse from a high energy gamma-ray is more 
favorable with a larger crystal, and so consequently 
these measurements were repeated using a 4-cm crystal 
in different geometry (see Fig. 3). 


V. HIGH ENERGY MEASUREMENTS WITH GAMMA- 
RAYS OF ENERGY 4.47, 6.13, AND 17.6 MEV 


The experimental arrangement of Fig. 3 was used 
with the ThC” source replaced by the cyclotron target 
for the appropriate gamma-ray. The source to absorber 
distance was 36 cm, and absorber to detector was 57 
cm. This gave an effective solid angle for all measure- 
ments of 5X10~ for a source of 2-cm diameter. 

The 4.47-Mev gamma-ray was obtained from the 
reaction® N'°(p,a)C"*yC”. 50 microamps of 1-Mev 
protons bombarded a thick 30 percent enriched N'® 
target on titanium.® The intensity was less than for the 
other targets so that measurements were made on only 


TaBLE IV. Absorption measurements using the ThC” 2.62-Mev gamma-ray. 


—0.00022 
—0.00022 
—0.00028 
—0,.00026 
— 0.00026 
— 0.00030 
— 0.00038 
—0,00039 
— 0.00039 
— 0.00047 


0.0550 +0.0001 
0.0532 20.0001 
0.05062+0.0001 


0.0488 +0.0001 
0.0537 +0.0002 
0.0553 +0.0001 
0.0557 +0.0001 
0.0586 +0.0001 


0.00002 
0.00009 
0.00009 
0.00017 
0.00033 
0.00034 
0.00035 
0.00039 


4 absorbers as given in Table V. No other gamma-rays 
of higher energy were present to less than 10~* as 
determined by counting in a 15 percent differential 
width set at 6.5 Mev. The gamma-ray intensity was 
monitored by a Geiger counter in 2 cm of lead. 

The 6.13-Mev gamma-ray was obtained from the 
reaction F!°(p,a)O'*yO'®, 50 microamps of 0.46-Mev 
protons bombarded a thick target of AIF. The intensity 
of higher energy gamma-rays as from Al(p,7) was less 
than 10-*. From Walker’s measurements!’ there is 
5 percent of a 7.03-Mev gamma-ray from a thick target 
yield at 0.46-Mev proton energy. This gives a maximum 
correction of 0.25 percent to the results which is so 
much less than the root-mean-square statistical error 
of 2 percent that the correction has been neglected. 

The 17.6-Mev gamma-ray was obtained from the 
reaction Li(p,7) by 50 microamps of 0.76-Mev protons 
bombarding a thick lithium target. No higher energy 
gamma-rays are likely to be present, and the 14.4-Mev 
gamma-ray in the Li(p,y) reaction was discriminated 
against by using a 10 percent differential bias width 
set at the maximum of the 17.6-Mev pulse-height 
distribution. It is estimated that no correction need be 
made for the detection of the 14.4-Mev gamma-ray. 
The fact that these measurements, when corrected for 
Compton scattering, agree within the statistical accu- 
racy with the more accurate measurements of Walker* 





Measured absorption 
coefficient cm?/g 


Mean effect 


Absorber solid angle 


Final absorption 


Rayleigh scatter. 
coefficient cm?/g 


correct. 


Compton scatter. 
correct. 





0.0436 +0.00002 
0.03836+-0.0001 
0.0384 +0.0002 
0.03774+0.0001 
0.03745+-0.0001 
0.03755+0.00015 
0.03745+0.0001 
0.03725+-0,0002 
0.0419 +0.0001 
0.0425 +0.0001 
0.0445 +0.0004 


Polyethylene 
Carbon 
Carbon* 
Aluminum 
Copper 
Copper* 

Tin 

Tin* 

Lead 


Bismuth 
Uranium 


0.0436 +0,0002 
0.0384 +0.0001 
0.0378 +0.0001 
0.03755+0,0001 


0.00005 
0.00002 
0.00004 
0.00002 
0.00002 
0.00004 
0.00002 
0.00004 


0.00004 
0.00004 
0.00005 
0.00008 
0.00015 
0.00015 
0.00017 


0.0374520.0001 


0.04205+0.0001 
0.04265+0.0001 
0.0447 +0.0004 











7 Nuclear Data, National Bureau of Standards Circular No. 499 (1950). 

§ Hornyak, Lauritsen, Morrison, and Fowler, Revs. Modern Phys. 22, 291 (1950). 
* The enriched N'* was obtained from the Eastman Kodak Company. 

10 R. L. Walker and B. D. McDaniel, Phys. Rev. 74, 315 (1948). 
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using the pair spectrometer, gave faith in the method 
for the measurements at 6.13 and 4.47 Mev. 

The Compton scattering correction was determined 
by making accurate absorption measurements with the 
ThC” source in place of the cyclotron target and 
comparing these measurements with the ones made 
earlier at a much smaller angle. This showed a Compton 
scattering correction of 0.8 percent which agrees with 
calculations from the Klein-Nishinat formula. This 
interpolates to a 1 percent correction to the Compton 
cross section for 4.47 and 6.13 Mev and a 1.4 percent 
correction at 17.6 Mev. 

The results and corrections are displayed in Tables 
V, VI, VII. 

VI. COMPARISON TO THE WORK OF OTHERS 


In the low energy region of gamma-ray absorption 
measurements from 0.5 to 3 Mev, the best measure- 
ments of other workers, in the opinion of this author, 
are those of Davisson and Evans.' Since there is an 
excellent review and comparison of past experimental 
work in their article, it is only to be pointed out here 
the excellent agreement between an extrapolation of 
their values to those of this experiment at 1.33- and 
2.62-Mev energy. This agreement is +0.2 percent when 


Tas_e V. Absorption measurements using N'(p,y) at 4.47 Mev. 


Final absorption 
coefficient cm?/g 
+2% error 


0.0288 
0.0324 
0.0413 
0.0425 


Compton 
scatter 
correct 


0.0003 
0.00025 
0.0001 
0.0001 


Measured absorption 
coefficient cm?/g 
+2% error 


0.0295 
0.0322 
0.0412 
0.0424 


Al(13 
Cu(29) 
Pb(82) 
U(92 


TABLE VI. Absorption measurements using Fl(p,y) at 6.13 Mev. 


Measured ebsorption 
coefficient cm?/g 
+2% error 


0.0270 
0.0201 
0.0243 
0.0259 
0.0308 
0.0358 
0.0440 
0.0459 


Final absorption 
coefficient cm?/g 
+2% error 
0.0273 
0.0203 
0.0246 
0.0261 
0.0310 
0.0359 
0.0440 
0.0459 


Compton 
scatter 
correct 


0.00027 
0.0002 
0.00025 
0.00024 
0.0002 
0.0001 


Polyethylene 
Be(4) 
Carbon(6 
Al(13) 
Cu(29) 
Sn(50) 
Pb(82) 

U(92) 


VII. Absorption measurements using Li(p,y) at 17.6-Mev 
gamma-rays. No correction for Rayleigh scattering 


TABLE 


Compton 


scatter 
correct 


0.00017 


Measured absorption 
coefficient cm?/g 


Final absorption 
coefficient cm?/g 


0.0165+0.005 


Absorber 


Polyethylene 0.0163+0.005 


Carbon 
Aluminum* 
( ‘Oj per 

Tin 

Lead 
Uranium 


0.0160-+0.004 
0.0216+-0.0005 
0.0339+0.0007 
0.0457 +0.001 
0.0590+0.001 
0.0624+0.001 


0.00015 
0.0001 


0.0161+0.004 
0.0216+0.0005* 
0.0339-+0.0007 
0.0457+0.001 
0.0590+0.001 
0.0624+0.001 


* Corrected for 0.73 percent Iron content 
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Fic. 7. Curves are the theoretical photoelectric cross section/Z® 
for the respective energies: 0.411-Mev, 0.664-Mev, and 1.33-Mev 
gamma-rays. The points represent the experimental cross section 
minus (the theoretical Compton, Rayleigh, and pair production 
cross sections). 


a Rayleigh scattering correction is applied to their 
measurements for high Z."! It has already been pointed 
out that the Li(p,y) measurements at 17.6 Mev are in 
excellent agreement with the more accurate measure- 
ments of Walker.’ 


VII. COMPARISON OF THE EXPERIMENTAL 
DATA WITH THEORY 


The interaction of gamma-rays with matter can be 
classified under the following headings: 


1. Photoelectric effect: calculated by Hulme et al.” 

2. Compton scattering: Klein-Nishina formula.‘ 

3. Pair production in the field of the nucleus using the exact 
calculations of Jaeger and Hulme," and the Born approximation 
calculation of Bethe and Heitler.‘ 

4. Pair production in the field of an electron using the calcu- 
lations of Borsellino." 

5. Rayleigh (or coherent) scattering using the results of Franz'® 
and Debye.'* 

6. Nuclear disintegration by the process (y,p) or (y,m). 


The following effects will be neglected in this analysis 
as being of the same order of magnitude or smaller 
than the experimental errors. 


1. Radiative corrections to the Klein-Nishina formula, approxi- 
mately 0.2 percent for the ThC” gamma-rays.” 

2. Nuclear Thompson scattering. 

3. Potential or Delbruck scattering. 

4. Nuclear resonance scattering. 


4 This agreement is in a sense deceptive because it is estimated 
by this author that a correction of the order of 1 percent should 
be made to their Co and Zn® measurements because of Compton 
degradation of effective energy by Compton scattering in their 
low specific activity sources (see Sec. IIT, part A). 

2H. R. Hulme e¢ al., Proc. Roy. Soc. (London) A149, 131 
(1935). 

13H. R. Hulme and J. C. Jaeger, Proc. Roy. Soc. (London) 
153, 443 (1936). 

4 A. Borsellino, Helv. Phys. Acta 20, 136 (1947). 

‘8 W. Franz, Z. Physik 98, 314 (1935). 

16 P, Debye, Physik Z. 31, 419 (1930). 

17 L. Brown, thesis, Cornell University, Ithaca, New York. 
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Fic. 8. Curves are the theoretical pair production cross section/ 
Z* for the respective energies: 2.62-Mev, 4.46-Mev, and 6.13-Mev 
gamma-rays. The points represent the experimental cross section 
minus (the theoretical Compton, photoelectric, and Rayleigh 
cross section) 


The following procedure will be used to analyze the 
results: It is observed experimentally that the low Z 
elements agree within the statistical accuracy with the 
theoretically predicted cross section. For low Z there is 


TABLE VIII. Calculating table for Au'** measurements. 





Carbon(6) Aluminum(13) Copper(29) Tin(S0) 





(¢/atom) X10" 
(measured) 
9.090 


0.163 
1.822 +0.08 


1.880 15.673 


0.0025 


4.075 
0.020 


*Compton 10% 


* Rayleigh X10" 


2°) 1.66 40.01 


(remainder 
x108 


Carbon(6) Aluminum(13) Cooper(29) 


ABSORPTION MEASUREMENTS 


Platinum(78) 


1.876+0.004 4.0974+0.008 9.627+0.015 21.6040.04 63.95+0.12 


24.45 
0.71 2 
1.282 +0.004 


Tin(S0) 
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almost exclusively Compton scattering so that it will 
be assumed that the Klein-Nishina formula accurately 
predicts the Compton scattered component. The 
Compton cross section will be subtracted from the 
observed cross section and the remainder analyzed for 
its Z dependence. Rayleigh scattering will be treated as 
a small correction determined theoretically. The experi- 
ments of Storruste'* establish the validity of the theory 
sufficiently for this purpose. No correction for the 
radiative correction to Compton scattering has been 
made. Brown" estimates that at 2.62 Mev this correc- 
tion to the Compton cross section is approximately 0.2 
percent. This is just the size of the experimental error. 
At lower energies the effect is smaller and so unobserved, 
and at higher energies the experimental error is so 
much greater that the radiative correction is still 
unobservable. 

For gamma-ray energies below the pair production 
threshold of 2mc*, the remainder part of the experi- 
mental cross section is expected to behave as Z°. The 
Z* behavior of the remainder cross section for the 0.411, 
0.664, and 1.33-Mev gamma-rays is plotted in Fig. 7; 
The theoretical curves for photoelectric cross section 


Gold(79) Lead(82) 


Bismuth(83) Uranium(92) 





65.15+0.13 73.39+0.1 75.37 +0.1 105.71 +0.2 


25.700 
2.67 
1.212 +0.003 


28.84 
3.64 
1.110 +0.003 


24.76 
2.43 
1.231 +0.004 


35 
1.181 +0,003 


Lead(82) Bismuth(83) Uranium (92) 


Platinum (78) 








(¢/atom) X10" 1.535 +0.002 3 325 +0.005 7.61140 01 
measured 

*Compton x10" 

"Rayleigh «10% 


Zz) 


7.405 
0.064 
0.691 +0.05 


12.7 


0.2 


1.5321 
0.00097 


3.3195 
0.0076 


7 
75 


0.491 +0.006 


‘?remainder 
x10" 


14.58 +0.02 


32.77 +0.03 36.88 +0.07 37.58 +0.1 49.72+0.1 


21.194 23.49 
1.07 1.40 
0.389 +0.002 0.377 +0.002 


20.94 
1.03 
0.402 +0.002 


19.917 
0.90 
0.414 +0.002 








Carbon(6) Aluminum(13) Copper(29) Tin(50) 


TABLE X. Calculating table for Co measurements at 


Bismuth(83) Uranium(92) 


Platinum(78) Lead(82) 





(o, atom) x10" 1.097 +0.002 2.382 +0.005 5.344+0.01 
(measured) 
10% §.3015 
0.016 


0.019 


9.1405 
0.069 
0.094 


2.3766 
0.0019 


1,097 
0.00024 


*Compton 

"Rayleigh x10" 

pair J&H) x10" 

(¢remainder/ 2°) 
x20" 

* pair x10" 
(Born app.) 

Z5) 


0.032 


‘remainder 
«108 


9.618 +0.02 


0.100 +0.006 


0.120 +0.006 


17.407 +0.07 19.026 +0.04 19.34 +0.04 23.17 +0.04 


14.990 

0.260 

0.36 

0.0921 +0.002 


15.173 

0.270 

0.37 

0.0895 +0.002 


16.819 

0.352 

0.52 

0.0832 +0.002 


14.259 

0.228 

031 

0.0904 +0.003 
0.083 0.102 


0.074 0.081 


0.099 +0.003 0.0995 +0.002 0.096 +0.002 0.090 +0.002 





18 A. Storruste, Proc. Phys. Soc. (London) A63, 1197 (1950). 
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Polyethylene Hydrogen(1) Carbon(6) 





1.0154 +0.005 


(¢/atom) X10™ 0.1248+0.005 0.7657 +0.002 
measured 

«10% 1.6242 
0.0005 
0.0003 


4.05 +0 


0.1249 0.7496 


ptor 
"Ray leigh x 10% 
* photoelectric *19 


2 4.45 +0.6 


remainder 


x10" 





) at 4.47 Mev. 


rasve XII. Calculating table for N“(p,y 


Al Cu I 





ym X 10% on 1.29+2% 3.42 42% 
measured 


a at 


2.59 
0.010 
0.00606 
9.6+0.8 


8.21 
0.024 
1.32 
8.5+0.5 


1.16 
0.0034 


“Compton 
“pair electron field 
* photoelectric 


Z 91205 


“remainder 
x 1028 


TABLE XIII. Calculating table for Fl(p,v) at 6.13 Mev. 


Polyethylene H(1) Be(4) 


A. 


TaBLeE XI. Calculating table for ThC’” measurements at 2.62 Mev. 


Aluminum(13) Copper(29) 


1.693 +0.004 


2 3.85 +0.1 


Carbon( 


COLGATE 





Tin(50) Lead(82) Bismuth(83) Uranium(92) 





7.38 0.02 


3.964 +0.01 14.467+0.03 14.80040.03 17.67+0.16 


11.49 
0.091 
2.50 
4.25+0.2 


10.370 
0.071 
1.60 
4.00 +0.045 


10.245 
0.0675 

1.51 

3.93 +0.05 


6.247 
0.018 
0.164 
3.80 +0.06 


3.6233 
0.0042 
0.013 


of Na™,° that the energy dependence of the Hulme 
calculations is not correct. If the theoretical photo- 
electric cross section at 2.62 Mev is accepted as being 
correct,”' then the beta-spectrometer work would indi- 
cate that the photoelectric cross section at 1.33 Mev 
should be 15 percent lower than the theoretical value. 
This would bring the theory and the experimental data 
into approximate agreement for the Co® gamma-ray. 
Figure 8 shows the remainder cross section/Z* for 
2.62, 4.47, and 6.13 Mev gamma-rays. The Compton 


Sn(50) ”b(82) Ur(92) 


6) 








0.072 +0.007 


¢ ‘atom X10" en 0.635 +2% 0.304 +2% 


measured 
0.289 


0.0021 


0.433 
0.0032 


0.0722 
} 0.00053 


electron held 


mpton 


pair 


1543 


0.491 42% 


7.07 42% 15.14+2% 18.242% 


5.92 

0.0437 

0.54 
12.8+0.5 


6.54 

0.049 

0.93 
12.7+0.5 


3.61 
0.0267 
0.06 

13.5 +0.64 


0.939 
0.007 0.0155 
0.004 


12.8+1 13.8+0.8 








TaBLeE XIV. Calculating table for Li(p,7) at 17.6 Mev. 


Polyethylene Hydrogen(1) Carbon(6) 


Tin(50) Lead(82) Uranium(92) 


Aluminum(13) Copper(29) 








a/atom) X10" cm? 0.38540.01 0.035 +0.007 0.315 =-0.008 


measured 
urement by Walker 
x 10% cm 


0.037 0.323 +0.0045 


(extrapolated) 


are taken from the calculations of Hulme ef a/.” using 


the rule 
a photo whole atom/o photo K shell=5/4. 


This relation is open to some doubt. However, exact 
calculations of the contribution of remaining shells 
gives a 10 percent lower cross section'® which should 
lessen the observed agreement at high Z. In the case of 
the Cs"? gamma-ray this agreement is quite good, so 
that any change in the 5/4 rule would have to be 
compensated by some other correction. At 1.33 Mev 
there exists considerable disagreement of the photo- 
electric cross section with the experiment. There is 
some experimental evidence from beta-ray spectroscopy 
of the photoelectrons ejected by the two gamma rays 
‘Gladys White, 
communication 


National Bureau of Standards, private 


0.970 +0.02 3.58 +0.07 9.02 +0.2 20.3 +04 24.65 +0.5 


25.3 +0.2 
(extrapolated 


0.972 +0.01 3.62 +0.02 8.96 +0.1 20.56 0.12 





cross section is assumed to be known and the photo- 
electric effect and pair production in the field of the 
electron are treated as small corrections. The pair 
production cross section in the field of the nucleus 
shows, at 4.47 and 6.13 Mev, remarkable agreement 
with the Bethe-Heitler theory based on the Born 
approximation.” This is perhaps to be expected because 
at higher energies the theory is known to give too low 
a cross section, and at low energies the Jaeger and 
Hulme calculations predict a higher cross section. The 
cross over point where the Born approximation calcu- 
lation is expected best to agree is near 4 Mev. This is 
* Bishop, Collie, Halban, Hedgran, Seigbahn, Du Toit, and 
Wilson, Phys. Rev. 80, 211 (1950). 

Tt agrees with the work of Latyshev, Revs. Modern Phys. 
10, 132 (1947) 

= The theoretical pair production cross sections were based on 
the asymptotic formulas of P. V. C. Hough, Phys. Rev. 73, 266 
(1948). 
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confirmed within the statistical accuracy of the experi- 
ment. 

The Li(p,y) measurements agree within the statistical 
accuracy with the more accurate measurements of 
Walker.* The statistical error in his measurements was 
better than that of these measurements by a factor of 
2, and his analysis is comprehensive. In view of this, no 
additional analysis of the Li(p,y) measurements will be 
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given, other than to say that they verify the high 
energy difference between experiment and the Born 
approximation theory. 

It is with pleasure that I express my appreciation of 
the many suggestions and encouragement of Dr. Robert 
R. Wilson throughout the course of the experiment. 
Mr. James Draper spent considerable time operating 
the cyclotron for the high energy measurements. 
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Carriers of Electricity in Metals Exhibiting Positive Hall Effects* 
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(Received December 26, 1951) 


The momentum associated with the electric current in metals 
has been measured for the first time under conditions in which 
they are known to have positive Hall coefficients. Such metals are 
of particular interest because their positive (anomalous) coef- 
ficients suggest the possibility of positive electric carriers. A coil 
of the wire under investigation was supported with its axis 
vertical as a torsional pendulum. The extremely small deflections 
resulting from the inertial effect of successive reversals of current 
were measured by a resonance method. A phototube and oscil- 
loscope method for measuring both the amplitude and the phase 
of the small deflections is described. 


I. INTRODUCTION 


T is important to obtain a conclusive, experimental 
answer to the question whether negative electrons 
are the carriers of electricity in all types of metals. 

On the one hand, the best conductors Ag, Cu, Au, 
and Al have Hall coefficients of sign and order of mag- 
nitude expected on the basis cf the classical transverse 
force acting on negative electrons moving in a magnetic 
field. Furthermore, in the case of Ag, Cu, and Al direct 
measurements! of the momentum associated with the 
current have been found to be in accord with the 
hypothesis of negative electrons as carriers of elec- 
tricity. 

On the other hand many metals— including Mo, Zn, 
Cd, Pb, and Ni—have positive Hall coefficients. The 
transverse force acting on charged particles moving in 
a magnetic field could not apparently account for such 
coefficients unless the electric carriers had positive 
values of e/m. A modified theory based on the wave 
properties of electrons was proposed by Peierls® to 
account for positive Hall coefficients. However, since 
this theory is incomplete‘ and since the only certain 

* Presented at the meeting of the American | Society at 
Los Angeles, California, December 28-30, 1950. 

1S. J. Barnett, Revs. Modern Phys. 7, 129 (1935) 

°C. F. Kettering and G. G. Scott, Phys. Rev. 66, 387 (1944). 

3R. Peierls, Z. Physik 53, 255 (1929). 

‘ Certain considerations advanced by C. G. Darwin, Proc. Roy. 
Soc. (London) A154, 61 (1936), on the role of quantum-mechanical 


energy levels in conduction and electron-inertia phenomena like- 
wise give no explanation of positive Hall coefficients. 


In more than 100 determinations on Mo and Zn the sign of the 
charge-to-mass ratio was always found to be negative. For both 
Mo and Zn the mean value of e/m was found to be within 3 percent 
of the value for free electrons in slow motion. One set of deter- 
minations for Mo was made at liquid air temperatures. The direct 
mechanical method used to measure e/m is independent of any 
particular theory of metallic conduction. The results thus dis- 
criminate against theories for which current and momentum can 
have the same direction. In particular, the results rule out the 
possibility that positive Hall effects may be explained by posi- 
tive carriers. 


answer must come from experiment, it is important to 
make direct measurements of e/m. 

In 1930 the first successful measurements by the 
process adopted here, and first proposed by Maxwell, 
were made by one of us on e/m for the carriers in copper.® 
At that time an attempt was also made to apply this 
method, and later on, another and quite distinct 
method, to a metal having a positive Hall effect, 
namely, nickei; but experimental difficulties and the 
urgency of other investigations prevented completion 
of the work at that time. 

In 1940 Kikoin and Gubar® published the details of 
what they described as a gyromagnetic experiment on 
superconducting Pb. This experiment (really an electron 
inertia experiment rather than a gyromagnetic one) 
showed that the electric carriers in superconducting Pb 
have a value of e/m nearly equal to that of free elec- 
trons. The Hall coefficient of Pb is positive at room 
temperature. However, Hall coefficients are known to 
change in magnitude and even in sign with change in 
temperature. Hence, no certain conclusions can be 
drawn from these measurements in the superconducting 
state. 

The first measurements under conditions for which 
the Hall coefficient is known to be positive were made 
by the authors and the results were presented briefly 


5S. J. Barnett, Phil. Mag. 12, 349 (1931). 


*{. K. Kikoin and S. W. Gubar, J. Phys. (U.S.S.R.) 3, 333 
(1940). 
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to the American Physical Society in 1950.7 This work, 
which was begun in 1942, is a sequel of that published 
in 1931. The results show conclusively that the charge- 
to-mass ratio in Mo and Zn is, within the small experi- 
mental error, identical with that of negative elec- 
trons even though the corresponding Hall coefficient 


is positive.* ® 


Il. EXPERIMENTAL METHOD 


A coil of the wire under investigation is wound upon 
a brass or glass rod to form a rotor such as that shown 
in Fig. 1. It is suspended as a torsional pendulum and 
driven at resonance by a square-wave electromotive 
force. It is assumed that all interactions between the 
rotor and its surroundings have been eliminated. As the 
current in the rotor is reversed, the change of angular 
momentum associated with the carriers of electricity 
will be equal and opposite to the change of angular 
momentum of the remainder of the rotor. The angular 
momentum associated with the electric carriers can 
then be computed from the resonant angular amplitude 
of the rotor. 

If the mechanical damping is small, we need consider 


[=> Suspensions 


—— Hole in lucite 


1. The zinc rotor. 

body of the rotor 

is diamagnetic brass. The 
winding and lower portion 
are shielded with a thin 
metal cylinder (not shown) 


1 aa 
Ouls 
a 


7S. Brown and S. J. Barnett, Phys. Rev. 81, 657 (1951) 

* In a note commenting on the advance publication of this value 
D. L. Webster and C. Newton, Phys. Rev. 82, 808 (1951), have 
pointed out that the absence of accumulation of mass at the 
junction between different metals in a circuit carrying a direct 
current would be further evidence that the values of e/m of the 
carriers are very nearly the same in all metals. However, the 
interpretation is made somewhat uncertain by the possibility of 
gradual diffusion of neutral particles from the junctions 

* Since the appearance of our advance paper G. G. Scott, Phys. 
Rev. 83, 656 (1951), has reported e/m values for Cd. The mean 
value was nearly that of negative electrons in spite of the positive 
Hall coefficient, as we had found for Mo and Zn. 
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only the response to the first harmonic of the driving 
torque. The equation of forced angular harmonic 
motion, 


1d@°6/d?+rd6/dt+-k0= 7 sinwt, (1) 


then leads to the steady-state amplitude 
D=1/((k—Iw*)?+rw? }} 


and to the phase 


tana=rw/(k—Iw*), (3) 


where 7 is the amplitude of the first harmonic of the 
driving torque, & is the force constant of the suspension, 
w is the driving frequency multiplied by 27, r is the 
damping constant, and a is the phase angle by which 
the displacement lags behind the applied torque. The 
damping constant was evaluated from the relation 
r=216/T., where 6 is the logarithmic decrement and 
T, is the period of the free, damped vibrations. In the 
work described here, conditions are normally such that 
a is nearly 90°. For this condition we obtain 
D=T oT ar/41é for the steady-state amplitude. 75 is the 
period for the condition a= 90°. 

To obtain the working equation, we must evaluate 
the driving torque in terms of the mass-to-charge ratio, 
m/e, of the electric carriers. Let n be the number of 
carriers per unit volume, V the velocity of the wire, and 
v the velocity of the carriers with respect to a fixed 
frame. The current density in the wire will then be 
j=ne(v—V). For reasonable values of m, V is several 
hundred times smaller than v. Hence V will be dropped 
from the equations. As has been shown previously,’ 
the amplitude of the driving torque is given by 
T= 2(m/e)woAio, where wo=27r/To, A is the total area 
of the coil and iy is the first harmonic of the square-wave 
current. From the above relations and the ratio 4/7 of 
the amplitude of the first harmonic to the amplitude i, 
of the square-wave current we obtain the final working 
equation: 


m/e=m2DI5/4i,A Ta. (4) 


An exact solution which takes into account the effect 
of higher harmonics differs from the above solution by 
only a few parts in 10° for the value of 6 used in the 
experiment. The implicit assumptions in the above 
derivation have been carefully analyzed elsewhere.'® 


Ill. APPARATUS AND PROCEDURE 
The Rotors 


The zinc rotor consisted essentially of about 10,000 
turns of 0.003-inch diameter zinc wire wound upon 
4-inch diameter brass tubing. The analysis supplied was 
zinc 99.9920 percent, lead 0.0040 percent, cadmium 
0.0015 percent, iron 0.0025 percent. 
10S. Brown, The Electric Carriers in Metals Exhibiting Positive 
Hall Effects (Doctoral dissertation, University of California at Los 
Angeles Library, June, 1951, available in Ozalid reproductions). 
This paper may be consulted for other details also for which space 
was not available here. 
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The winding was divided into two halves of approxi- 
mately the same resistance. A center tap at the junction 
between these two halves was connected to the external 
shielding of the rotor. 

Small coils with horizontal axes were connected in 
series with the main winding and mounted near the 
lower end of the rotor. These coils could be used to 
balance out the horizontal magnetic moment of the rotor. 

Two 14K gold galvanometer suspension strips about 
0.02 cmX0.001 cm were threaded through a 0.04-cm 
diameter hole in the top piece of the rotor and through 
a similar hole at the upper end of the suspension. 
Tension in the suspensions kept them separated by the 
diameter of the holes. 

The molybdenum rotor was wound in 6 layers on 
}-inch diameter glass tubing with 0.005-inch diameter 
enameled molybdenum wire. The wire, supplied through 
the courtesy of RCA, had a small amount of ferromag- 
netic impurities. A chemical analysis was not available. 
The suspension was 24K gold, 0.02 cmX0.001 cm. 


Auxiliary Apparatus 


In order to prevent disturbances caused by air 
currents in the room, the rotors were supported in a 
Pyrex tube with optically flat windows. Liquid nitrogen 
or a mixture of ice and water surrounded the tube and 
provided cooling. Mechanical disturbances were mini- 
mized by working between 1 a.m. and 5 A.M. and by 
supporting the tube containing the rotor on a table 
suspended from the ceiling by means of brass springs. 
The table was a modification of that described else- 
where in connection with another investigation." 

The earth’s magnetic intensity was compensated with 
appropriate coils that have been described elsewhere! 
in connection with another investigation. At the be- 
ginning of each night the currents required to com- 
pensate the three components of the magnetic intensity 
were determined by noting the null electromotive force 
induced in a small coil of an air-driven Lucite rotor. The 
sensitivity was sufficient to indicate compensation of the 
field intensity to 1 part in 5000. However, fluctuations 
in the field intensity prevented its compensation to 
better than 1 part in 1000. 

The square-wave current used to drive the rotor was 
obtained from a 36-volt storage battery bank and a 
reversing relay. This quick-acting relay was actuated 
by a pendulum clock with the aid of auxiliary relays. 
The period of the square wave ranged from 2 to 5 
seconds. Before each run the silver relay contacts were 
cleaned and their positions adjusted by means of fine 
screws until the switching time (the open circuit time 
upon reversal) was almost identical for the two direc- 
tions of reversal. At the same time the relay resistance 
for the two equilibrium positions was equalized by 
means of a special low resistance rheostat in series with 
one of the contacts. 


~ 1§, J. Barnett, Proc. Am. Acad. Arts Sci. 66, 273 (1931), 
paragraphs 28 and 43. 
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A reversing switch in the output circuit of the relay 
permitted the electron inertia effect to be reversed 
without reversing the disturbance associated with 
switching time inequality. 

The shield of the rotor was maintained at earth 
potential by means of two resistors (about 50,000 ohms 
each) connected from earth to the two output terminals 
of the reversing relay. 

A small reversing switch on the rotor itself made it 
possible to reverse the electron inertia effect without 
reversing disturbing torques associated with suspension 
current. 

The interaction between the uncompensated earth’s 
intensity and the magnetic moment of the rotor current 
was generally used for tuning. The pendulum length 
was adjusted until the current reversals occurred almost 
exactly at the maximum deflections of the steady-state 
rotor motion. 


Observation of the Deflections 


The observing apparatus was located about 6 meters 
from the rotor. Since the electron inertia deflection at 
this distance was only about a millimeter, an amplifying 
device was necessary. After reflection from the rotor 
mirror, the image of a straight-filament lamp fell upon a 
V-shaped mask and a portion of it traveled past the 
mask, through a condensing lens and onto a vacuum 
phototube. The superposition of the image of the line 
filament on the mask is illustrated in Fig. 2(a). 

The phototube was direct-coupled to the cathode-ray 
tube of the Dumont model 208 oscillograph through 
the dc amplifiers of the oscillograph and an additional 
pentode stage. Therefore the horizontal position of the 
oscillograph spot was directly proportional to the rotor 
displacement. 

The phase relation between the reversal of rotor 
current and the rotor displacement is an important 
quantity. Therefore a voltage proportional to the 
square-wave current was applied directly to the vertical 
deflection plates of the oscillograph. The resulting 
motion of the oscillograph spot is indicated by the 
arrows in Fig. 2(b). 

The set-up was calibrated by noting the displacement 
of the oscillograph pattern as the V-shaped mask and 
phototube were displaced a known distance by means 
of a micrometer slide. The sensitivity was adjusted by 
the oscillograph gain control and by the angle of the 
V-shaped mask such that a deflection of from 2 to 4 
inches on the oscillograph screen represented the 
electron inertia deflection of about a millimeter. 

A knowledge of the damping constant allowed one 
to predict the time at which the deflections should 
reach 98 percent of their maximum value. If the oscil- 
lograph pattern showed that the quadrature” torques 

2 We will use the term in-phase to refer to effects in phase with 
the electron inertia torque, and the term quadrature to refer to 


effects 90° out of phase with this torque. Readings were discarded 
if Q in Fig. 2 became more than 7 percent of E. 
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Fic. 2. (a) Superposi- 
tion of the image re- 
flected from the rotor 
mirror on a V-shaped 
mask in front of the 
phototube. The arrow 
shows the direction of 
motion of the image. 
(b) Pattern traced on 
the oscillograph screen 
in synchronism with the 
rotor deflection. Vertical 
displacement indicates 
current reversal. If the 
current reversals do not 
occur exactly at the 
mid-point, the ampli- 
fied double amplitude E 
will have a quadrature 
component Q and an 
in-phase component, 


(F?-—(@)!. 





had been properly annulled throughout this time, the 
electron inertia measurements were then begun. As 
the spot moved back and forth on the oscillograph 
screen for 10 or 20 cycles, its turning points were 
marked on a strip of paper placed on the screen. The 
distance E between the estimated centers of the two 
groups of marks was a good measure of the electron 
inertia deflection. Hence each measurement was actually 
the mean of a number of deflections. The scatter among 
the marks was a measure of the amount of mechanical 
disturbance. This sometimes amounted to 15 percent of 
the deflection. However, it was usually only about 3 
percent. If sudden disturbances caused departure from 
the proper phase of motion, time was allowed for a new 
build-up to resonance. 

The phase of the motion was always observed in order 
that the sign of e/m could be determined. The oscil- 
lograph pattern will be either that shown in Fig. 2(b) 
or its mirror image as determined by the sign of e/m 
and the polarity of the electrical connections. 


Determination of the Constants 


Each night the period was determined to within 0.1 
percent by comparing the pendulum clock readings with 
those of an electric clock. 

At the completion of each set of measurements the 
freely damped deflections were photographed on a 
slowly revolving drum. These deflections for the deter- 
mination of the logarithmic decrement ranged from 10 
cm to 1 cm double amplitude at a scale distance of 6 
meters. The logarithmic decrement ranged from 0.01 
to 0.03 and its mean probable error was about 0.5 per- 
cent. 

On a number of different occasions the moments of 
inertia of the rotors were determined with the aid of 
a set of three precisely made aluminum disks of 2.6-cm 
diameter and smaller. Dependence of the torsional 
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constant upon the tension made it necessary to equalize 
the weights of the disks. The moment of inertia of the 
molybdenum rotor was about 0.6 g-cm? and that of 
the zinc rotor was about 6 g-cm?. The probable errors 
of the measurements were 0.3 percent. 

The effective area of each rotor was determined by 
comparing the flux linkages through the rotor with those 
through a standard coil. The mean area from a number 
of measurements on separate occasions was 448.6+0.8 
cm? for molybdenum and 4646+8 cm? for zinc. The 
area for the inner half of the zinc winding only was 
2797+4 cm’. 


IV. DISTURBING EFFECTS 


Although the foregoing procedure is straightforward, 
it was found necessary to devote a large part of several 
years to special tests on disturbing effects. Without 
special precautions the electron inertia effect will be 
completely masked by unwanted interactions between 
the rotor and its surroundings. 

Whether an interaction produces a serious dis- 
turbance of the motion or not depends largely on phase 
relations. Fortunately the electron inertia impulses 
occur exactly at the time of current reversal so that the 
phase relations can be accurately observed. It can be 
shown® that the component of a (disturbing) torque 
in phase with the displacement will not affect the 
resonant amplitude. Hence it is desirable to arrange 
conditions so that the electron inertia impulses shall 
occur exactly as the rotor passes the equilibrium posi- 
tion. In practice this condition is not fulfilled auto- 
matically because of slight detuning and the action of 
quadrature torques. In order to bring the impulses 
closer to the equilibrium position, one may either change 
the tuning or apply a small amount of quadrature 
torque. 

Methods?:**8 in which the current reversal is made 
to synchronize with the passage through the equilibrium 
position are equivalent to a change of tuning. 

In the present experiment the tuning was accurately 
adjusted beforehand at large amplitudes with the aid 
of the phototube-oscillograph set-up. Then the final 
phase adjustment was made with a torque known to 
be almost exactly a quadrature torque. This procedure 
has the advantage that the smaller residual tuning 
error makes an exact phase adjustment less critical. 
This advantage is illustrated by Results, series 3(b). 

A systematic analysis of the possible types of inter- 
action between the rotor and its surroundings has been 
given elsewhere.'? Known types of interaction were 
cross indexed against the pairs of interacting parts of 
the apparatus, and all appreciable interactions were 
carefully investigated. Whenever possible, special tests 
were made to measure the magnitudes of the effects. 
Only a few of the disturbances can be considered here, 
and these but briefly. 


'3 See particularly F. Coeterier, Helv. Phys. Acta 8, 522 (1935). 
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1. The largest disturbing torque was that resulting from the 
interaction of the horizontal component of the earth’s magnetic 
intensity with the periodic magnetic moment of the rotor current. 
Although the windings were carefully spaced on a lathe, the hori- 
zontal component of the magnetic moment of the Zn and Mo 
rotors were 4 percent and 1 percent of their total magnetic 
moments. After the earth’s horizontal intensity had been com- 
pensated to about 1 part in 1000 the interaction was still of the 
same order of magnitude as the electron inertia effect. Hence the 
balancing coils shown in Fig. 1 were used to reduce the area to 
20 percent of the original value or less. At a given temperature of 
the rotor it was sometimes feasible to reduce the horizontal 
moment to 1 percent of its original value. 

Special tests showed that the phase of this torque was that of 
a pure quadrature torque to within a phase angle of 0.2 degree. 
This corresponds to a 0.4 percent in-phase component. Hence it 
was permissible to balance out the residual quadrature torques by 
a slight readjustment of any one of the currents compensating the 
magnetic intensity. This procedure was further justified by the 
fact that ¢/m values obtained were found to be independent of the 
compensation used. 

If the in-phase component had been appreciable, it would have 
been necessary to average the electron inertia measurements for 
two rotor orientations differing by 180° (without changing the 
compensating currents). On a few occasions when this procedure 
could be followed there was no significant difference in e/m for the 
two orientations. 

It was not possible to make an accurate phase test for all of the 
other disturbing torques. Hence, whenever possible, each dis- 
turbance was reduced individually in order that any in-phase 
components should be minimized. 

2. Torques proportional to the rate of change of rotor current 
would, of course, produce serious in-phase errors. Measurement of 
the magnetic moment of the ferromagnetic impurities of the 
rotors showed that the Einstein-de Haas effect must have been 
less than 0.4 percent of the electron inertia effect. 

3. Manv of the disturbances result in rotation only indirectly. 
Thus the interaction between the periodic magnetic moment of 
the rotor current and the 0.01 percent per cm gradients in the 
magnetic intensities produced a forced pendulous motion of the 
rotor. The unavoidable dynamical asymmetry of the rotor then 
resulted in a torsional disturbance in synchronism with the 
pendulous accelerations and of approximately the same magnitude 
as the electron inertia torque. Fortunately the pendulous fre- 
quency was about 5 times the torsional frequency and the pendu- 
lous logarithmic decrement was only 0.006, so that the disturbance 
was a quadrature torque to within 0.0004 radian. Hence its 
in-phase component was negligible. 

4. Electric interactions between the rotor and its surroundings 
were several times larger than the electron inertia effect unless 
the resistors between the reversing relay output and earth were 
used. These resistors largely eliminated the periodic potential 
variation of the rotor shield. However, it was impossible to elimi- 
nate that part of the disturbance caused by the electric interaction 
between the suspensions and the surrounding tube. Although 
phase tests showed that this interaction was effectively a quad- 
rature torque, mechanical disturbances during the tests could 
have masked in-phase components as large as 10 percent of the 
electron inertia effect. Such in-phase components could result 
from the accumulation of charge on nearby imperfect dielectrics 
at a rate neither too slow nor too fast in comparison with the 
period of the motion. However, like most suspension disturbances, 
the interaction could be reversed with respect to the electron 
inertia effect by means of the reversing switch on the rotor. 

5. Dependence of the suspension twist upon the temperature, 
and hence upon the current, gave rise to the most troublesome 
disturbances. It is reasonable to assume that the temperature- 
dependent torsional stresses in the suspension will be of the form 
S=h#R for one direction of the current and S = k(i+Ai)*(R+AR) 
for the opposite direction of current, where & is a constant de- 
pendent upon the elastic state of the suspension, ¢ is the current, 
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R is the suspension resistance, Ai is the current difference for the 
two directions, and AR is a possible difference of suspension 
resistance for the two directions of the current. If we calculate 
the first harmonic of the stress corresponding to the relay output 
and neglect (Ai)? compared with i(Aé), we obtain the amplitudes 
of the periodic stresses: 

Si = ki##R(4/x)(4i/i), 

Se=kPR(2/x)(AR/R), (5) 

S,= ki?R(2)(t/T), 


where Af is the small difference in switching time for the two 
directions of reversal and T is the period of the square-wave 
current. The constant & was evaluated by special tests in which 
the current was applied during only half of the cycle, i.e., Ai=#. 
The resulting torque ranged from 5 to 100 times the electron 
inertia torque, depending upon the state of strain. The phase of 
the deflections indicated that S; was almost purely a quadrature 
torque, corresponding to a thermal lag short in comparison with 
the half-period. In this case Sz will also be a quadrature torque, 
whereas 5S; will be an in-phase torque. 

During the electron inertia measurements Ai/i was only about 
0.0002 percent. Hence the effect of S; was negligible. 

Careful relay adjustment left a switching-time inequality of 
from 0.01 percent to 0.06 percent of the period. According to Eq. 
(5), this leads to an in-phase error of from 0.5 percent to 3 percent 
of the electron inertia effect. The apparent m/e values for the 
two positions of the reversing switch S; at the relay output should 
differ from one another by twice this value (see AS2, Tables I and 
IT). However, the mean value for both positions of S; is free from 
this error. 

Kettering and Scott? found a disturbance with an in-phase 
component which reversed with respect to the electron inertia 
torque when a reversing switch on the rotor was thrown. They 
postulated a suspension disturbance of the type Sg to explain 
the observations. However, their published results could also be 
explained by a disturbance of the type S;, which has been denoted 
by the quantity (I-II) in previous publications from our 
laboratory. 

In an effort to detect an effect of the type Sr in the present 
work, many special tests were made in which the current was 
increased several-fold and sent through the suspension only. 
However, no in-phase deflections could be detected for the Mo 
rotor and only a slight effect could be detected for the Zn rotor. 
Although this slight effect could have been accounted for by a 
0.02 percent switching-time inequality, nevertheless, the switch 
on the rotor was reversed on alternate nights thereafter. When this 
reversal was made (in series 8) there seemed to be a 17 percent 
difference in e/m for the two positions of the miniature switch S; 
mounted on the rotor (see Table I). This effect may have been 
caused by electric interactions (in series 8 it was necessary to 
connect the rotor shield to one side of the rotor coil rather than 
to its center-tap) or by the Sz type of disturbance. Unfortunately 
an open circuit that developed in the rotor made it impossible to 
determine the exact source of the disturbance. 


V. RESULTS AND CONCLUSIONS 


For both molybdenum and zinc the phases of all 
observed deflections, more than one hundred in number, 
were such as to correspond to negative values of e/m. 

Table I shows the numerical results for one series of 
measurements. Table II summarizes the results for the 
various series. 


Measurements with the molybdenum rotor were carried out 
under many varied conditions. In series 1 the rotor was shielded 
with a spiral of wire wound around the outside. In series 2 a few 
more turns of shielding wire were added near the top of the rotor. 
In series 3(a) and 3(b) the spiral shield around the rotor coil was 
replaced with Aquadag and a small brass shield was placed around 
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TABLE I. Sample measurements: Series 8, zinc.* 


NNR Nee 
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AND 


S. J. BARNETT 





d 


6 AS2(%) 


(0.01278) 
0.01278 
0.01290 
0.01275 
0.01261 

(0.01261) 





0.0874 
0.0862 
0.1036 
0.0964 
0.1067 
0.1098 


0.892+0.012 
0.882+0.006 
1.072+0.012 
0.984+0.011 
1.081+0.009 
1.116 


1.004+0.030 


nd column gives the number of measurements and the azimuth of the rotor. NS indicates that measurements were made with a mark on the 


g north as well as south. Bal. is a measure of the residual horizontal magnetic moment of the rotor; it is the quadrature torque associated 
n nullifying the earth's intensity, expressed as a percentage of the electron inertia torque. Ss indicates the position of the small reversing 
r. iis the rotor current in milliamperes. 6 is the logarithmic decrement. d is the double amplitude of the mean electron inertia deflection in 
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There was probably a considerable change in the 
mechanical asymmetry. In series 4 the Aquadag shielding was 
replaced with a shielding of silver foil. Also, one of the disks used 
to measure the moment of inertia was attached to the rotor in 
order to considerably change its moment of inertia. In series 5 and 
6 the construction of the rotor was the same as in series 4 except 
that the moment of inertia disk was removed. Liquid air was used 
in series 5 as a coolant rather than the usual ice and water mixture. 
The resistance of the winding in this series ranged from one third 
to two thirds of its resistance at room temperature. 

Although the same 24K gold suspension was used throughout 
the various series, its state of strain may have changed consider- 
ably, especially when it was handled between series in modifying 


the top piece 


the rotor shielding. 
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Fic rhe in-phase component of the angular displacement 
as a function of the quadrature component, based on a rotor 
current of one ampere. The actual rotor currents ranged from 33 
to 54 milliamperes. The quadrature component is considered 
positive if the oscillograph pattern is traced in the sequence shown 
in Fig. 2(b). The pendulum generating the square-wave current 
was a few tenths percent fast on March 31 and April 1, properly 
tuned on March 29, and a few tenths percent slow on March 15 
and April 18 
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ulated mass to charge ratio of the carriers expressed as a fraction of that for free electrons, together with the probable error. AS: is the 
ice between the values of m/e for the two positions of the reversing switch at the output of the relay. 


In series 2 the horizontal magnetic moment of the rotor was 
unusually well balanced. In none of the remaining series was it 
possible to get an average unbalance as small as 1.2 percent. 
Because of the small horizontal moment of the rotor, the dis- 
turbance caused by fluctuations in the earth’s magnetic intensity 
were much smaller than usual. It is probably for this reason that 
the probable error of the mean is quite small. 

In series 3(b) various amounts of quadrature torque were left 
unbalanced so that the current reversals no longer took place 
exactly at the center of the motion. The results are shown in 
Fig. 3. 

By reference to the graph we may estimate the error resulting 
from the combined effect of deviation from reversal at the center 
of the motion together with deviations from proper tuning. Thus 
for the 0.2 percent detuning of March 15, if the quadrature com- 
ponent is 7 percent of the in-phase component, the resulting error 
in m/e should be only about 1 percent. The usual tuning error was 
about 0.2 percent in either direction. Hence we were justified in 
allowing Q to become as large as 7 percent of E during the regular 
runs. 

Finally, we may use the zero quadrature component intercepts 
of Fig. 3 to determine a set of values for m/e. These values are 
given in series 3(b) of Table II. Their mean differs only 1.2 percent 
from the mean of series 3(a). 

It was planned to make another series of determinations with 
the zinc rotor similar to series 7, but with the small switch on the 
rotor reversed. However, this was prevented by an open circuit 
which developed within the inner half of the winding. 

It was still possible to use the rotor in series 8 by utilizing the 
outer half of the winding only. For the first time a dependence of 
e/m on the position of the reversing switch on the rotor was noted. 
The mean value of e/m for this switch in position 1 is about 
(17+3) percent less than for position 2. 

In an attempt to make determinations at liquid air tempera- 
tures, the outer half also developed an open circuit, stopping 
further measurements on the zinc rotor. 


Discussion of the Results 


Analysis showed that the mean results for azimuth V 
differed by only 1 percent from those for azimuth S. 
Hence a negligible error is introduced by the fact that 
the number of runs for the two azimuths were not 
exactly equal. 

The mean results sometimes differed by as much as 
5.5 percent for the two positions of the reversing switch 
at the output relay. However, with the exception of the 
last run in series 8, there were an equal number of 
measurements for both positions of this switch. Hence 
the error caused by switching-time inequality averaged 
out. 
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The errors in the constants were small enough to 
make it unnecessary to consider them further. 

The presence of a more serious error is revealed by 
the fact that the deviation of a given series from the 
mean of all series was often considerably larger than 
the probable error of the given series. This, no doubt, 
arises from an in-phase disturbing torque which changes 
with the asymmetries in the apparatus. 

In the case of the molybdenum rotor we may rely 
upon the many different physical conditions of the rotor 
for the best method of eliminating systematic errors, 
whether they are associated with the suspension or 
otherwise. Hence the best value of m/e is probably the 
average of the means of the seven series. This value is 
listed in Table II as 0.999+-0.023 times that of free 
electrons in slow motion (taken as 5.68 10-* emu). 

In the case of the zinc rotor either we may average 
series 7 and series 8 or we may assume that the dis- 
turbing torque could be reversed by means of the 
reversing switch on the rotor. In this latter case we 
should discard series 7 and use the mean of series 8. In 
either case the final mean value will be within 3 percent 
of the value for free electrons. 

The results were not significantly changed when the 
determinations were made at liquid air temperatures as 
they were for one set with molybdenum. 


Conclusions 


The current and the momentum of the electric car- 
riers in molybdenum and zinc were found to be in the 
opposite directions. 
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TABLE II. Summary of results. The mean values of the electron 
inertia effect for the various series of measurements. 


Balance 
%) 


Series Nights ( Si: 


Molybdenum 
1 
2 


0.903+0.036 
0.910+0.003 
1.026+0.012 
1.038+0.006 
1.084+0.022 
1.12 +0.03 

0.912+0.011 


17 

1 
16 
13 
16 


(a) 
(b) 


NPN Ue 
NNNNNR 


3 
3 
4 
5 
6 


‘ 


0.999+0.023 


1.054+0.011 
1.004+0.030 


Mean 1.029+0.016 


The mass-to-charge ratio for the. electric carriers in 
molybdenum and zinc was found to be within 3 percent 
of the mass-to-charge ratio of free electrons. 

The assumption that a positive Hall effect can be 
explained by positive values of e/m is disproven since 
this experiment shows that e/m is negative, even for 
metals with positive Hall coefficients. 

This work has been done in the Norman Bridge 
Laboratory at the California Institute of Technology 
with facilities provided by the University of California, 
the Institute and the Carnegie Institution of Washing- 
ton. 
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The major part of the anisotropy in the paramagnetic susceptibility of MnF, above the Curie point, as 
measured by Stout and Griffel, can be accounted for by magnetic dipole interactions. These interactions 
affect the anisotropy in different ways above and below the Curie point and lead to an anisotropy field of 
the order of 8800 oersteds at 0°K. Other sources of anisotropy in antiferromagnetics are discussed, in parti- 
cular that due to crystalline fields which is also present in magnetically dilute paramagnetic salts. The 
anisotropy field below the Curie point can be measured by antiferromagnetic resonance. It is predicted that 
this will require wavelengths of 1 mm at 0°K increasing to perhaps 2 mm at 0.97.. Or one may use centi- 
meter waves and static fields of 1.0X 105 oersteds at 0°K increasing to perhaps 1.7 105 oersteds at 0.97... 


I. INTRODUCTION 


“SOURCES of anisotropy in an antiferromagnetic 
substance such as MnF, may be considered under 
two broad headings: (A) anisotropy dependent upon 
the relative spin orientation of pairs of paramagnetic 
ions and (B) anisotropy arising from interactions of 
individual paramagnetic ions with their surrounding 
crystalline fields. 

Anisotropy of type (A) may be handled in a manner 
similar to Van Vleck’s' treatment of ferromagnetic 
anisotropy. The simplest forces are long range magnetic 
dipole interactions; to these are added short range 
forces arising in a complicated way but which may be 
expanded in terms of dipolar, quadrupolar, etc., coupling 
between the spin pairs. Such a quadrupolar coupling 
has been used, for example, in the quantum-mechanical 
theory of antiferromagnetic resonance.? These short 
range forces may be due to directional properties of the 
superexchange or may come from the interplay be- 
tween spin-orbit coupling within a paramagnetic ion 
and the crystalline field connecting pairs of ions. 

Anisotropy of type (B) is similar to that found in 
magnetically dilute paramagnetic salts, where it gives 
rise to fine structure in the paramagnetic resonance 
spectra and may hence be measured with considerable 
precision. Such measurements cannot be made, how- 
ever, on an antiferromagnetic such as MnF»>. This is 
because forces between spins, both isotropic and aniso- 
tropic, become important as the magnetic concentra- 
tion increases; and the resonance curve becomes so 
broadened as to obliterate all traces of fine structure. 

Both types of anisotropy give rise to the directional 
properties of the magnetic susceptibility which have 
been measured by Stout and Griffel.? Their data have 


*Now at Department of Physics, University of Pittsburgh, 
Pittsburgh, Pennsylvania. 

1 J. H. Van Vleck, Phys. Rev. 52, 1178 (1937). 

2 F. Keffer and C. Kittel, Phys. Rev. 85, 329 (1952). We wish 
to correct a typographical error occurring in that paper. Equation 
(31) should read 
(w/y)?™2H Het 4H +(1—a)* cos’e] 

+4$Ho{8H aH e(2—a)* cos*0 
+ H,?[sin*0+cos*6(2—a)*(2 sin*@+a2 cos*é )}}}. 


3 J. W. Stout and M. Griffel, J. Chem. Phys. 18, 1455 (1950). 


been correlated with a phenomenological anisotropy 
constant by Yosida,‘ who finds an effective anisotropy 
field in MnF» of the order of 5X10* oersteds at 0°K. 
This is quite large, and one wonders which of the sources 
mentioned above is primarily responsible. 

In this paper we show that the greater part of the 
measured anisotropy in the susceptibility may be 
accounted for by simple magnetic dipole forces and 
that the remainder may possibly be due to forces of 
type (B). Other methods of measuring anisotropy in 
antiferromagnetics are discussed, in particular, anti- 
ferromagnetic resonance. It is shown that the dipolar 
interactions enter into the anisotropy in different ways 
above and below the Curie point, a fact which may be 
of aid in determining the contribution to the anisotropy 
from other sources. This fact also forces us to revise 
Yosida’s estimate of the anisotropy field at 0°K up- 
ward to ~8800 oersteds. This field should decrease 
with increasing temperature approximately as the 
saturation magnetization of a sublattice. 


II. MAGNETIC DIPOLE ANISOTROPY 


The crystal structure of MnF, is of the rutile type, 
tetragonal symmetry. Tht unit cell of Mn** ions may 
conveniently be pictured as a body-centered cube 
compressed along the z (or c) axis. Lattice parameters, 
as determined from x-ray diffraction by Griffel and 
Stout,® are c=3.3103A and a=4.8734A. Erickson and 
Shull® have shown from neutron diffraction studies that 
below the Curie point the magnetization is such that 
the spins at the corners of the compressed cube are all 
pointing one way along the z axis, the spin at the center 
is pointing the opposite way. The simple two sublattice 
model, so often invoked as an approximation in theories 
of antiferromagnetism, appears to be correct for this 
crystal. 

In calculating the magnetic dipole fields in such a 
structure it is convenient to define two types of dipole 
sums 

&,'=—2N— > '[1—3 cos*(z, rij) ij, (1) 


4K. Yosida, Prog. Theoret. Phys. 6, 691 (1951). 
5 M. Griffel and J. W. Stout, J. Am. Chem. Soc. 72, 4351 (1950). 
®R. A. Erickson and C. G. Shull, Phys. Rev. 83, 208 (1951). 
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and 
®,"=—2N— > [1-3 cos*(z, r;;) iz. (2) 


Here >°;’ is taken over distances r;; between a lattice 
point 7 and its neighbors j on the same sublattice; 
>,” is taken over distances to neighbors j on the other 
sublattice; }.V is the number of Mn** ions per cm! in 
a sublattice. The summations are to be carried out 
within a Lorentz sphere; we shall consider only such 
sample shapes and combinations of sums that all con- 
tributions outside such a sphere vanish. 

In the paramagnetic region we shall be interested in 
dipole sums over the entire lattice 


b,=}(,'+,"). (3) 


Stout and Griffel’ have measured, as a function of 
temperature, x;;—x.1, or the difference in the sus- 
ceptibility of a single crystal of MnF, taken along the 
c axis and along an a axis. The crystal had cylindrical 
symmetry about the remaining a axis; hence the sum 
#.—, should vanish beyond a Lorentz sphere. A 
simple calculation using Lorentz fields shows that for 
T>T, and assuming 


M=CT-(H+ 4M), 
one obtains 


x); =M),/H=CT-/(1-CT“#,) ; 
x1=CT—/(1—CT“4,). 


These lead to 


Xjj—XL= (x LXxj))(Pe— Pa) (4) 
~x?(.—®,), 


where we assume the powder susceptibility x is ap- 
proximately given by (x 1x;))!. Even theories of para- 
magnetic susceptibility more exact that the Lorentz 
field approach, such as Van Vleck’s’ diagonal-sum 
method, although they give different theoretical evalua- 
tions of x, lead to Eq. (4) forix,,;—x4 in terms of x. 
We shall insert the experimental values® of x into Eq. 
(4). 

The sum ®,—, may be calculated by the Ewald- 
Kornfeld® method. We find for MnF2 


©,/—,'=9.25, 
©, —$,"=—4.85, (5) 
,—&,=2.20. 


As a check, the value 9.25 compares well to rough esti- 
mates of ®,’ and ®,’ which may be obtained from a 
graph given by Mueller.’ Also a simple summation 
out to next nearest neighbors gives 8.93, —3.01, 2.96 
for the three quantities in Eq. (5). 

That the dipolar interactions account for the major 
part of the observed anisotropy may be seen from Fig. 1. 


7 J. H. Van Vleck, J. Chem. Phys. 5, 320 (1937). 
8H. Bizette and B. Tsai, comet. rend. 209, 205 (1939). 


*H. Kornfeld, Z. Physik 22, 27 (1924). 
10 H. Mueller, Phys. Rev. 47, 947 (1935). 
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Fic. 1. Observed and calculated anisotropy in the molal 
susceptibility of MnF>. 


Below the Curie point (~73°K) x;;—x.4 is negative, 
since exchange forces completely determine the direc- 
tional nature of the susceptibility once long-range order 
has set in. It would appear from Fig. 1 that short- 
range order must begin to set in at around twice the 
Curie temperature, a result in agreement with neutron 
diffraction experiments of Shull" ef a/. on other anti- 
ferromagnetics. 


Ill. EFFECT OF THE CRYSTALLINE FIELD 


The remainder of the ani.otropy in MnF, may of 
course be due to any or all of the mechanisms mentioned 
in Sec. I. We propose to make what seems to be the 
only feasible type of calculation at this time, namely, 
a rough estimate of the anisotropy of type (B) assum- 
ing MnF», wholly ionic. This assumption is necessary 
in order to calculate the crystalline field; it may well 
lead te an erroneous estimate of the type (B) aniso- 
tropy. Also this assumption throws out ail anisotropy 
arising from the overlap of Mn** and F~ wave func- 
tions. We wish to caution, therefore, that the following 
calculation is intended to illustrate orders of magni- 
tude only. 

Abragam and Pryce” explain anisotropy of type (B) 
in Mn** salts as due to coupling of the (3d)5*®S ground 
state with the (3d)*4s *D state via the combined action 
of the crystalline potential V and the magnetic spin- 
spin interaction between pairs of electrons in an ion. 
If the crystalline field is distorted from cubic symmetry 
such that an additional tetragonal component is present, 


V tet = H'(22?— x? — y’), (6) 


then there will be a contribution of the form DS, to 

the Hamiltonian of an individual ion. This is of lower 

order than the (quartic) contribution from the cubic 
4 Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951). 


2 A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London) 
A205, 135 (1951). 
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part of the field and hence should be much larger. 
Pryce™ calculates D to be equal to H’ multiplied by a 
complicated function of the overlap of the 3d and 4s 
wave functions of Mn**. Since most of the anisotropy 
in a magnetically dilute Mn** salt is due to this cause, 
measurement of anisotropy in the susceptibility of such 
a salt gives a direct determination of D. This may be 
double-checked by comparison with the (absolute) 
magnitude of D obtained from the fine structure of the 
paramagnetic resonance spectra. 

In this manner Bleaney and Ingram™ obtained 
D=0,.024 cm at 230°K for the Tutton salt manganese 
ammonium sulfate. If now the values of H’ are known 
for this salt and for MnFs, the size of D in MnF, can 
be estimated. Assuming the 3d and 4s wave functions 
of Mn** to be roughly the same in the two salts, D 
should be roughly proportional to H’. 

To estimate H’ for the Tutton salt we note that the 
Mn** ions are surrounded by an octahedron of water 
molecules elongated along a main axis connecting two 
of the molecules. With this axis in the z direction the 
field has tetragonal symmetry about z. It is impossible 
to calculate this field accurately since the exact loca- 
tions of the water molecules are not known. Polder'® 
has estimated H’=0.4X10" esu for similar, salts of 
Cutt and we may take this value as being roughly 
correct for Mn*+. 

Now we estimate H’ for MnF, assuming the salt 
ionic. According to Griffel and Stout® the crystalline 
field is produced by a distorted octahedron of six F~ 
ions at (1.51, —1.51, 0), (—1.51, 1.51, 0), (1.08, 1.08, 
+1.65), (—1.08, —1.08, +1.65) for one of the Mn++ 
ions in the unit cell, and at (1.51, 1.51, 0), (—1.51, 
—1.51, 0), (1.08, — 1.08, +1.65), (— 1.08, 1.08, +1.65) 
for the other Mn** ion. Here the number triples are 
distances in angstroms from the Mn** ion along 
(a, a, c) axes. It is seen that these fields for the two 
Mn** ions in the unit cell are orthogonal to each other 
and that if we treat the crystal as a whole as pointed 
out by Yosida,* we may consider the fields as tetrago- 
nally symmetric about the z (=c) axis. Subtracting out 
the cubically symmetric part of the field one readily 
finds H’= —0.2X 10" esu. 

Crude as these estimates are, they should represent 
orders of magnitude fairly well.t It is of interest to note 
that although the field from the water molecules of the 
Tutton salt is due to the dipole moment of water, it is 
roughly the same size as the field from F~ ions. 

We may now estimate 


D(MnF:)/D(Tutton) = H’(MnF;,)/H’(Tutton) 

‘8M. H. L. Pryce, Phys. Rev. 80, 1107 (1950). 

“4B. Bleaney and D. J. E. Ingram, Proc. Roy. Soc. (London) 
A205, 336 (1951) 

8D. Polder, Physica 9, 709 (1942). 

+ Note added in proof: Mr. M. H. Cohen has pointed out to me 
that one should include electrostatic fields from more distant 
neighbors, both F~ and Mn**, in estimating H’. This might affect 
the result by a factor of two or so. 
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D(MnF;,)=0.024 cm~!(—0.2/0.4) = —0.012 cm“. 


On using Yosida’s relation,*'® 
X|) -XL=x(— D/kT)[0.45(S+1)—0.3], (7) 


we find, with S=5/2, x, —x1=0.21X10-° at 295.7°K 
and 0.34 10-* at 185.1°K. A glance at Fig. 1 shows 
that this is exactly what is necessary to make the 
calculated anisotropy agree with the observed. The 
agreement now is entirely too good, and we wish 
to caution again that the calculation of this section is 
meant to indicate orders of magnitude only. 


IV. ANISOTROPY BELOW THE CURIE POINT 
A. Magnetic Dipole Fields 


Below the Curie point for a two sublattice antiferro- 
magnetic with tetragonal symmetry, we expect the 
anisotropy energy to be of two macroscopic types,'” 


fa'=(Ki/2)(ar+Brt+az?+ 8"), (8a) 
and 


fal’ = K3(aia2+BiB2), (8b) 


where aj, 81, y1 and ae, Bs, y2 are the direction cosines 
of the macroscopic magnetization vectors of the two 
sublattices. 

It is seen that f4’ depends only upon the dipole 
fields produced at a sublattice site by members of the 
same sublattice, whereas f4’’’ depends upon the mem- 
bers of the other sublattice. Since the two sublattices 
are oppositely directed below the Curie point, we now 
want a minus rather than plus sign in Eq. (3). If M 
is the absolute value of the magnetization of a sub- 
lattice, it is easily seen that 


K,=M*(@,'—®,'); 
K3= M?(®."—,”’). 


(9a) 

(9b) 

The effective anisotropy field due to dipoles will be 
(Ha)a=(Ki—K3)/M. (10) 


Using Eq. (5) one sees that for MnF», in which Mp=590 
gauss at 0°K, 


(H4)a=14.1M = 8300(M/M)) oersteds. (11) 


A similar result can be obtained from a quantum- 
mechanical derivation of the antiferromagnetic reso- 
nance equations as is done in KK except that now 
magnetic dipole coupling is to be introduced rather 
than quadrupolar coupling. In this derivation one 
replaces S;* with average values, assumed to be 2M,?/ 
Ng8 for members of one sublattice and 2M.*/Ng@ for 
members of the other sublattice. This is a little too 

‘6 A similar relation for paramagnetics is given by B. Bleaney, 
Phys. Rev. 78, 214 (1950). 

7 See Sec. IV of reference 2, hereafter referred to as KK, fora 


discussion of anisotropy in antiferromagnetics. We use the nota- 
tion of that reference. 
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crude since, as is well known, the ground-state wave 
function of an antiferromagnetic is not of the simple 
form aiB2a:8ya5---, even in the absence of magnetic 
dipole interactions. Also there will be fluctuations from 
the average values of S;* due to zero point motion. 
Tessman'’ has shown that such fluctuations in a cubic 
array of parallel magnetic dipoles lead to dipolar 
anisotropy fields of the order of 0.2M/S or 50 oersteds 
for M=590; S=5/2. It is not unreasonable to suppose 
that quantum-mechanical effects in an antiparallel 
array such as MuF, will be of the same order of magni- 
tude. We shall therefore neglect such effects in compari- 
son with our calculated anisotropy. 

On following through the quantum-mechanical deri- 
vation of antiferromagnetic resonance one finds that in 
case | M,*|#|M,*|, or the z components of the mag- 
netizations of the two sublattices differ in size due to 
the presence of a field Ho, the effective anisotropy field 
for resonance is 


(H4)a=7.05(M?— M2’). (12) 


This field is to be inserted into the resonance relation 
(Eq. (26) of KK) 


w/yH(1—4a)+[2H eH at (fa)*He). (13) 


Here it is assumed that the static field Hy is applied 
parallel to the domain axis; Hx is the effective exchange 
field which, in terms of an exchange parameter A, 
equals $\(M,‘— M2’); a=x\\/x1; y=ge/2mc is the 


magnetomechanical ratio. 


B. Remainder of the Anisotropy 


We consider the remainder of the anisotropy as ex- 
pressible by a term >) ;D(S;*)? in the Hamiltonian, 
where the summation is taken over all ions of both 
sublattices. The anisotropy field is easily obtained from 
a quantum-mechanical derivation of the resonance 
relation 


(H1)-= —(2D/Ng’6*)(Mi?—M2*)+(D/gB). (14) 


Here 3.\ is the number of ions per cm’ in a sublattice, 
B is the magneton, g=2 for Mn**. The last term of Eq. 
(14) is to be used only near saturation and should be 
dropped near the Curie point.!® Using the value of D 
obtained in Sec. III we find for the remainder of the 
anisotropy 

(H 4), 2~0.55(My?— M3") — 130; (15) 


and hence for the total effective anisotropy field to be 
inserted into Eq. (13) 


Ham~7.6(My?— M2‘) — 130, (16) 
18 J. Tessman, Phys. Rev. 85, 752 (1952) and private com- 
munication. : eae 
19 It comes from using the approximation 
(SP#SP+S/°S77 =((Sj at 31S)" 
lhe } is necessary only near saturation and leads to the term in 
question. 
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where the 130 should be dropped near the Curie 
point. 

We note that at 0°K the total anisotropy field is 
approximately 8800 oersteds, of which 8300 oersteds 
comes from dipolar interactions and 500 oersteds from 
interactions with the crystalline field. The last figure is 
probably more accurate than our calculation of Sec. 
III would indicate since we may consider our value of 
D as being given by Stout and Griffel’s* measurements. 
We are assuming that all types of anisotropy other 
than magnetic dipole may be expressed by a term 
> ;D(S;*)? in the Hamiltonian. 


C. Measurement of Anisotropy 


One method of measuring H4 below the Curie point 
has been discussed by Yosida.‘ This consists of apply- 
ing a sufficient field H» along the easy (c) axis to cause 
the magnetizations to flop to the hard (a) axis. This 
flop takes place since x 1 >x,;, and hence the free energy 
can be lowered if the magnetization can partake of 
perpendicular susceptibility. It will occur for a field 
Hy at which w=0 in Eq. (13), for at this point there is 
no restraining torque. This condition is 


(Ho)erie= (2H 2H a/(1—a) }}. (17) 


In estimating Hx we shall use molecular field theory 
to assume Hg=\M=x17'M. Molecular field theory is 
known to give poor estimates of the exchange integral 
and hence of the field parameter A. However, as is shown 
in the quantum-mechanical derivation in KK, only 
exchange interactions between members of different 
sublattices enter into antiferromagnetic resonance. It is 
precisely these interactions which are also effective in 
determining x 1. That A=x 17 is a good approximation 
for our purposes is confirmed by a spin-wave calcula- 
tion of x1 and of the resonance condition near 0°K. 

Stout and Griffel’ show x1(molal) as dropping from 
0.028 to 0.024 between 0°K and the Curie point. We 
shall for simplicity take it equal to 0.026 per mole or 
0.0011 per cm*. Thus 


He=(0.0011)-"(M/Mo)Mo 
=5.4X 10°(M/M,) oersteds, (18) 


where M, is the saturation magnetization of one sub- 
lattice, or 590 gauss. Combining this with the result of 
Sec. IVB, namely, 


H 4=8800(M/M,) oersteds, (19) 
we have 


(2H vH 4)'=1.0X 10°(M/ Mp) oersteds. (20) 


Thus (Ho)cric= 1.0% 10° oersteds at 0°K. This is larger 
than Yosida’s* estimate of 0.7 10° oersteds since our 
anisotropy field is larger than his (due to subtraction 
of dipole field factors). 

The temperature dependence of (4 )cri: may be ob- 
tained from Eq. (17) using the Stout and Griffel* 
measurements of a combined with Eq. (20). We note 
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that (M/Mp») varies as the Brillouin function for 
S=5/2. It is found that (Hp)crit rises nearly linearly 
from 10° oersteds at 0.27. to 1.7105 oersteds at T.. 
This is essentially the same dependence as given by 
Yosida.* 

Another method of measuring H4 is by means of 
antiferromagnetic resonance. Here in the absence of a 
field Ho the resonance frequency is given by 


w/y==(2H gH «)'=1.0X 10°(M/Mo), (21) 


where use has been made of Eq. (20). This frequency 
corresponds to a wavelength”® of 1.1 mm at 0°K and 
about 2 mm at 0.97,. Above this temperature our 
theory should break down as there is no justification 
for a simple two-sublattice picture near the Curie point. 


20 The reader is cautioned that these estimates are subject to 
the uncertainties in Hg and H4 mentioned above. 


PHYSICAL REVIEW 


VOLUME 87, 


FREDERIC KEFFER 


By using 1-cm waves Hutchison™ has found a com- 
plete disappearance of the paramagnetic resonance line 
of MnF, as the temperature drops below 67°K. 

In the absence of millimeter waves one could take 
advantage of the minus sign in Eq. (13) and employ 
large fields Hy to bring the resonance into centimeter 
range.” This requires fields just short of the critical 
field, i.e., fields increasing from 10° oersteds at 0°K to 
1.7X 10° oersteds near the Curie point. The reason the 
fields must be just short of the critical field is that the 
critical field represents the size of Hp necessary to bring 
the resonance frequency to zero. 

I should like to express my thanks to Professor Kittel 
for many stimulating discussion of antiferromagnetism. 
This research was assisted in part by the ONR. 

#1 C. A. Hutchison (private communication to Professor Kittel). 

*% This possibility was first pointed out by C. Kittel, Phys. 
Rev. 82, 565 (1951). 
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Cross Sections of the D(T,n)He‘ Reaction for 80- to 1200-Kev Tritons 


H. V. Arco, R. F. Tascuex, H. M. AGNEw, A. HEMMENDINGER, AND W. T. LELAND 
University of California, Los Alamos Scientific Laboratory, Los Alamos, New Mexico 
(Received May 2, 1952) 


Gas targets of deuterium with an aluminum entrance foil of 1.5 mg/cm? were bombarded by tritons. 
Straggling and scattering of the tritons hy the foil have been carefully considered and found to introduce 
reasonably small corrections. Energy loss in the entrance foil was determined by assuming that the sharp 
resonance peak in the reaction occurs at 165-kev triton energy as measured by T. W. Bonner, and then 
making use of the dE/dx curve of S. D. Warshaw. Neutrons from the reaction were observed by means 
of a BF; long counter whose energy response has been investigated. Angular distributions of the neutrons 
were measured and found to be isotropic in the c.m. system below 600 kev. Near 1 Mev the distributions 
deviate from isotropy, more neutrons coming off at the back angles. The maximum cross section is 4.93 
barns at the resonance. The limit of error on cross sections is +10 percent. A one-level nuclear dispersion 
formula has been fitted to the experimer.tal curve and the resonance is ascribed to a level in the He® com- 
pound nucleus, arising from an S-wave interaction of the 7 and D, with quantum numbers J = 3, /=2. 


I. INTRODUCTION 


] ‘HE reaction 


T+ D—He'+n+17.577+0.02 Mev 


has proved to be a very useful laboratory source of high 
energy monoenergetic neutrons. Although many experi- 
menters have been making use of the reaction for a 
neutron source, the yield in the low energy region has 
not been well known. Early experimenters! have shown 
that the yield is very high and indicated the existence 
of a strong nuclear resonance in the vicinity of 200-kev 


1 Baker, Holloway, King, and Schreiber, Atomic Energy 
Commission Declassified Report No. 2226 (1943); E. Bretscher 
and A. P. French, Phys. Rev. 75, 1154 (1949) ; Taschek, Everhart, 
Gittings, Hemmendinger, and Jarvis, Atomic Energy Commission 
Declassified Report No, 2250 (1948); D. L. Allan and M. J 
Poole, Nature 164, 102 (1949); D. L. Allan and M. J. Poole 
Proc. Roy. Soc. (London) 204, 488 (1951); D. L. Allan and M 
J: Poole, Proc Roy. Soc. (London) 204, 500 (1951). 


incident triton energy. In the region between 200- and 
1500-kev triton energy the cross section is particularly 
poorly known. There have been arguments that the 
rise at 200 kev may not be a resonance.? The above 
uncertainties and the general interest in the reaction 
inspired the present investigation. The measurements 
described in this paper were made during the summer 
of 1950. 

The earlier measurements showed an isotropic yield 
in the c.m. system at the low energies. Since the angular 
distribution is very helpful in the assignment of states 
it was decided to check the isotropy near 200 kev and 
also at the higher energies. 

II. EXPERIMENTAL PROCEDURE 

The experimental method followed in determining the 

absolute cross section for the D(T yz)He' reaction was to 


7D. L (London) 204, 


488 (1951 


Poole, Proc. Roy. Soc 
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CROSS SECTIONS OF THE 


measure the number of neutrons emitted per unit solid 
angle with a long counter, integrating over an angular 
distribution wherever necessary. The reaction took 
place in a deuterium gas target, into which a triton 
beam entered through a thin aluminum foil. 


A. Determination of Energy Straggling 
and Absolute Energies 


The aluminum foils used were made by the Cochran 
Foil Company, Louisville, Kentucky, and are of two 
thicknesses, one approximately 1.5 mg/cm? and the 
other 1.1 mg/cm?. The uniformity of thickness of this 
foil is exceedingly good. The aluminum foil served to 
slow the tritons down sufficiently so that energies of 
80 kev in the gas target were attained. The possible 
errors inherent in this technique were carefully investi- 
gated. Although the multiple scattering and energy 
straggling imposed upon the tritons in losing five-sixths 
of their incident energy could be serious, the experi- 
ments and calculations show that relatively small 
corrections can take account of these effects. 

A measure of the energy straggling introduced by 
the foil was obtained by observing neutrons from the 
T(p,n)He® reaction near threshold, with a tritium 
pressure of 1 cm of mercury in a 3-cm long gas target. 
The T(p,)He® threshold is at 1019 kev proton energy.’ 

Since this is an endoergic reaction the neutrons come 
off in a forward cone in the laboratory system when the 
protons are just above the threshold energy. The spatial 
distribution of neutrons within the cone is such that 
most of the neutrons are contained in the region near 
the edge of the cone.‘ As the incident proton energy is 
raised above the threshold the angle of the cone will 
increase until at 128 kev above threshold the cone will 
be completely open, giving neutrons at all angles in 
the laboratory system. This geometrical effect near 
threshold due to the center-of-mass motion of the 
reacting system results in an extremely high and narrow 
peak in the neutron yield vs proton energy when 
observed with a distant BF; long counter’ at 0°. In 
our case the counter subtended a cone of half-angle 4°. 
For protons 2.5 kev above the neutron threshold the 
cone has opened to a half-angle of 4° and as the energy 
of the protons increases the cone opens out past the 
detector and the observed yield drops sharply to the 
differential cross section yield for 0°. 

Figure 1 shows the effect of the opening of the cone 
of neutrons when the incident protons have been passed 
through a 0.2 mil aluminum foil (1.47 mg/cm?). The 
theoretical straggling® is 11.5 kev (standard deviation) 
and any straggling introduced by surface irregularities 
in the foil would increase the observed straggling. The 

3 Taschek, Argo, Hemmendinger, and Jarvis, Phys. Rev. 76, 
325 (1949). 

4 Jarvis, Hemmendinger, Argo, and Taschek, Phys. Rev. 79, 
929 (1950). 

5 A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947) 


®M. S. Livingston and H. A. Bethe, Revs. Modern Phys. 9, 
283 (1937). 
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Fic. 1. 0° yield from T(p,n)He* near threshold showing energy 
straggling caused by 0.2-mil aluminum foil. The tritium gas 
target is 2.4-kev thick. The neutron counter subtends a cone 
with 4° half-angle. The solid line is a Gaussian fitted to the 
experimental points with = 16.5 kev 


rise in yield above the “observed”’ threshold is com- 
pletely dominated by the energy straggling of the 
protons, the position of the peak being the true neutron 
threshold for the proton of average energy emerging 
from the foil if the target is sufficiently thin. The target 
thickness for this measurement was about 2.4 kev and 
the incident beam energy spread had a standard 
deviation of 0.7 kev. These two effects are negligible 
when compared with the much larger straggling due to 
the foil. The solid curve in the figure is a Gaussian of 
standard deviation 16.5 kev normalized to the observed 
data at the peak on the assumption that the shape of 
the low energy side of the peak is determined solely 
by the energy straggling in the foil. The foil thickness 
measured by the distance of the peak above the 1019- 
kev neutron threshold is 241 kev. 

The total straggling in the 0.2-mil aluminum foil is 
measured to be 16.5 kev. This is the sum of the strag- 
gling arising from non-uniform foil thickness and the 
“true” energy straggling due to the statistical nature 
of the slowing down process. Assuming that these add 
as the square root of the sum of the squares one finds 
that the straggling from non-uniformity of foil thickness 
is 11.8 kev. This type of straggling is expected to be 
proportional to the total energy loss in the foil. 

It is in the region of the resonance peak that the best 
energy resolution is required and it is here that the foil 
straggling is expected to be the most troublesome. 
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[ritons emerging from the aluminum foil entrance 
window with an energy of 183 kev will have lost 568 kev 
in passing through the foil. On the basis of the above 
straggling measurement there will be an energy strag- 
gling of 27.9 kev arising from the non-uniform foil 


thickness. In addition there is a “natural” straggling 


of 12.8 kev,’ thus the over-all straggling turns out to 
be about 31 kev. The observed data have been corrected 
for the effect of this straggling. The resonance is 
sufficiently broad that the correction in the cross section 
never becomes serious, being 6 percent at the peak 
and dropping off rapidly on either side. On the low 
energy side the yield decreases so sharply that the 


straggling correction again becomes important, reaching 
7 percent at the lowest energy point of 80 kev. 

One of the more serious problems that results from 

the use of an entrance foil to slow the tritons down is 
the lack of knowledge of the energy after being slowed 
down. Warshaw’ has measured the stopping power for 
protons in aluminum up to 330-kev energy, giving a 
range-energy curve for tritons of energies up to 1 Mev. 
The greatest uncertainty in using this curve is in 
determining the foil thickness. Warshaw also considers 
the foil thickness as his greatest source of error, the 
shape of the dE/dx curve being more reliable than the 
absolute values. This possible error was eliminated from 
both our measurements and Warshaw’s by assuming 
the position of the T-D peak to be at 165 kev, as 
measured by Bonner’ with a thin Zr-T target. Bonner’s 
measurement of the energy is probably good to within 
+2 kev, which is a greater accuracy than could be 
attained by use of the dE/dx curve and a weight 
measurement of the foil. In essence, then, the entrance 
foil thickness was obtained by measuring the energy 
loss of the tritons in the foil at the T-D peak and 
comparing this energy loss with Warshaw’s data. The 
T-D peak is sharp enough to determine the energy 
loss to within +5 kev, or about 1 percent. All other 
energy losses were then read from Warshaw’s range- 
energy curve using this foil thickness. Weight measure- 
ments of the foils were in good agreement with the 
above results, but were taken mertly as a check. 

The scattering of the tritons in passing through the 
entrance window proved to be conveniently small even 
at the lowest energy of 80 kev. Simplified arguments’ 
predict an rms scattering angle of approximately 12° 
for tritons emerging from the 1.5 mg/cm? aluminum 
foil with 175-kev energy. A more careful calculation 
by Dickinson and Dodder'® gives an rms scattering 
angle of 10.9°, and an estimate that the observed cross 
section of the T-D reaction is approximately 8 percent 
too low when measured using a gas target that is 3 cm 

7S. D. Warshaw, Phys. Rev. 76, 1759 (1949). 

8 T. W. Bonner, Proc. Harwell Nuclear Physics Conf. (Septem- 
ber, 1950) 

°E. Fermi, Nuclear Physic Notes (University of Chicago Press, 
Chicago, 1950), p. 37. 

10 W. C. Dickinson and D. C. Dodder, Los Alamos Report No 
1182 (1950) 
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long and 1 cm in diameter. For a 1 cm long target the 
correction reduces to 1 percent, the observed value 
being too high. For 80-kev tritons, the lowest energy 
recorded in these measurements, the calculated rms 
scattering angle is 13.4° giving a 2.5 percent correction 
for a 1-cm target. The calculations were checked experi- 
mentally by measuring the yield with a 3-cm target 
and a 1-cm target, the results being as predicted 
within the experimental error. 

As discussed above, the target was held to 1 cm in 
length to minimize the effects of entrance foil scattering. 
In other details the target was identical with the gas 
target described by Jarvis et al.’ A potential barrier of 
200 volts was maintained in front of the entrance foil 
to suppress secondary electrons produced in the foil by 
the incident tritons. The beam current was measured 
directly, the target chamber being insulated from 
ground. A Gittings-type" current integrator measured 
the current integral to within +0.2 percent. 


B. Triton Beam and Gas Target 


The deuterium gas was admitted to the target cham- 
ber through a simple manifold. A 6-inch Wallace- 
Tiernan pressure gauge with scale from 0 to 30 cm was 
used to determine the gas pressure. This gauge was 
calibrated to better than 0.5 percent accuracy in the 
region where it was used. The pressure could be meas- 
ured at any time since the gauge was connected directly 
to the target. Pressures of about 8.8 cm of Hg were 
used, giving a target half-thickness of 17 kev at the 
resonance peak of 165 kev. A measurement of the 
target temperature was also made during the experi- 
ment. 

The concentration of the deuterium in the target was 
carefully checked. The target gas was replaced several 
times each day with fresh samples from a container for 
which a mass-spectroscopic analysis showed a deu- 
terium concentration of 96.97 percent. Earlier experi- 
ments showed that any trace of stopcock grease in the 
target would result in a rapid exchange of the deuterium 
target gas with the hydrogen in the grease while the 
beam was passing through the gas. Careful cleaning of 
the target minimized this, but to insure that no changes 
in the deuterium concentration were taking place the 
neutron yield for a fixed energy of triton beam was 
checked frequently. 

Analyzed triton beams have been available from the 
Los Alamos 2.7-Mev electrostatic accelerator since 
October, 1949. The tritium gas from the ion source was 
collected by connecting the output of the main oil 
diffusion pump into an oil diffusion booster pump that 
would work into a back pressure of 0.3 mm of Hg. 
Two Hg Toepler pumps working in parallel but 180° 
out of phase took the gas at 0.3-mm pressure and 
pushed it into a collection tank for reuse. The exchange 
of tritium with hydrogen in the pump oil was found to 


"Hf. T. Gittings, Rev. Sci. Instr. 20, 325 (1949) 
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be about 10 percent per passage through the system 
and as the vacuum system was tight, the dilution of 
the original charge was not prohibitive. The ion source 
has been run very successfully on a tritium concentra- 
tion as low as 8 percent. 

One of the interesting aspects of accelerating such 
tritium-hydrogen mixtures in an electrostatic acceler- 
ator is the multiplicity of beams that are available for 
use. Masses 1, 2, 3, 4, 5, 6, 7, and 9 are observed in good 
focus on a quartz focusing plate, when the beam is 
magnetically analyzed, corresponding to H*, HH*, 
HHH? and T*, HT+, HHT*, TT*+, TTH*, and TTT* 
beams, respectively. Deuterium is a completely negli- 
gible contamination. Since mass 3 beam contains an 
unknown mixture of triton and triatomic hydrogen 
ions, mass 4 beam is the lightest containing a known 
concentration of tritium. This has the disadvantage 
that the triton carries only three-fourths of the machine 
energy and thus limits the upper energy available, but 
makes low energy tritons more easily obtainable. Mass 
2 beam was used to control the machine energy in the 
usual way, utilizing an electrostatic analyzer. For the 
highest energies the mass 3 beam was deflected into the 
target tube and the neutron yield was normalized 
against the yield from mass 4 beam at an overlapping 
energy point; in this case the variations in magnetic 
deflection of the mass 3 beam controlled the energy of 
the machine. 


C. Detector Response 


Neutrons from the reaction were detected with a BF; 
long counter’ whose absolute sensitivity was determined 
for 14.1-Mev neutrons. The absolute calibration was 
done by measuring the neutron counts per alpha- 
particle counted in known geometry from the T(d,n)He* 
reaction produced on the 250-kev Cockcroft-Walton 
accelerator at Los Alamos. From the counting geometry 
for alphas, and the effects of scattering and background, 
the absolute sensitivity of the long counter at 14 Mev 
is known to about +4 percent. 

Earlier measurements had shown that this particular 
long counter had a sensitivity independent of neutron 
energy to within about +4 percent from 200 kev to the 
mean energy for RaBe neutrons around 5 Mev. A 
careful comparison of sensitivities for 14-Mev neutrons 
and for those from a standardized RaBe source known 
to +5 percent showed that at 14 Mev the detection 
efficiency had dropped to 67 percent of that for RaBe 
neutrons. In the measurements of angular distributions 
for bombarding energies of tritons up to 1.2 Mev, the 
neutrons emerge from the reaction at energies in the 
laboratory system as high as 17.7 Mev at 0° and as low 
as 13 Mev for back angles. It was thus desirable to 
try to determine whether a further change in long 
counter sensitivity occurred in this energy interval in 
addition to the change between 5 Mev and 14 Mev. 

Two methods were used to determine the change in 
sensitivity between 13 and 18 Mev. In the first, copper 
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foils were irradiated at several angles between 0° and 
120° and counted for the 10-minute activity produced 
in Cu®(n,2n)Cu®. At the triton energy of 1.2 Mev used, 
the long counter gave a distribution of neutron intensity 
independent of angle in the laboratory system so the 
Cu® activities found were directly normalized to the 
data of Brolley, Fowler, and Schlacks” at one neutron 
energy. The normalized Cu® activities agreed with the 
Brolley et al. energy dependence curve to within +5 
percent indicating that the long counter gave the 
correct angular distribution of neutron intensity. 

The second check on the counter sensitivity was 
made by comparing the angular distributions taken 
with our long counter and one of a different design due 
to E. Graves. The latter counter, in which the BF; tube 
was embedded behind about 8 cm of paraffin, had the 
same sensitivity to 14-Mev neutrons as it had to RaBe 
neutrons, in qualitative agreement with the theoretical 
sensitivity curves determined Kusherniuk ;" similarly 
Kusherniuk’s calculations would predict for our long 
counter a rather rapid drop in sensitivity between 6.5 
and 8 Mev and a subsequent flattening off. The experi- 
mental angular distributions of the two counters agreed 
within the statistical errors implying that the sensi- 
tivities of both are approximately independent of 
energy between 13 and 17.5 Mev. 

Although these checks of the energy dependence of 
the long counter sensitivity are not of great accuracy, it 
is believed that the total cross sections calculated from 
angular distributions are good to about +10 percent. 
This comes from the fact that the contributions to total 
cross section from angles close to zero and 180° are 
small because of the solid angle available. Thus one- 
fourth of the solid angle lies between 0° and 60° and 
one-half between 60° and 120°; at Ey=1.2 Mev the 
neutron energy changes from 17.6 Mev to 15.9 Mev 
between 0° and 60° and from 15.9 Mev to 13 Mev 
between 60° and 120°; the 14-Mev energy at which the 
long counter is calibrated occurs at about 98° for all Er. 
Thus, an average yield in the first angular interval 
twice as large as the yield in the 60° to 120° interval 
would, if compensated by the counter having half- 
sensitivity between 0° and 60°, make an error of only 
25 percent in total cross section. Such a large change in 
counter sensitivity appears very unlikely as does also a 
very rapid change in true angular distribution since the 
measurements at Ey= 380 kev and Ey=570 kev where 
the energy interval is only slightly smaller show 
essentially spherical symmetry in the center-of-mass 
system. 

The detector was placed 144 cm from the target and 
for the angular distributions was swung about the 
target on a carriage at the end of a rigid arm. A second 


2 Brolley, Fowler, and Schlacks, Bull. Am. Phys. Soc. 27, No. 3, 
30 (1952). 

3S. A. Kusherniuk (private communication from Chalk River 
to H. M. Agnew). 
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Tas_e I. Total cross sections for D(T,m)He‘. Angular distributions 
were taken at the energies indicated by asterisks. 








Ey (kev @ (barns) o (barns 


1.76 
2.21 

2.62 
3.11 

3.67 
4.13 
4.58 
4.82 
4.90 
4.93 
4.90 
4.80 
4.61 
4.40 
4.20 


Er (kev) 


80 

87 

96 
104 
114 
124 
134 
144 
154 
164 
174 
184 
194 
204 
214 


fixed long counter was used as a monitor during angular 
distribution measurements. 


D. Determination of Backgrounds 


One of the major sources of trouble in the measure- 
ments came from background neutrons; this was partic- 
ularly true at triton energies above about 600 kev 
where the intensity of reaction neutrons is small while 
the background neutron sources are increasing in 
strength. These background neutrons arise primarily 
from triton induced reactions occurring in the target 
tube ahead of the gas target proper, one of the major 
sources being the limiting aperture directly in front of 
the target entrance foil. These background neutrons 
were greatly reduced by making the limiting aperture 
of gold and trapping with liquid nitrogen nearby to 
prevent carbon deposition. The brass aperture used 
initially, rapidly became a source of T(T,2”)He* neu- 
trons as has also been observed by the Chalk River 
group. Above about 1.1 Mev, neutrons from the 
aluminum entrance foil became one of the principal 
sources of background and above about 1.5 Mev these 
made good measurements impossible. 

The background was measured as a function of energy 
by replacing the deuterium in the target chamber with 
helium and repeating each run. The operating condi- 
tions within the ion source varied somewhat over the 
period of several hours and affected the amount of 
waste current in the accelerating tube and the relative 
strengths of the various beams. The focus of the HT* 
beam also shifted for the same reasons. Since the 
background was due to reactions from those accelerated 
particles that did not get into the target chamber, it 
was necessary to compare the helium background run 
against the deuterium run under the same operating 
conditions. To do this an electrostatic shutter in the 
target tube about 1.5 meters before the target chamber 
was used. A “shutter in” and “shutter out’’ measure- 
ment was taken for each energy point with deuterium 
in the target and again with the helium in the target. 

M Allen, Almquist, Dewan, Pepper, and Sanders, Phys. Rev 
82, 262 (1951). 
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The net counts were then obtained using the formula 


Net Counts 
= Dshutter out Heshutter out (Dshutter in/ Heshutter in), 


where D and He refer to the observed counts with 
deuterium or helium in the target. In general, the back- 
ground varied from 2 to 5 percent. At the two highest 
energy points, 980 kev and 1200 kev, where angular 
distributions were taken the background was more 
troublesome, being as high as 50 percent for the back 
angles. However, by using the above technique the 
results were consistent within the statistical scattering. 

In order to determine what fraction of the neutrons 
originating in the target would count in the long counter 
after a scattering process took place, a steel cone 30 cm 
long (about seven mean free paths for any collision) 
was put in line with the long counter at 0° and at 90° 
to the beam. The angle of the cone was just large 
enough to shadow the long counter 144 cm from the 
target. By measuring the counting rates first with cone 
out, shutter in and out, then with cone in, shutter in 
and out, it was possible to determine whether an 
appreciable number of primary neutrons were scattered 
into the counter. In the worst case at Er=1.2 Mev 
the direct ‘shutter in’ background was half the total 
counting rate with the beam in the target; putting the 
cone in and leaving the shutter in showed that about 
12 percent of the background neutrons came from a 
region very close to the target itself presumably from 
the apertures and that less than 5 percent of the total 
background with cone in and shutter out came from 
scattered T-D neutrons. 


R. Calculation of Cross Sections 


To summarize, the observed long counter counts per 
microcoulomb of tritons corrected for background, 
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scattered primary neutrons, and target gas deterioration 
were converted to number of incident neutrons by use 
of the 14 Mev absolute calibration. From the number 
of deuterons cm?, as determined from a mass spectro- 
scopic analysis of the sample, the target length, temper- 
ature and pressure, a cross section was calculated. The 
mean energy at which the reaction had this cross section 
was determined from the primary triton energy and 
energy loss in the foil. From measurements and calcu- 
lations on foil straggling the low energy cross sections 
were corrected for effect of energy spread. 


Ill. DISCUSSION OF RESULTS 


The total cross sections for the D(T,»)He* reaction 
for triton energies from 80 kev to 1200 kev are given in 
Table I. The numbers identified by asterisks are the 
results of integrations of the angular distributions 
taken at the indicated energies. The remaining points 
were taken with the detector at 0° and assuming the 
reaction to be isotropic in the c.m. system. These data 
have an estimated over-all accuracy of +10 percent; 
this 10 percent arises almost entirely from the straggling 
and energy correction uncertainties up to energies of 
about 300 kev. Above 300 kev the accuracy is primarily 
determined by background and by poor knowledge of 
the energy sensitivity of the long counter. The yield 
has a very characteristic resonance shape, which 
indeed can be fitted by a single level dispersion theory 
as discussed below. 

Figures 2 and 3 show four angular distributions 
taken at Er= 380 kev, 570 kev, 980 kev, and 1200 kev, 
respectively. The two lower energy measurements show 
an isotropic yield in the c.m. system, in agreement with 
the early measurements below 200 kev. However, at 
980 kev the angular distribution is beginning to deviate 
from isotropy, more neutrons being observed at the 
back angles. At 1200 kev the deviation is even more 
pronounced, indicating that higher angular momenta 
are beginning to contribute to the reaction. 

The observed isotropic yield of neutrons from the 
D-T reaction in the resonance region leads one to 
believe that an S-wave interaction is taking place. The 
two possible spin combinations give J=} or }, where 
J is the total angular momentum. In order that the 
total angular momentum and parity of the system be 
conserved the neutron and the He* nucleus must come 
off with a relative angular momentum of 0 or 2, assum- 
ing /-s coupling. This gives a possibility of /=} or 3 
for the emerging particles. However, if the Breit-Wigner 
nuclear dispersion theory is applied to this resonance 
it is possible to fit the experimental data very well by 
assuming the total yield is from a single state with 
J=4. A single state with J=} cannot give the high 
cross sections that are observed. If J=}, then the 
product particles must leave the scene of the reaction 
with relative angular momentum /= 2. 

The one-level nuclear dispersion formula as given by 
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Fic. 3. Angular distribution of neutrons in the c.m. system from 
D(T,n) He‘ for incident triton energies of 980 and 1200 kev. 


Wigner and Eisenbud' reduces to 


rT: 


(2J+1) 4 


c= ‘ oa 
(2S+1)(2i+1) R 4(E,+4,—£E)?+(0 +1)? 





for this case. J is the total angular momentum of the 
system; S is the spin of the incident particle; i is the 
spin of the initial nucleus; I’, and I, are the reaction 
width and scattering width, respectively, the two com- 
peting modes of break-up being He*+n and T+D. In 
general the I'’s are energy dependent and it is custom- 
ary'® to redefine them in terms of energy dependent 
and non-energy dependent factors '=2xy?P, where x 
is the wave number of the emitted particles. y’ is 
known as the “reduced width” and is assumed to be a 
constant. It is proportional to the probability that the 
T and D wave functions within the radius of interaction 
will interact. P is a penetration factor arising from the 
Coulomb barrier of the nucleus and is defined by 


P,=([F2(a)+G,(a) }°, (2) 


where F, is the regular Coulomb wave function with 
orbital angular momentum JL, G, is the irregular func- 
tion, and a is the radius of interaction. F, and G, were 
evaluated at a, making use of the Coulomb wave 
function tables provided by Breit and his collabora- 
tors.'’ The parameter a is one of the three parameters 
that have been adjusted to make the resonance formula 
fit the experimental data. 


1 E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). 

See R. F. Christy and R. Latter, Revs. Modern Phys. 20, 
185 (1948); E. P. Wigner, Am. J. Phys. 17, 99 (1949); Feshbach, 
Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947). 

Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs. 
Modern Phys. 23, 147 (1951). 
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Fic. 4. A fit of the resonance data by a one level nuclear 
dispersion formula. J=}, I',=165 kev (laboratory system), 
E,=194 kev incident triton energy, and a=7.0(10)~% cm. 


Asa result of the high Q of the reaction I’, is approxi- 
mately constant over the energy interval covered by 
the resonance. k,, the wave number for the He* and 
neutron in the c.m. system, is very insensitive to the 
incident particle energy. Similarly, the high reaction 
energy and small barrier for neutron emission leave P, 
essentially constant. P, was evaluated at the resonance 
making use of the expression for D-wave penetration 


(assuming /=2 


P,=x(94+32+2}"', x=haa. (3) 


However, I, is a rapidly varying function of the 

incident triton energy. &; is the same as the & in Eq. 

1), hence it will vary as the square root of the energy. 
P,, the penetration factor for the T and D particles, 
was calculated from Eq. (2). 

A,, the level shift, was calculated by the procedure 
outline by Thomas'* and for the case of the scattered 
component has a very material effect upon the shape 
of the calculated resonance curve. A, for the reaction 
component turns out to be negligible. E,+ A, is the 
apparent resonance energy, and has been called Ep here. 

Fitting the experimental data with Eq. (1) involved 
the adjustment of three parameters: the interaction 
radius a, the reaction width I,, and the apparent 
resonance energy Er. The fit is relatively insensitive to 
a and very sensitive to Tl’, and Er. Figure 4 shows a 
calculated curve drawn through the experimental 
points. As is usual when fitting a Breit-Wigner curve 
to an observed resonance, the data give two possible 
values for the ratio of IT, to T, at the resonance. An 
equally good fit to the data is possible with either value, 
and without additional knowledge about y/ it is not 


Thomas, Phys. Rev. 81, 148 (1951) 
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possible to choose between them. It is interesting that 
for this resonance the cross section is so nearly equal 
to the maximum permissible value (2/+1)(2S+1)— 
xX (2i+1)~'wX? that the [',/I’; ratio is close to unity. 
For this reason the two solutions do not give widely 
differing parameters as best fits. In the absence of 
additional information as to which solution is the 
correct one, a simple averaging of the two sets of 
parameters gives numbers that are still of considerable 
interest. Table II is a tabulation of the two sets of 
numbers. 

A value of 7.0(10)—" cm for a was found to give the 
best fit regardless of the other parameters. 

From the table it may be seen that the ratio of the 
reduced scattering width to reaction width is large. In 
units of h?/2Ma the ratio averages about 50. In these 
same units the dimensionless widths in the last two 
columns should not exceed 3, the sum rule limit.!* 


TaBLE II. Reaction parameters for the nuclear dispersion theory 
fit to the resonance data. 


Pn/Ve Ey yt? yn? 2 /2Mia W2/2Mna 


>1 —0.067 Mev 
<1 —0.126 Mev 


0.030 
0.034 


3.3(10)" Mev cm 1.1(10)" Mev cm 1.33 
5.0(10)-" “ 2.0 


Assuming the Q of the reaction to be 17.577 Mev, the 
position of the excited level in He® is either 17.510 or 
17.451 Mev, depending upon which solution to the 
quadratic equation for I',/I'; one takes. The uncer- 
tainty in the individual numbers is probably about as 
great as the difference between them. 

As pointed out by Thomas,”® the analysis of Allan 
and Poole’s* data made by Flowers”! is equivalent to 
the familiar resonance theory applied above. The 
concept of the complex reaction lengths introduced by 
Flowers can be reduced”? to the well-known!®-!6 form of 
the nuclear dispersion theory by suitable substitution. 
Since the peak cross section used by Flowers was about 
1 barn higher than the data reported here he was 
unable to fit the curve with the single “transition”’ 
involving J=$ and had to add a contribution from 
J=}. In the usual notation this corresponds to having 
the reaction go with channel spins of both $ and 3. 

The authors wish to acknowledge the many helpful 
discussions with Dr. R. K. Adair during the early 
phases of this work. 

19 E. P. Wigner, Am. J. Phys. 17, 99 (1949). 

20 R. G. Thomas (private communication). 

21B. H. Flowers, Atomic Energy Research Establishment, 
T/R 538, June 1950; B. H. Flowers, Proc. Roy. Soc. (London) 
204, 503 (1951) 
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The Single Elastic Scattering of Positrons by Nitrogen Nuclei 
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The nuclear scattering of positrons from Rh'® by nitrogen was investigated by the cloud chamber method. 
The number of photographs taken was about 5000, yielding 5212 positrons of energy lying between 0.53 
Mev and 0.98 Mev with a total track length of 712 meters. 

The number of cases of scattering observed was 85.0, whereas Massey’s theory predicted 8.19. The ratio 
of the experimental results, which covered the angular range 15° to 85°, to the theory was 0.96. This agree- 
ment favors the assumption of Massey that the scattering of positrons takes place on the interaction of the 


Dirac particle of positive charge with the field of the nucleus. 


INTRODUCTION 


HE single elastic scattering of the electron by the 

field of the nucleus has been the subject of 
investigation over a long period. The importance of this 
investigation lies in the fact that it gives information 
concerning the type of interaction between the electron 
and the nucleus. The first theoretical treatment was 
given by Rutherford in his cosect}@ law, derived from 
the consideration of classical mechanics. This formula 
was later modified by Darwin, taking into account the 
relativistic effect, but the theory was still found to be 
inadequate to explain the observed facts. Mott! gave a 
treatment for the scattering formula on the basis of 
the spin-relativistic effect, making use of the Dirac 
equation for the electron and assuming that only the 
Coulomb field of the nucleus interacts with the incident 
particle. On the basis of Born’s approximation, he 
derived an expression for the scattering probability as 
a series of Legendre polynomials, which is valid for 
light elements and, according to Mott, for all angles. 
Several experiments*~? have been performed with 
nitrogen nuclei for the purpose of verifying this formula 
of Mott. The results obtained are summarized in 
Table I. It can be seen from the table that in these 
experiments the agreement with the theory is reason- 
able. 

A theory on the scattering of the positron by the 
nucleus has been deduced by Massey,’ on the assump- 
tion of the interaction of the Dirac particle of positive 
charge with the field of the nucleus. The object of the 
present experiment is to investigate the large angle 
single elastic scattering of fast positrons by nitrogen 
nuclei and to compare the results with this theory of 
Massey. 


1N. F. Mott, Proc. Roy. Soc. (London) A124, 426 (1929). 
f ? F. C. Champion, Proc. Roy. Soc. (London) A153, 353 (1936). 

’ E. Stepanowa, Phys. Z. Sowjetunion 12, 550 (1937). 

‘ Borisov, Brailovsky, and Leipunsky, Compt. rend. acad. sci. 
U.R.S.S. 26, 142 (1940). 

5 E. Bleuler, Helv. Phys. Acta 15, 612 (1942). 

® Bleuler, Scherrer, and Zunti, Phys. Rev. 61, 95 (1942). 

7F. C. Champion and R. R. Roy, Proc. Phys. Soc. (London) 
LXI, 532 (1948). 

5H. H. W. Massey, Proc. Roy. Soc. (London) A181, 14 (1943). 


EXPERIMENTAL ARRANGEMENTS 


For this experiment on the scattering of positrons a 
rubber piston type cloud chamber of 24 cm in diameter 
and 4 cm in height was constructed. The illumination, 
provided by a pair of Siemens S.F.5 tubes placed at 
opposite sides of the chamber, had a depth of 0.5 cm, 
with a flash duration of 100 usec. Each tube was 
charged across a condenser of 60 uf, 2000 volts, and 
was discharged to synchronize with the expansion. A 
vertical camera fitted with Ilford H.P.3 films photo- 
graphed the tracks. The cloud chamber, completely 
automatic, had a cycle of 55 sec for the main expansions, 
between which sets of three clearing expansions were 
made. A pair of coils of internal diameter 31.0 cm, 
external diameter 51.0 cm, and height 10.0 cm, placed 
6.5 cm apart, and having 729 turns each, supplied the 
magnetic field of 33.96 gauss per ampere. For the 
present experiment the field used was 739.6 gauss. 

The positron source Rh’, which emits 45 percent 
positrons and 55 percent electrons, was kept inside a 
brass container having a hole 1 mm in diameter at one 
end and curved in such a way as to allow mostly high 
energy positrons to enter the chamber, while the elec- 
trons were bent away from it. The Rh’ was prepared 
according to the reaction Rh'(n,2n)Rh'™ by bombard- 
ing a thin foil of Rh with fast neutrons, obtained from 
the deuteron beam of the Amsterdam synchrocyclotron. 


TaBLe I. Previous experimental results on the single elastic 
scattering of electrons by nitrogen nuclei. 





Ratio 
Num- of 
Track ber experi 
length ol ment 

in deflec- to Refer 
meters tions theory ence 


0.85 * 


Energy of 
8-particle 
in Mev 


Angles 
in 
degrees 


20-180 875 201 
20-180 i183 1. 
20-180 294 47 OO. 
1. 
1. 


Author 





Champion 
Stepanowa 
Borisov et al 
Bleuler 
Bleuler et al 
Champion 
and Roy 


15-180 367 41 
15-180 515 42 


85-180 


100,000 131 ot 


* See reference 2 
> See reference 3. 
* See reference 4. 
4 See reference 5 
* See reference 6 
See reference 7 
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Theoretical and experimental single elastic scattering 
of positrons by nitrogen nuclei. 


Tasie Il 


Theoretical 
Relativistic 


Rutherford Experimental 


&& 


Massey 


77.3 59 
14.9 74 
6.0 5.3 
2.4 1.3 
1.27 1.18 
0.73 0.67 
0.49 0.45 
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The 
of the tracks were 


measurements of the angles and the curvatures 
made after the usual reprojection. 


METHOD OF CALCULATION 


If a particle moves with a velocity 8c, through a 
medium containing .V scattering nuclei per unit volume 
of atomic number Z, then the probability P(@)d6 that 
it will be scattered once through an angle lying between 
6 and @+-dé in traversing the unit length is given by 


(0)d0= N f(Z, B)F(6)2x sinddd. (1) 


Most of the scattering experiments for §-particles 
have been performed with the cloud chamber using two 
cameras to record the event of scattering in space, but 
a single camera, with its optical axis perpendicular to 
the plane of the cloud chamber, can also be used. In 
this case, the angle @ which is the projection of the 
actual angle of scattering @ on the plane of the 
chamber is to be measured. The probability distribution 
for @, P(@), has been given by O’Ceallaigh and Mac- 

Carthaigh,® and by Barker." 

According to O’Ceallaigh and MacCarthaigh the 
modification of (1) for the projected angle distribution is 


2Nf(Z, B) ou FF (9) sindd6do 
P(o)do= sec “of vf G2) 
(sec: *@— sec 24)! 


where 
de cos@ 
cosé y= ; (3) 
DAc+ (a+y)?}! 


and where the planes y= +a are the boundaries of the 
illuminated region of the cloud chamber, and \, is the 
minimum projected length of the tracks to be included 
in the measurements. 

The function F(@) can be expressed as 


4 


F(0)=>- Cy, cosec"$0, (4) 


where in general C,,=C,(8). For the particular case of 
large angle single elastic scattering of electrons (Mott), 


*C, O’Ceallaigh and M. D. MacCarthaigh, Proc. Roy. Irish 


Acad. ASO, 131 (1944) 
” F.C. Barker, J. Sci. Instr. 25, 65 (1948 
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Cy=1, C3=2ZB/137, C2=—6, and Cy= —#ZB/137. 
Similarly, for positrons (Massey), 


Cy=1, C3= —29ZB/137, C.=—6, and Ci=2ZB/137. 


The n=4 term in Eq. (4) corresponds in these cases to 
the relativistic Rutherford formula. 

Let P,,(¢) be the expression for (2), and let cosec"}0 
be substituted for F(0), so that with (4), 


4 
P(¢)=L CrP2(). (5) 
1 

The function P,,(¢)/N/(Z, 8) has been tabulated by 
Barker for different values of \./2a, which are, of 
course, independent of .V, Z, and 8. In the present 
experiment the value \,/2a=2. 

Let v(¢1, 62) be the number of collisions in a length 
of track L which gives rise to scattering in an angular 
range ¢; to ¢2; we shall have consistently ¢2—¢1= 10° 
= 7/18. Then on integrating (2) with (5), for a definite 
6 we shall have 


1 1 1 “a P, (9) 
—:———:— (9), ¢2) = Zc f- —do 
N f(Z, B) L $1 Ni(Z, 8) 


($1,962) 


P,($) 


4 T 
=> C, ( —— AA 
~ 18 \/(Z, B)/ » 


In our case 8 is not constant but lies in the range 
0.86<8<0.94, so that on averaging over 8 and after 
rearrangement, 


T 4 
LNX({(Z, B)C.(B) 
ba 1 


v(o1, $2) = 
1 
P.(9) (91,02) (8 
x{- oH ~ © 
Ni(Z, B) 


The averages with respect to 6 in (8) have been 
plotted graphically, using Barker’s tables to determine 
P,()/Nf(Z, 8). They should, of course, be taken 
subject to the probability distribution arising from the 
energy spectrum of Rh’ positrons in the energy range 
adopted; a rough estimate shows that for our energy 
range the distribution is nearly uniform. 


RESULTS AND DISCUSSION 


The number of photographs taken was about 5000, 
yielding 5212 positrons of energy 0.53 Mev to 0.98 Mev, 
and with a total track length of 712 meters. The results 
are given in Table IT. 

Column I gives the angular range and columns II 
and III show the values derived from Rutherford’s 
formula with relativistic correction, and from Massey’s 
formula for positrons. In the last column are the values 
observed in the experiment. 
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From the table it can be seen that the ratio of the 
experimental results to Rutherford’s predictions is 0.82; 
they are, rather, closer to Massey’s values, the ratio 
being 0.96 in the angular range 15° to 85°, thus con- 
firming Massey’s assumption that the scattering of 
positrons takes place on the interaction of the Dirac 
particle of positive charge with the field of the nucleus. 

The difference between the theories for the scattering 
of electrons due to Mott and of positrons due to Massey 
lies in the sign of the spin interaction terms, and 
calculations show that it is small for light elements like 
nitrogen; consequently it would not be evident in 
cloud-chamber experiments, considering the statistical 
error involved. It should, however, easily be detectable 
in heavy elements such as lead, and experiments to 
observe it are in progress in this laboratory. 
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Possibility of Obtaining Experimental Information Concerning 
the Meson-Meson Interaction* 


Keitn A. BRUECKNER AND KENNETH M. WATSON 
Physics Department, Indiana University, Bloomington, Indiana 
(Received April 18, 1952) 


The observation of correlated pairs of mesons associated with high energy stars is suggestive of a strong 
attractive interaction between pairs of r-mesons. If such an interaction exists, it should appear in a relatively 
simple manner in the production of pairs of mesons by protons or y-rays near the energetic threshold. The 
observation of a marked correlation in energy and angle between the mesons of a pair produced in a single 
event should lead to quantitative information concerning the meson-meson interaction. 


ANYSZ, Lock, and Yekutieli' have recently re- 
ported evidence for marked correlation in the 
directions and energies of emission of +-meson pairs 
produced in stars by particles of cosmic-ray origin. 
This was interpreted as possibly implying the existence 
of a neutral particle which decays into a + and a 2 
meson with a Q value of the order of 2 to 5 Mev. It 
would appear, however, that these observations could 
also be interpreted on the basis of an assumed strong, 
attractive interaction between pairs of r-mesons. 
Similar effects involving correlation in the motion 
of outgoing particles in a reaction have been observed 
in the production of + mesons in proton-proton colli- 
sions? and in the absorption of stopped x~ mesons by 
deuterons.’ In both cases it appeared possible to describe 
the phenomena‘® by treating the interaction of the 
outgoing particles separately from the mechanism of 


* Supported in part by the joint program of the ONR and AEC. 

1 Danysz, Lock, and Yekutieli, Nature 169, 364 (1952). 

? Cartwright, Richman, Whitehead, and Wilcox, Phys. Rev. 81, 
652 (1951). 

3 Aamodt, Panofsky, and Phillips, Phys. Rev. 83, 1057 (1951). 

*K. A. Brueckner, Phys. Rev. 82, 598 (1951); K. M. Watson 
and K. A. Brueckner, Phys. Rev. 83, 1 (1951). 

5K. M. Watson and R. N. Stuart, Phys. Rev. 82, 738 (1951). 


the primary event which initiated the reaction. These 
analyses indicated that such interactions can in a very 
striking manner control the relative angles of emission 
and energies of the outgoing particles—and that the 
effect may be expressed in terms of the phase shifts 
which would describe the scattering of the two corre- 
lated outgoing particles. Estimates of the effect of a 
strong attractive interaction between -mesons indicate 
that this can account for the observations of Danysz 
et al. 

Regardless of whether this is the correct interpreta- 
tion of the above phenomena,' it seems worth remarking 
that for the production of pairs of 7-mesons near the 
energetic threshold any interaction between 2-mesons 
should make itself felt relatively strongly (accelerators 
with sufficient energy to produce meson pairs by y-rays 
and by protons are expected to be available in the near 
future). The possibility of interpreting an observed 
correlation in energy and angle in terms of a meson- 
meson interaction rests upon the argument that near 
the energetic threshold the primary production process 
will involve only the lowest order spherical harmonics 
for the meson angular variables. Thus a marked correla- 
tion between the mesons (i.e., involving an anomalously 
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Fic. 1. Distribution in relative energy for a pair of mesons with 
a total available energy of 100 Mev. The curves labeled 1, 2, 3, 4 
are for scattering lengths of ©, 10.5X10-"%cm, 7.4X10™ cm, 
5.3X10-" cm, respectively; the curve (5) gives the phase space 
dependence only. The vertical scale is arbitrary. 


large number of meson pairs with only a few Mev of 
relative energy) might very well be interpretable in a 
fairly straightforward manner to give some quantitative 
information concerning the meson-meson interaction. 

The question immediately arises as to the expected 
cross section for producing pairs of m-mesons with 
accelerators in the Bev range. For the production by 
protons the theory of multiple production of Fermi® is 
perhaps as reliable as any available estimates. This 
predicts that for protons whose energy (in the labora- 
tory system) is between one and two Bev the cross 
section for the production of a pair of mesons varies 
from 10 to 50 percent of that for single meson produc- 
tion. The absolute cross section for the production of a 
pair would be of the order of that for single meson 
production by present accelerators. The cross section for 
producing a pair of mesons by a y-ray has been esti- 
mated from pseudoscalar meson theory. Near the 
energetic threshold of 322 Mev the cross section has 
the approximate form 


a(y—>at + 3) = 2(10)-9(2c?/ E) (E/pc?—2)* cm?, (1) 


where yu is the meson rest mass and E£ is the total energy 
in the center-of-mass system. For y-ray energies of 600 
Mev and 1000 Mev (in the laboratory system) one 
would estimate from Eq. (1) a ratio for the pair cross 
section to the single meson cross section of about one- 
fourth and unity, respectively. 

The estimate of the correlation to be expected for the 
relative motion of the mesons follows the treatment of 
references (4) and (5). For simplicity, let us assume that 
two m-mesons with small relative velocity interact 
primarily in the S state and that the S wave function 
describing their relative motion is 


¥s=sin(gr/h+6)/(gr/h) (2) 


outside the region of interaction. g is the relative mo- 
mentum of the mesons and r is their relative coordinate. 


* E. Fermi, Prog. Theoret. Phys. 5, 570 (1950). 


WATSON 


For low energies we write sin*d in the familiar form 


sin’s=¢'/(a?+¢?), (3) 


‘ 


where h/a is the 
meson interaction. 

Following the method of treatment given in the 
introduction to reference (5) and assuming that the 
region of space in which the mesons are produced 
has dimensions much less than the meson wavelength, 
we can expect that the transition matrix element T 
for the production of the pair of mesons is proportional 
to ws [Eq. (2) ], within the region of interaction; ice.,’ 


‘scattering length” for the meson- 


T~sin6/g. 
We assume (for simplicity) that the remaining energy 
dependence comes only from the phase space available. 
Let us consider the entire process to take place in the 
center-of-mass coordinate system and idealize our model 
by supposing that two mesons are emitted from the 
“volume of primary interaction” with a total kinetic 
energy Ep to be distributed between them. Then in non- 
relativistic approximation the fraction f of pairs having 
a kinetic energy of relative motion less than E is 
f=(4/m)(E/Ep)!. (4) 

In Eq. (4) it is assumed that EXE, and that a?/y is 
appreciably less than E. The corresponding fraction 
fo for the case with uncorrelated emission for the two 
mesons (i.€., nO meson-meson interaction) is 

fo=(16/32)(E/Ep)}, (5) 
again assuming EXE). The ratio f/fo then gives the 
extent to which the correlation of the pairs in relative 
energy (and therefore in angle) exceeds the statistical 
correlation. For instance, if we take E=4 Mev and 
E,=100 Mev, we have f=0.25 and f/fo=20. Corre- 
spondingly, a large fraction of the meson pairs produced 
in such collisions would be highly correlated in angle 
and in relative energy, in agreement with the qualitative 
observations of Danysz et al.! As E is decreased below 
the value of a?/y, the effect of the correlation for meson 
energies less than E rapidly diminishes. This is indicated 
in Fig. 1. where the spectrum of relative energy for the 
the mesons is plotted for several values of h/a=X, the 
“scattering length.” 

More singular meson-meson interactions, which 
would lead for instance to large phase shifts for one of 
the higher angular momentum states at energies of a 
few Mev, could lead to much larger correlation effects. 

The above estimates are meant to be only qualitative, 
since it is intended merely to point out that any ob- 
served correlation or lack of correlation in the emission 
of meson pairs should enable one to put some sort of 
limits on the properties of the meson-meson interaction. 
More detailed calculations can best be made after 
there is experimental information available for the 
properties of the multiple production cross sections. 

7 The authors intend to publish in the near future a formal treat- 


ment of problems of this type and of the similar problems con- 
sidered in references (4) and (5). 





PHYSICAL REVIEW 


VOLUME 87, 


NUMBER #4 AUGUST 15, 1952 


Momentum Transfer in Nuclear Excitation by High Energy Particles* 


S1-Cuanc Funct anv I. PERLMAN 
Radiation Laboratory and Department of Chemistry, University of California, Berkeley, California 
(Received April 15, 1952) 


When accelerated protons, deuterons, and alpha-particles of the order of 100-Mev energy strike thin 
aluminum foils (0.25-0.5 mil), sizable percentages of the Na™ formed are ejected by the recoil process. In the 
higher energy range the percentage of Na™ ejected from the foil decreases with increase in energy of the 
incident particle. This behavior is first shown semiquantitatively to be a consequence of constant nuclear 
excitation in contrast to compound nucleus formation. Calculations are made for the expected loss of Na™ 
assuming compound nucleus formation along with randomly distributed ejection of particles in the produc- 
tion of Na*, and the agreement is found satisfactory for 70-Mev protons and 80-Mev alpha-particles but 
not for higher energies. Calculations are also made for the case of constant nuclear excitation with the in- 
cident particle of degraded energy leaving in the forward direction, and satisfactory agreement with the 
experimental values are found here over the entire energy range studied. 





ie the measurement of cross sections for reactions 
induced by particles of energy of the order of 100 
Mev it has been the practice to employ as a monitor 
of the beam intensity an aluminum foil in which is 
produced Na™. This particular system is chosen be- 
cause the half-life of Na™ (14.9 hr) is convenient, its 
decay scheme is known, there is no conflicting radio- 
activity from other spallation products, and the ex- 
citation functions for the reactions over the energy 
interval of interest are quite flat. If thin aluminum foils 
are employed (~10- inch or less), an appreciable per- 
centage of the Na™ produced will leave the foil as a 
result of the momentum imparted by the projectile. 
In the course of measuring this quantity it was ob- 
served that the mean range of the recoils in the forward 
direction (percentage loss from the foils) goes through 
a maximum with increasing particle energy. The in- 
terpretation of this phenomenon to be advanced is 
concerned with the transition with increasing energy 
through the region of compound nucleus formation 
into that of increasing nuclear transparency. For the 
purpose of comparison, calculations are made for the 
expected loss of Na™ from the aluminum foils if the 
full particle energy is imparted to the compound 
nucleus. 


EXPERIMENTAL 


All irradiations were made with the internal beam 
of the 184-inch cyclotron and the radial position of the 
probe target was used to select the particle energy. A 
clamp arrangement held 4 to 6 thin aluminum foils 
sandwiched between 10-mil thick graphite or 5-mil 
polystyrene sheets either as a group or with the car- 
bonaceous layers interspersed. Since the internal beam 
strikes predominantly the leading edge of the foil stack, 
care was taken that the edges of the individual foils 
in the stack were flush with each other so that all were 
subject to the same beam intensity. 

After irradiations of 7-30 minutes the separate foils 

* This work was performed under the auspices of the AEC. 


+t Now at the Institute for Nuclear Studies, University of 
Chicago, Chicago, Illinois. 


were weighed, mounted, and the radioactivity followed 
after a cooling period of about 15 hours. In the alumi- 
num foils and in those carbonaceous foils which were 
situated in the forward direction of the beam the decay 
curves for the succeeding 50 or more hours showed 
almost pure 15-hour periods and the amounts of ac- 
tivity were initially >10* disintegrations per minute. 
In time the decay curves tailed into a long-lived com- 
ponent, presumably Na” in large part. In the types of 
foils mentioned there was no difficulty in comparing 
yields of Na* for recoils in the forward direction. Only 
in those graphite and polystyrene sheets on the side of 
the first aluminum foil at which the beam entered was 
the activity of Na™ so low that resolution from activities 
induced in impurities was difficult. With respect to such 


TaB_e I. Recoil losses of Na*™ in 0.25-mil aluminum 
foils irradiated with protons. 








Percent of Na™ caught on 
graphite or polystyrene 
Forward Backward 


28.0 <2.0 
28.3 <2.2 


<15 


<0.6* 
<0.4* 


Percent 
loss of 
Na* 


Proton 
energy 


60 27.8 
60 ‘26.4 


70 29.2 


80 27.3 
80 28.5 





90 25.8 
90 26.8 <2.0 
20.9 


18.2 
18.6 








* Values obtained with polystyrene catching sheet; ovhers with graphite. 
mil 


> Those values marked were obtained from experiments on 
aluminum foils by doubling the observed percent loss. 
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TABLE IT. Recoil losses of Na®™ in 0.25-mil aluminum 
foils irradiated with deuterons. 





Percent of Na™ caught on 
graphite or polystyrene 
Forward Backward 


Percent 
loss of 


Na™ 


Experi 
ment 
number 


Deuteron 
energy 


40 222 


28.0 
25.2" 


60 25.8 
60 24.0* 


34.1 
29.6" 


80 32.4 
80 34.0 


32.2 
31.0%» 


100 32.0 
100 34.6" 


28.2> 


27.0%» 


120 30.8 
120 32.4" 


140 


160 
160 


190 
190 


194 26.6 
194 24.8* 
194 25.4" 
194 25.6° 


<2.0° 





*Values obtained from experiments on 0.5-mil aluminum foils by 
doubling the observed values 

Values obtained with polystyrene catching sheet; others with graphite. 
¢ From experiments on 1.0-mil foil by quadrupling observed values, 


impurities, polystyrene presented a lower background 
than graphite. Activity from Na*™ in these foils would 
represent recoils in the backward direction. 

The general observation in comparing Na™ contents 
in a stack of foils was that the first aluminum foil was 
lower than succeeding adjacent aluminum foils and 
that the deficiency in the first foil was close in magni- 
tude to the amount caught on the graphite or poly- 
styrene adjacent to the last aluminum foil. The obvious 
explanation is that Na™ is produced in primary nuclear 
reactions and that the momentum distribution received 
by struck aluminum nuclei is strongly peaked in the 
forward direction. As would be expected, the Na” 
found on the graphite or polystyrene in the backward 
direction was small but, as will be elaborated later, 
these amounts are significant to some of the con- 
siderations. 

The comparisons of recoil loss with different pro- 
jectiles and different energies were quite straight- 
forward since the foils proved to be of uniform thick- 
ness and the activity in aluminum foils beyond the 
first were accordingly quite uniform. In one series of 
circumstances this was not the case. For alpha-particles 
in the energy range 80-160 Mev, the momentum im- 
parted was sufficient to produce some recoils of range 
greater than the thickness of a 0.25-mil aluminum foil 
to the extent that the second foil in a stack had lower 
activity than succeeding foils by 2-5 percent. In such 
cases foils beyond the second were averaged to supply 
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the norm. For the same reason the Na™ caught in 
graphite or polystyrene received contributions from an 
aluminum foil beyond the adjacent one and was there- 
fore greater than that lost by the individual foil. 


RESULTS AND DISCUSSION 


Tables I, II, and III show the data obtained for 
protons, deuterons, and alpha-particles, respectively. 
It can be seen in Table I that the percentage loss of 
Na™ from the aluminum foils decreases with increase 
in proton energy above 70 Mev and has undoubtedly 
gone through a maximum, although at the lowest en- 
ergy measured (60 Mev) the values are not much lower 


TABLE III. Recoil losses of Na™ in 0.25-mil aluminum 
foils irradiated with alpha-particles. 








Percent of Na* caught 
on graphite 
Forward Backward 


31.5 <2.1 


Percent 
loss of 
Na* 


30.7 


Alpha- 
particle 
energy 


Experi- 
ment 
number 


36 60 


37 57.8 
38 59.0 





64.8 <17 


65.2 


36.2 
36.9 


39 38.0 
40 36.0 
41 51.3 


64.6 
60.4" 


42 100 
43 100 


44 110 x 67.6 
110 d 68.5 


120 58.7 62.3 
120 5. 60.0* 
120 x 68.1 
120 58.7 66.5 


130 66.0 
130 67.4 


140 

140 52.08 
140 q 59.3 

140 56.4" 


160 50.5 59.3 
160 be. ). 


190 
190 


220 
220 


280 
280 


340 33.28 
340 29.88 
340 33.4" 
340 27.7 
340 26.7 


370 26.0% 
370 28.0" 
370 29.8 


380 24.2 








* Values obtained from 0.5-mil aluminum foils by doubling the observed 
values. 





MOMENTUM TRANSFER IN NUCLEAR EXCITATION 


than at the maximum. The existence of a maximum is 
seen more readily in the experiments with deuterons 
and alpha-particles (Tables II and III). It will also be 
noted that the maxima are progressively higher for 
deuterons and alpha-particles which might be expected 
from the higher momenta of these particles. Some of 
the data in the alpha-particle experiment (e.g., those 
at 90 Mev) are not considered reliable because of the 
probable admixture of deuterons in the beam. Because 
of the relative ease of deuterium ionization, those alpha- 
particle irradiations which followed closely the use of the 
cyclotron with deuterons probably had large numbers 
of deuterons in the beams. 

That a maximum in the range of the recoils should 
exist can be seen from a simple approximate calculation. 
It may be assumed that Na™ is produced only in those 
encounters in which a certain level of nuclear excita- 
tion E results and that the incident particle of energy 
E, is degraded to energy Ey)—E and leaves the nucleus 
without changing direction. The component of the 
forward momentum of the excited Al?’ due to mo- 
mentum conservation in this encounter will be 


| P| = (2M ,E,)'—[2M (Eo— E) }! 
= E(2M,)*/[(Eo)*+ (Eo—E)*), 


where M;=mass of incident particle. It is clear that 
| P| will decrease as Ey increases as long as E is assumed 
to be nearly constant. 

Another component of the momentum |P;| which 
the degrading nucleus (Al*’"—Na*) will absorb is the 
resultant of the emission of nucleons from the excited 
nucleus. We may assume that the direction of emission 
is random so that this component will have equal 
orientation in all directions. Since we have assumed a 
fairly definite excitation energy E for those atoms of 
Al? which will result in Na™, | P| is independent of 
incident particle energy Eo. The most favorable means 
of observing this effect is the measurement of the re- 
coils in the backward direction. Since the momentum 
in the forward direction | P| decreases with increase in 
energy, the percentage of Na™ which leaves the foil 
in the backward direction should increase. The best 
data illustrating this effect is taken from the proton 
irradiations in which it can be seen (Table I) that with 
80-Mev protons <0.5 percent of Na” is found on the 
polystyrene foil in front of the aluminum stack, 1.5 
percent for 180-Mev protons, and 2.7 percent for 340- 
Mev protons. The reason that the data taken with 
polystyrene are considered pertinent and not those 
from the graphite is that the graphite contained some 
impurity which prevented accurate resolution of the 
Na” activity. The decay of Na™ in the polystyrene 
could be followed with much greater precision. 

The preceding discussion gives qualitative plausibility 
for the phenomenon of nuclear transparency,' according 
to which the degree of nuclear excitation is not propor- 


1 R. Serber, Phys. Rev. 72, 1114 (1947). 


(1) 





— 
P, 
Fic. 1. Momentum vectors for forward and 
“random walk” components. 


tional to the projectile particle energy, and the excess 
energy is carried off by the particle largely in the for- 
ward direction. It should also be mentioned that the 
cross section for formation of Na™ does not change 
much in the proton energy interval under considera- 
tion.** The effect of nuclear transparency in diminish- 
ing the recoil energy becomes pronounced for projectile 
energies (protons) in excess of ~ 100 Mev for aluminum, 
and it is therefore in this energy region that nuclear 
reactions cannot be interpreted in terms of compound 
nucleus formation. For deuterons the decrease in re- 
coils occurs above ~ 140 Mev and for alpha-particles 
above ~ 160 Mev. 

It is, however, instructive to make some calculations 
from the data at hand on the ranges of recoil nuclei 
assuming compound nucleus formation in order to see 
how far the observed ranges depart from these calcula- 
tions and at what energy compound nucleus formation 
can be assumed. Similar calculations may also be made 
assuming a particular degree of nuclear excitation and 
some direction of emission for the incident or exchanged 
particle. 

There are two principal aspects to the calculation 
of the ultimate positions of nuclear residues formed in 
reactions of the type illustrated here by Na™ from Al?’. 
The first is the calculation of the resultant momentum 
from the initial energy transfer and the ejection of 
various particles from the excited nucleus and the 
second is the corresponding range of the Na™ which in 
turn demands consideration of the charge of atoms 
moving rapidly through matter. The validity of the 
various assumptions that must be made in these 
calculations cannot be evaluated separately from the 


*P. C. Stevenson and R. L. Folger (private communication). 
*N. M. Hintz, Phys. Rev. 83, 185 (1951). 
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TaBLe IV. Comparison of measured recoil losses with those calculated using the different models. 








(2) 


(3) 


Thickness 
of 


(4) (5) 
Energy of 
particle 
(Mev) 


60 
70 
80 
140 
180 
340 
80 
100 
120 
140 
340 


first Al foil 
(experimental) Forward 


27.1 28.2 
29.2 29.0 
27.9 25.3 
20.9 19.9 
18.4 

14.7 

29.2 

29.4 

32.7 

27.8 

15 


foils 
(mils) 


0.25 
0.25 
0.25 
0.25 
0.25 
0.25 
0.5 
0.5 
0.5 
0.5 
0.5 


Nuclear 
particles 





Proton 
Proton 
Proton 
Proton 
Proton 
Proton 
Alpha 
Alpha 
Alpha 
Alpha 
Alpha 
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(6) 


Percent loss Percent of Na* caught on 
of Na“ from srtaphite or polystyrene 
behind the Al! foils 


Backward 


I. PERLMAN 


(10) (11) 


Calculated percent loss 
of Na™ on nuclear 
transparency model* 
Forward Backward 


(7) (8) (9) 
Calculated percent loss of Na™ 
of first Al foil 


Bohr 


36.6 
43.8 
78 12.4 0.8 


* Calculations based on BKT method with 7 =1.4; nuclear excitation assumed to be 70 Mev for protons and 110 Mev for alpha-particles; incident par- 


ticle assumed to leave nucleus without direction change. 


data at hand and can only be judged by the over-all 
effectiveness in producing a picture consonant with the 
observed results. 

Obviously a number of reactions can be written for 
the formation of Na™ from Al’ by each of the projectiles 
studied. Of these ene for each bombardment has been 
selected for further consideration: 


Al’’?+ He*—(P*!) +Na™-+ 2H!'+ He!+ n 
Al’?+- H! —+(Si?8)>Na™-+-n+ 3H! (3) 
Al’?+ H? —(Si?*)—>Na™-+ H!+ He‘. (4) 

For the case of the alpha-particle bombardment the 

momentum in the forward direction | P| is simply 

| P| = Mota(1—v.7/2)4, (5) 
where as before, vq is the velocity of the incident alpha- 
particle in laboratory system, M, is its rest mass, and 
c is the velocity of light. 

The momentum component | P;| resulting from sub- 
sequent evaporation of one neutron, one alpha-particle, 
and two protons can be treated like a random walk 
problem. The momentum |P,| (oriented with equal 
probability in all directions) acquired by the Na™ due 
to particle evaporation is then 

| P,| => p2)3, (6) 
where the #,’s are the respective momenta of the evapo- 
rated particles. By assuming evaporation under con- 
stant nuclear temperature, | P,| can be approximated 
in terms of the incident particle energy (Eo), the po- 
tential barrier of the compound nucleus toward protons 
(V), and the average binding energy (B) of nucleons 
in the nucleus. The expression is 


0.97 Main 
|P,|=- —_————(M,+2M,+M.)Eo 
/ Mair+M, 


—3(M,+2M,+M,)B+4(M.—M,)V 


(2) 


The resultant momentum |R| in its relation to the 
components, the forward momentum | P|, and the 


“random walk” momentum 
From Fig. 1 it is seen that 
|R| =(P?+ P?2+2)P| | P:|cosa)!, 
| P,|sin@ 


|P|+|P,|cosd 


P; 


are shown in Fig. 1. 


(8) 


-1 


w= tan (9) 


It remains now to determine the range in aluminum 
of Na™ with momentum R and from this the fractional 
loss from a plane foil can be determined by the relation 


(10) 


1 ® 
f=—f S cosw sin6dé, 
2td'o 


where f is the fractional loss from the foil, and ¢ the 
thickness and S the range of the Na™, both in the same 
units. 

Selecting Eq. (3) as the principal reaction for the 
proton irradiation, one can obtain similar expressions 
for |P| and | P,|: 

|P|=M,V,(1—-V,*/e)4, 

Mais 

——(M,+3M ,)Eo 
Mayr+ M, 


—3(M,+3M,)B+3(M,—M,)V 


(11) 
0.98 


| P,} 
v2 


(12) 


Returning to the question of the range of the Na™ 
as a function of its energy, the principal uncertainty in 
the calculation is concerned with the charge on the 
ion as a function of its velocity. Somewhat different 
treatments are given by Brunings, Knipp, and Teller 
(BKT)‘ and by Bohr.® Calculations were made accord- 
ing to both using the atomic stopping power for alu- 
minum given by Livingston and Bethe.® 

‘J. Knipp and E. Teller, Phys. Rev. 59, 659 (1941); Brunings, 
Knipp, and Teller, Phys. Rev. 60, 657 (1941). 

5 N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
18, 8 (1940). 

*M. S. Livingston and H. A. Bethe, Revs. Modern Phys. 9, 
272 (1937). 
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In the BKT treatment adopted, a parameter y= V./V 
is introduced for determining the charge of the ion in 
which V, is the root mean square velocity of the ener- 
getically most easily removable electron in the Thomas- 
Fermi model of the ion and V is the velocity of that ion. 
In general, y is not unity and varies slowly with atomic 
number of the ion and with its velocity. In the Bohr 
treatment the condition for ionization is assumed to be 
simply the equality between the velocity of an electron 
and of the ion. 

As will be noted in Table IV, the best agreement with 
the measurements is obtained using y= 1.4 for sodium. 
For comparison, values obtained by BKT for C® and 
Ne”® were 1.3 and 1.2, respectively. The somewhat 
higher value assumed here for Na™ would signify 
greater ease in removal of an electron. A sample of 
the data used for the numerical integrations employed 
in determining the range is given in the Appendix. 

Table IV shows calculated percentage losses from 
the aluminum foils for selected energies of protons and 
alpha-particles. Columns 7 and 8 give the calculated 
values assuming compound nucleus formation (full 
energy transfer) for the BKT calculation with values 
of y=1.3 and 1.4. Column 9 is with the Bohr assump- 
tion of y= 1. With the assumption of compound nucleus 
formation, obviously the calculated percentage losses 
increase continuously with energy. For the case of 
y=1.4 the agreement with experiment is not bad for 
60- and 70-Mev protons and 80-Mev alpha-particles. 
At high energies the results from calculations and ex- 
perimental values diverge. 

Column 10 shows a few calculations assuming con- 
stant nuclear excitation rather than compound nucleus 
formation. This excitation is taken to be 70 Mev for 
protons and 110 Mev for alpha-particles, and the 
further assumption is made that the incident particle, 
after causing excitation, leaves in the forward direction. 
This introduces another particle, constantly oriented, 
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in the calculation of | P;|. Despite these severe approxi- 
mations it is seen that the calculated values are not in 
discord with the experiment but that they are uni- 
formly low. Higher values which would be in good 
agreement with the experiment could be obtained if 
the emission of the incident particle were given a pre- 
ferred direction not quite in the forward direction. It 
is also seen (compare columns 11 and 6) that the Na™ 
atoms which recoil back into the direction from which 
the incident particles come are roughly the same be- 
tween calculation and experiment. 


APPENDIX 


A sample numerical integration and the data employed are 
given in Fig. 2 and Table V. The case shown is for 70-Mev protons. 


TasBLe V. Data used for numerical integration in Fig. 2. 








(1) (2) (3) (4) (S) 
Energy of 
Na* ion Range in Al (5S) 
(Mev) (mg cm~) 


(S cosw sin@) /2 
(mg cm~) 





0 
0.86 0.038 
0.86 
0.85 
0.83 
0.80 
0.76 
0.71 
0.65 
0.59 
0.50 
0.42 
0.32 


8.90 
8.83 
8.65 
8.32 
7.62 
6.74 
5.70 
4.56 
3.45 
2.40 
1.52 
0.82 


0.203 


Substituting into Eq. (11), first of all we find the forward mo- 
mentum component 
| P| =1.97X10™™ g cm sec. 

Similarly substituting into Eq. (12) and assuming B10 Mev and 
V4 Mev, the randomly oriented momentum | P,| is 1.42 10-“ 
gcm sec”. (Actually the values adopted for B and V are not 
critical.) From these values the resultant momentum | R| can be 
calculated [Fig. 1 and Eq. (8)] for a number of values of 6. The 
corresponding energies of the Na™ ions are listed in column 2 of 
Table V. The calculated ranges (5S) of the ions are listed in column 
3 and the values of cosw in column 4. The product (S cosw sin@)/2 
of column 5 is the range of the Na*™ in the forward direction 
weighted by the number of ions at the selected angle. The integra- 
tion of this product over x radians of @ in Fig. 2 gives the average 
range in the forward direction of the Na™ ions. This value divided 
by the foil thickness gives the fraction loss from the foil. 
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In a previous paper a self-consistent model was set up for the dissociation of oxygen in the upper atmos- 
phere under the assumption of number balance and radiative energy balance and a form of the barometric 
equation. In the present paper a similar model is used, but the requirement of radiative energy balance is 
dropped and a temperature distribution is assumed. The resulting calculations indicate that for this model 
the dissociation region is much narrower than in the previous model and that it occurs at lower altitudes. 
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I. INTRODUCTION 


N a previous paper! it was shown that it was possible 
to set up a self-consistent scheme for calculating the 
oxygen dissociation ratio under the following assump- 
tions: 
1. The principal dissociation process is 


O(X Le) thy OCP) +0(D), (1) 


where hy is the energy of the quantum of radiation 
absorbed from the sunlight. 

2. The principal recombination processes are two- 
body recombination processes in which two oxygen 
atoms recombine to form an oxygen molecule, the ex- 
cess energy being in the form of radiation. An example 
of such a process is 


OP) +OCP)~O02x(0'X 6+) +hy,01X*D -)+hv, (2) 


where 8,’ denotes the recombination cross section. 

3. Dissociative equilibrium exists so that the rate of 
dissociation equals the rate of recombination at any 
altitude. 

4, The rate of energy absorbed in process (1) equals 
the rate of emission of energy in process (2). 

5. The time required to establish dissociative equi- 
librium is less than that required to establish diffusive 
equilibrium between the oxygen atoms and molecules. 

6. There is diffusive equilibrium between the nitro- 
gen and oxygen of the atmosphere. 

There are, in addition, various assumptions of a less 
fundamental and a less controversial nature. They were 
used in reference 1 and will be used again in the present 
paper. They will be brought up as needed. 

The reasons for making the above assumptions are 
discussed in detail in reference 1. With the above as- 
sumptions it was shown possible to set up a system of 
three equations from which it was possible to solve for 
the three fundamental unknowns: the temperature 7, 

* The research reported in this publication has been sponsored 
by the Geophysics Research Division of the Air Force Cambridge 
Research Center, Air Research and Development Command under 


Contract AF-19 (122) 463. 
1H. E. Mose’ and T. Y. Wu, Phys. Rev. 83, 109 (1951). 


the number density of atoms ,, and the number den- 
sity of oxygen molecules ne, all as functions of altitude 
x, provided certain boundary conditions were given. 
These boundary conditions were taken as the tempera- 
ture and temperature gradient at some altitude 2» 
within the region where dissociation takes place. The 
most striking feature of the resulting calculation was 
that the dissociation region was quite large in contrast 
to the results of previous workers who found that the 
region was quite narrow.?~7 

It was emphasized in reference 1 that the numerical] 
results must not be taken too seriously because it is not 
known how valid the assumptions 1-6 are, nor how 
accurately the cross sections a, and 8,’ that were used 
represented the experimental results. In particular, 6,’ 
had to be assumed since no theoretical or experimental 
work had been done to determine this cross section. The 
principal result of reference 1 was to show that a self- 
consistent method could be set up with the assumptions 
1-6, so that, if in the future assumptions 1-6 can be 
shown valid and better values of the cross sections are 
available, the method indicated in reference 1 can be 
used. It should be noted that the assumptions made 
were self-consistent; that is, it was not necessary to 
assume a distribution of m2, one of the quantities to be 
calculated. It was shown that the work of some of the 
previous workers was not self-consistent in this sense.® 

Of the various assumptions perhaps the most contro- 
versial is assumption 4. This assumption, that of 
radiative energy balance is perhaps not valid because 
energy processes other than (1) or (2) may occur, e.g., 
heat conduction. The object of the present work is to 
carry out a self-consistent treatment of the problem 
without making assumption 4. Having given up assump- 
tion 4, it will no longer be possible to calculate all three 

2S. K. Mitra, The Upper Atmosphere (The Royal Asiatic So- 
ciety of Bengal, Calcutta, 1948). 

+0. R. Wulf and L. S. Deming, Terr. Magn. Atmos. Elect. 41, 
299 (1936). 

*O. R. Wulf and L. S. Deming, Terr. Magn. Atmos. Elect. 43, 
283 (1938). 

*R. C. Majumdar, Indian J. Phys. 12, 75 (1938). 

*H. Rakshit, Indian J. Phys. 21, 57 (1947). 

™R. Penndorf, J. Geophys. Research 54, 7 (1949); Phys. Rev. 
77, 561 (1950). 

* See reference 1, Appendix 7. 
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quantities 7, m2, n, as functions of altitude, as was done 
in reference 1, for we shall have too few equations. 
Instead, we shall take the temperature T as given and 
calculate mz and m, as functions of the altitude under 
appropriate boundary conditions. This dropping of 
assumption 4, while having the disadvantage of com- 
pelling us to assume a value of 7, has the advantage of 
making the resulting theory applicable over a larger 
range of altitudes. This is true because assumption 4 
can be true only in regions where processes (1) and (2) 
are principal processes leading to conversion of radia- 
tion to heat, whereas the treatment of the present paper 
will be true at any altitude, provided the atmospheric 
density is sufficiently low to permit one to assume two- 
body recombinations.® 

It is to be emphasized that in this paper, as in 
reference 1, the numerical calculations should not be 
taken too seriously. The numerical calculations are 
undertaken essentially to show the nature of the solu- 
tion of the problem. 


Il. THE BASIC EQUATIONS 


We shall now write the basic equations in some 
generality and later include our assumptions. The first 
of these equations is the number balance equation, in 
which the number of dissociations per unit volume per 
second equals the number of recombinations per second. 
Let us consider the dissociation processes. It is generally 
agreed that the principal dissociation process is process 
(1), in which the oxygen molecule is dissociated from 
the norma! electronic bound state to the dissociated 
state in the Runge-Schumann continuum on the ab- 
sorption of radiation with a wavelength smaller than 
1750A. The cross section for this process has been 
studied experimentally" and theoretically.” Denot- 
ing, as above, this cross section by ¢, we have, for the 
number of dissociations per unit volume per secend at 
any altitude x, : 


n(x) f P (c/hv)o,p,(x)dv, 


where p,(x) is the radiation density per unit frequency 
available at the altitude x, 2(x) is the number density 
of oxygen molecules at the altitude x, and » is the 
threshold frequency corresponding to the wavelength 
1750A. 

Now on account of the attenuation of light by the 
oxygen molecules above the altitude x, we have 


” =p, —o,N2(x) ], 
p(x) =p,(%) expl —o,N2(x) ] @) 


N(x) = f no(x)dx, 


* See concluding paragraph of the present paper. 

19 Ladenburg, Van Voorhis, and Boyce, Phys. Rev. 40, 1018 
(1932). 

1 R. Ladenburg and C. C. Van Voorhis, Phys. Rev. 43, 315 
(1933). 

2 E. C. G. Stueckelberg, Phys. Rev. 42, 518 (1932); 44, 234 
(1933). 
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where p,() represents the radiation density available 
at the “top” of the atmosphere. Then one can write: 


No. dissociations/sec=m2(x)J(N2), (4) 
I(N2) = f (linens ) exp(—o,N2)dv. (5) 


The number of recombinations per unit volume per 
second can be written as ,*(x)B’(T), where n,(x) is 
the number density of oxygen atoms at altitude 2; 
B’(T) is the recombination coefficient, which depends 
on the specific recombination assumed; and T is the 
temperature at the altitude x. The recombination coeffi- 
cient depends upon the temperature through the aver- 
age relative velocities of the atoms which is obtained 
by using the Boltzmann distribution characterized by a 
temperature 7. Hence, the equation of number bal- 
ance is 

no(x)I(N2(x))=n,*B (T). (6) 


The barometric equation is 
aP/dx= —g(Mn,+2Mn.+Myny), 


where P is the pressure at altitude x and g is the gravi- 
tational constant, namely, 


P=(nyt+nz+ny)hkT, (7) 


where M is the mass of the oxygen atom, my is the 
number density of nitrogen molecules, and My is the 
mass of the nitrogen molecule. Hence, the barometric 
equation is 


— (d/dx)[(ny+no+nwn)kT ] 
=(Mn,+2Mnz+Mynn)g. (8) 


Equations (6) and (8) are the basic equations of our 
theory. It should be noted that these equations are 
quite general and are largely, independent of the model. 
In these equations we shall assume T ancl my as given 
functions of x. The unknown functions that we wish 
to solve for are m, and m3. 


Ill. DETAILED MODEL 


We shall work with the model in which the radiation 
from the sun is that due to a blackbody of temperature 
6000°K. This assumption specifies p,(). A more con- 
troversial assumption is that which determines ny 
as a function of the altitude x. Most of the previous 
workers assume that the ratio of nitrogen to oxygen 
nn/(n2+2n,) has a constant value, namely 4, the value 
of the ratio at the surface of the earth. This assumption 
requires that winds of sufficient frequency and strength 
occur so as to disturb diffusive equilibrium. If such 
winds occurred, they would most likely also disturb 
the distribution of oxygen atoms and molecules so that 
the problem of finding the dissociation ratio would be 
meaningless. We therefore take the opposite point of 
view, namely, that diffusive equilibrium predominates 
between oxygen and nitrogen (assumption 6). This 
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assumption means that oxygen and nitrogen are dis- 
tributed independently of each other. With this assump- 
tion we have 


(d/dx)[nykT]= —Mynyg, (9) 


and Eq. (8) becomes 
(d/dx)[(np+m2)kT ]=—[Mn,+2Mnz]g, (8a) 


and all reference to the distribution of nitrogen in the 
barometric equation (8a) disappears. 

The most controversial assumption is that which 
deals with the recombination process. Some of the 
previous workers**:? assume that recombination is a 
three-body process; that is, the energy released by the 
recombination of the two oxygen atoms is given to a 
third body when the three bodies collide. Schematically, 


0+0+M—0,+M*, (10) 


where M is the third body and the asterisk represents 
the third body in a state that is excited either internally 
or in the sense that it has greater translational energy. 

Others®* prefer to think of the recombination as 
being a two-body radiative process in which the excess 
energy is emitted in the form of radiation 


0+0-0,+ hv. (11) 


For simplicity and in order to minimize the difference 
between the model of our present paper and that of 
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Fie. 1. Dissociation probability as function of V2. 
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reference 1, we assume in the present calculation two- 
body recombinations. 

If one assumes a two-body process, it can be shown! 
that this process goes so slowly that virtually all the 
oxygen atoms in the state 'D which result in dissocia- 
tion, Eq. (1), will have had time to drop to the *P state 
by emission of the forbidden red line 


OUD)—-OCP)+Arrea, 


so that virtually all the atoms are in the *P state; hence, 
the notation , for the atomic number density. Then the 
most probable recombination process, assuming two- 
body recombinations, is one typified by the equation 


OCP)+0CP)('x,) OAL )+hy, (13) 


(12) 


and the rate of recombination is 


ne f vB,’ fr(v)d2, 


=0 


where » is the relative velocity of the two atoms, 8,’ is 
the recombination cross section of process (13), and 
fr(v) is the Boltzmann distribution in the relative 
velocity v. Unfortunately, the cross section #8,’ for 
process (13) is not known, but one can estimate it by 
assuming that within a statistical weight factor and a 
factor arising from a different threshold frequency it is 
much the same as the known cross section 8, for the 
process inverse to process (2), namely, 


OCP)+0('D)0(X*E -) +hy. (2a) 


Hence, we can evaluate 


B(r)= f vB,’ fr(v)dv 


of Eq. (6). 

As a further assumption, we take T= 7 )+a(x—2»), 
to be the temperature at the altitude x=) and a 
being the gradient of the temperature. In point of fact 
it is sufficient to take T= 7 )=const. because it turns 
out that the numerical results are independent of a if a 
is sufficiently small (a<10°/km, say). This point will 
be discussed more fully shortly. However, we shall take 
a arbitrary, since the equations are not essentially more 
complicated for this case. 


IV. THE BASIC EQUATIONS AND THE 
METHOD OF SOLUTION 
The basic equations for the calculations are the 
number balance Eq. (6) and the barometric equation 
(8a) which for T=T)+a(x—2) has the following 
form: 


d(no+n,)/dx 
=—T—{a(n2+n,)+(Mg/k)(np+2n2)}. (8b) 


I(N2) and B’(T) have been calculated and are given 
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graphically as functions of their arguments in Figs. 
1 and 2. 

To solve Eqs. (6) and (8b) it is convenient to intro- 
duce the total number density 


f(x) =no(x)+m,(x). (14) 
From Egs. (14) and (6) one obtains 

my =3{ —[1(N)/B(T)})+ (1 2)/B(T) +4/ 9%, (15) 
—1+[1+4/B(T)/I(N2)}! 
tiie 


(16) 





Ny= 


and (8b) can be written either as 


df(x)/dx= —T—{ (Mgk'+- a) f(x) +Mgk-'n2(x)} (17) 


or 
df(x)/dx= —T-{ (2Mgk-+a) f(x) —Mgk-'n,(x)}. (18) 


It is convenient to consider Eqs. (17) and (15) as the 
differential equation for f(x) when m2(x) is small and 
Eqs. (18) and (16) as the differential equation for f(x) 
when ”,(x) is small, though both sets of equations are, 
of course, the same. Of course, we use /2”n2(x)=N¢ in 
either case. 

At low altitudes where 1; is large and m, is small so 
that to a very good approximation /(x)=m2(x), Eq. (18) 
becomes the ordinary barometric equation for m2(x). 
Similarly, at high altitudes where f(x)=n,(x), Eq. (17) 
shows that »,(x) obeys the ordinary barometric equa- 
tion. 

Thus, for low altitudes m2(x) obeys the ordinary 
barometric equation, whereas for high altitudes n,(x) 
obeys the ordinary barometric equation, while in the 
intermediate region neither does, and n,(x) and m2(x) 
influence each other greatly; consequently m2(x) falls 
much more rapidly than predicted by the ordinary 
barometric equation. 

Equations (17) and (15) or, equivalently (18) and 
(16) were solved by the following scheme. One pre- 
scribes 2(%9) and takes for N2(xo) the result predicted 
by the ordinary barometric equation, just to have some 
starting value for V2(xp). 

On carrying a numerical integration of Eqs. (17) or 
(18) one gets distribution m,(x), 2(x), V(x) based on 
the choice of V2(x%o). The curve for V(x) does not ap- 
proach 0 as x. Instead, one gets a curve which 
approaches a constant Vemin. 

In order to get a better value of V2(xo) one takes the 
old value of V2(x9) and subtracts Vemin. Using the new 
value of V2(%o), one repeats the calculation. Again one 
finds a curve for V2(x) similar to the one above, except 
Nemin is much smaller (of course, one wishes it to be 0). 
One takes still a third value of N2(xo) which consists of 
the second value of N2(xo) minus the second value of 
Nemin, and the integration is repeated. Eventually, one 
gets a value of Nemin which is so small and occurs at 
such a large value of x that at the region at which disso- 
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Fic. 2. Recombination cross section as function of temperature. 
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ciation becomes important and below, the results are 
no longer sensitive to Nemin. At this point the iteration 
procedure stops. In the calculations carried out, 6 
iterations were required. 

The final result is the following: At low altitudes the 
curves for m2(x) with and without dissociation agree if 
the curves are fitted at some point xo’ (which may be 
less than xo) where there is virtually no dissociation. 

For low enough altitudes the curves for N2(x) with 
and without dissociation will also agree because the 
most important contribution to V2(x) at low altitudes 
(well below xo’) in either case comes from the value of 
n(x) within a few kilometers of x, since m2(x) in both 
cases is relatively very smal! for x at any distance from 
the altitude being considered. 

The important feature of the present work is that, 
aside from assigning a boundary value m2 at x= x9, no 
@ priori assumption is made on the distribution of 
n(x) or equivalently on the function N2(x). These 
distributions are obtained from the basic equations. 
In all of the previous work on the oxygen dissociation 
problem (except in reference 1) such a priori assump- 
tions are made, as pointed out in Appendix 7 of refer- 
ence 1. 


V. RESULTS OF NUMERICAL CALCULATIONS 


Three cases were calculated numerically. In all three 
cases m2 at x—2» was taken as 10'*/cm’. (If Oz is as- 
sumed to constitute 1/5 of the atmosphere, x» would 
correspond to 85 km.) This choice is not special, 
though it may seem so, since m2(x), p(x) depend only 
on the difference x—». The three different cases corre- 
spond to different choices of the temperature function 
T=T + a(x—xo). In the first case 7) was taken as 
195°, and a was taken as 5°/km. In the second case 
To=200°K, a=0. 

In the third case 7)>=300°K, a=0. Comparison of 
results for the first and second cases gave essentially 
the same results, indicating that small temperature 
gradients do not affect the results greatly. This conse- 
quence is due to the small size of the region in which 
dissociation is important, so that if the temperature has 
not too large a gradient, the temperature is essentially 
constant in the region. 

Since the first and second cases agree so closely, we 
have given graphs only of the second and third cases. 
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Fic. 3. Atomic and 
molecular density of 
oxygen as a function 
of altitude. 
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Figures 3 and 4 represent the results for the calcu- 
lations. 

As is seen in both cases, the dissociation takes place 
in a very narrow region of the order of a kilometer near 
the altitude at which m,=10" (hence, the choice 
n2(x9)= 10"). The effect of the higher temperature is to 
spread out the region of dissociation and raise the alti- 
tude of this region. Nz is much larger for the higher tem- 
perature, the reason being that m2(x) decreases more 
slowly with the higher temperature. 

Also indicated on the graphs are the results when the 
ordinary barometric equation without dissociation is 
used for m2, n2=M' expl—(2Mg/kT)(x—2x0') ], where 
Mo and xo’ are chosen so that they coincide with the 
value obtained for m2(x), at sufficiently low altitudes. 
It is clear that in the region of dissociation and above 
that n(x), N2(x) deviate considerably from the values 
obtained from the ordinary barometric equations. 
Hence, the use of the ordinary barometric equation by 
some workers to give values of 2(x), V2(x) is obviously 
incorrect. 


VI. OTHER DISSOCIATION MODELS 


Comparison of our present results with those of 
reference 1 show considerable differences. First of all, 
in reference 1 the region of dissociation is at the altitude 
for which m_= 10". Secondly, the dissociation is much 
broader, of the order 15 km. Thirdly, V3 is much larger 
than the value obtained using the ordinary barometric 
equation, whereas in the present case it is smaller. 
The principal reasons for these differences is that we 
have dropped the energy balance requirement, assump- 
tion 4, and perhaps more important, we have used 
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different boundary conditions. In the present paper 
we have required explicitly that N2(x)-0 as x0. 
In reference 1 we could not apply this condition 
explicitly because the theory of that paper was not 
valid at great altitudes, since the energy balance condi- 
tion could not be satisfied as such altitudes. It was neces- 
sary in the theory of reference 1 that processes occurred 
such that m2(x) did not decrease too rapidly at high 
altitudes, but the discussion of such processes was 
outside the theory.” 

The results of the present model are more satis- 
factory than those of reference 1 in that NV2(x)—0 for 
x—»% as required. However, this does not necessarily 
mean that the model of reference 1 is incorrect (al- 
though the numerical results seem untenable), since 
with more accurate cross sections the model of reference 
1 might give more similar results, and, in particular, 
lead to smaller values of V2. 

One result of the present calculations is that the dis- 
sociation regio. occurs where the atmospheric density 
is so great that it is conceivable that three-body colli- 
sions are important as a recombination process. It is 
possible within the framework of the present paper, to 
assume three-body recombinations instead of the as- 
sumption 2 for two-body recombinations. Such a 
model would require more secondary assumptions, such 
as the efficiencies of various possible third bodies and 
their distributions. A calculation, similar to the present 
one but on the assumption of three-body recombination, 
is being carried out and will be reported separately. 


13 If in the model of reference 1 one had taken as boundary con- 
ditions n(x)—+0 as x and had given a value of m2 at some alti- 
tude xo, one would have found that the temperatures calculated 
from the model would be of the order of a thousand degrees. This 
result suggests that in order to obtain more reasonable tempera- 
tures one should take into account in the energy balance equations 
ways of conserving energy other than by the radiation processes of 
(1) and (2), in particular through heat conduction. 
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The (y,am) reaction was studied in several nuclides by irradiation with photons of 50- and 87-Mev 
maximum energy from the betatron. By use of radiochemical techniques it was shown that C" is produced 
from oxygen, F'* from sodium, P® and P® from chlorine, Ga” from arsenic, As” and As’* from bromine, 
and Zr*’ from molybdenum. Except for P®, it is proposed that these nuclides are produced by the (y,an) 
reaction. The yields of these nuclides relative to N™ from the N“(y,n)N™ reaction and those of other 


nuclides observed in this study are given. 





INTRODUCTION 


TUDIES of the interaction of high energy photons 

with nuclei'? have shown that the (y,m) reaction 
is the most prominent one, and other reactions occur in 
lower yield. Evidence for reactions in which alpha- 
particles are emitted has come from several sources. 
The photodisintegration of carbon into alpha-particles 
has been reported’ from photographic plate studies. 
Other emulsion‘ and cloud-chamber' investigations 


have also reported the emission of alpha-particles. The 
Rb*’(7,@)Br® reaction has been verified radiochemi- 
cally.’ More complex reactions involving the emission 
of an alpha-particle and a neutron have been reported. 
The reactions O'*(y,an)C" and Na™(vy,an)F'* were 
postulated in order to explain some low intensity species 


found in irradiated oxygen and sodium.'* The (y,an) 
and (y,ap) reactions were also reported from emulsion 
studies.® 

This study reports on the radiochemical character- 
ization of the reactions O'"(y,an)C" and Na*(7,an)F'8, 
the yields of these reactions relative to the yield of the 
(y,2) reaction on N", and the characterization and 
yield determinations of the (y,am) and other reactions 
in chlorine, arsenic, bromine, and molybdenum. 

Samples were irradiated with photons from the 
University of Chicago betatron with maximum energies 
of 50 and 87 Mev. Intensities ranged from 100 to 300 
roentgens per minute at 1 meter at 50 Mev, and from 
500 to 900 roentgens per minute at 1 meter at 87 Mev, 
as measured by a Victoreen lead-walled r-meter. 

The relative yields reported here are calculated from 
the ratio of the saturation activity of the nuclide 

* This research was supported in part by a grant from the AEC- 

t Presented in partial fulfillment for the Ph.D. degree in the 
Department of Chemistry, University of Chicago, Chicago, 
Illinois. 

t Allied Chemical and Dye Company Predoctoral Fellow 
1951-1952. 

1G. C. Baldwin and G. S. Klaiber, Phys. Rev. 70, 259 (1946). 

2M. L. Perlman and G. Friedlander, Phys. Rev. 74, 442 (1948). 

3 Hanni, Telegdi, and Ziinti, Helv. Phys. Acta 21, 203 ( 1948). 

4C. H. Millar and A. G. W. Cameron, Phys. Rev. 78, 78 (1950). 

5R. N. H. Haslam and H. M. Skarsgard, Phys. Rev. 81, 479 
(1951). 

*R. N. H. Haslam, Peary oy of the International Conference 
on Nuclear Physics and the Physics of Fundamental Particles, 
Institute for Nuclear Studies, University of Chicago, September 
17 to 22, 1951, p. 191. 


studied to the saturation activity of N"“ from the 
reaction N'(y,n)N". The yields are corrected for 
the number of atoms of the nuclide undergoing the 
reaction and for the variation in the intensity of the 
photon beam. In practice, the yield of the reaction 
relative to O'®(y,)O'* was determined, and then the 
yield relative to N“(y,n)N® was calculated using the 
factor 2.4 for the relative yield of O to N® as deter- 
mined by Perlman and Friedlander.” 

The mass differences in the proposed nuclear reactions 
were calculated from nuclear mass values in Mattauch 
and Flammersfeld’ where given, or from a liquid drop 
model formula.* For light nuclei, mass differences 
calculated from the Wigner mass formula® are all 
consistently higher. The thresholds given are the sums 
of the mass differences and the Coulomb barriers, using 
1.5A'x10-" cm for the nuclear radius, and are the 
effective energy values for the reactions to occur in 
high yield. Results of Haslam and Skarsgard® and a 
report by Haslam indicate that these thresholds may 
be several Mev too high. 


IDENTIFICATION OF C" AND F"* BROM 
IRRADIATIONS OF OXYGEN AND 
SODIUM 


The photoproduction of C" from oxygen was proved 
by the radiochemical identification of 20.5-min C". A 
sample of boric acid was irradiated and dissolved in 
water containing 10 mg of carbonate carrier in a closed 
system. The solution was acidified and nitrogen was 
bubbled through it after first being dispersed through a 
sintered-glass disk. The CO: was passed into a saturated 
solution of Ca(OH)2, about 0.04M, in NaOH, and the 
CaCO; precipitate was filtered and counted on an 
end-window counter. The half-life of the activity found 
was 20 min and the range of the beta-particles through 
aluminum corresponded to an energy of about 1.0 Mev. 
There was also radiation attributable to annihilation 
radiation. These properties and the chemical behavior 
correspond to those of C"!. 


7J. Mattauch and A. Flammersfeld, [sotopic Report (Verlag Z. 
Naturforsch., Tiibingen, 1949). 
* Orear, Rosenfeld, and Schluter, Me gi Physics Notes (Uni- 
bs J of Chicago, Chicago, 1949), 
W. H. Barkas, Phys. Rev. 55, i i939). 
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TABLE I. Yields of nuclides from oxygen and sodium at 50 Mev. 








Vield 
relative to 
N'4(y,n)N" 

1,.9-min O% — Ol6(y,n) O18 2.48 
10.1-min N# at an } Ni 0,022 +0.009 
20.5-min Cu Qi 0.044 40.013 


Assigned 
reaction 


Nuclide 
studied 





Compound irradiated 
HsBOs 

NaBOr { 
NatB«Or- 10H20 ; p2n 
Na2B«Or (anhydrous) y,an)Cu 
Na2COa 20.5-min Cu 
Na2BsOr- 10H20 > 112-min Fi 
Na?BsO; (anhydrous) J 


Ci2(y,n)Cu 


2.3 
Na™(y,an) F'* 0.17 +-0.02 





* Values from Perlman and Friedlander (see reference 2). 


Activity measurements on oxygen-containing samples 
irradiated at 50 and 87 Mev, where no chemical sepa- 
ration was done, showed the presence of the 2-min O', 
the 20-min C", and a species of 10-min half-life, 
probably N*. 

The formation of F'* from Na*™ was studied by the 
chemical separation of the 112-min F'* from 5 g of 
irradiated NaNO3. The NaNO; was dissolved in water, 
3 mg fluoride carrier was added, and PbCIF was 
precipitated.'® (If more than 5 g of NaNO; was used, 
no PbCIF precipitate was formed.) The PbCIF precipi- 
tate was dissolved, PbCIF was reprecipitated, redis- 
solved, and a scavenging precipitation of PbS was made. 
A small amount of lead carrier was added to remove 
the excess sulfide, the resulting PbS was removed, and 
finally PbCIF was reprecipitated, weighed, and counted 
on an end-window tube. The half-life of the activity 
was 112 min, and the range of the particle radiation 
in aluminum corresponded to an energy of 0.62 Mev. 
Annihilation radiation was also present. These nuclear 
and chemical properties are consistent with those of F'8, 


YIELDS OF NUCLIDES FROM OXYGEN AND SODIUM 


A study of the yields of the nuclides produced in 
oxygen and sodium relative to the yields of O'* from 
the reaction O'(y,n)O and C" from the reaction 
C(y,n)C" was made at the betatron at a maximum 
energy of 50 Mev. Samples of Na2COs, boric acid, 
NaBO:, borax (Na2B,O;-10H,O), and Na2B,O; (an- 
hydrous) were irradiated. The chemical composition of 
the boron compounds was determined by titration. 
After irradiation, the samples were spread on Scotch 
tape which was held on a thin copper foil. The copper 
foil was put into a brass cylinder which was thick 
relative to the range of the beta-particles and the 
sample was then put around a thin-walled cylindrical 
Geiger-Miiller counter for activity determination. The 
counter wall was made from gold-plated plastic sheet 
covered with rubber hydrochloride which was wrapped 
over a brass frame." Q-gas was flowed through the 
counter at atmospheric pressure. The thickness of the 


1 W. W. Scott, Standard Methods of Chemical Analysis (D 
Van Nostrand Company, Inc., New York, 1939), fifth edition, 
». 405. 

Pa This counter was developed by Professor W. F. Libby and 
Mr. T. Sugihara, Mr. R. L. Wolfgang, and Mr. R. L. Schuch. 
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counter wall was about 3.5 mg/cm? and the sample 
thickness was about 4 mg/cm’. 

The nuclides studied for yield measurements were 
C"*, N®, O'%, and F'8, Monitors of appropriate half-life 
for each activity were used in order to intercompare 
runs. The results are given in Table I. The relative 
yield of F'* to N" was measured by first determining 
the relative yield in NazCO; of F'* to C" from the 
reaction C"(y,n)C", and then using Perlman and 
Friedlander’s? value 2.3 for the relative yield of the 
reaction C"(y,n)C" to N"(y,n)N%. The “assigned 
reaction” column in Table I gives the reaction proposed 
for the production of the nuclide in question. (See 
comments at end of this section and in Discussion 
section.) 

The large errors in the yield values for the nuclides 
from oxygen are due mainly to difficulties in analyzing 
the decay curves for the 10- and 20-min activities 
because of the similarity in half-lives and poor counting 
statistics. There was also a systematic difference in the 
yields of O and C' from boric acid and the sodium 
borate compounds, the boric acid having yields of O' 
and C" about one-half those of the sodium borate 
compounds. Since the relative yield of C" from oxygen 
to N(y,n)N® is determined by first measuring the 
relative yield to O', little error is introduced for this 
reason. On the other hand, the yield of N“ from oxygen 
did not vary systematically with different compounds, 
and the yield given in Table I for this nuclide is that 
found for the sodium borate compounds. Earlier work” 
on the bombardment of boric anhydride with protons 
of less than 1-Mev energy showed a loss of radioactive 
carbon from the target material similar to that observed 
in these experiments with boric acid. 

The thresholds calculated for possible reactions of O" 
leading to C" are as follows: 


O'*(y,an)C", 32 Mev; 
Bt 
O'*(-,H®2n)N" — C4, 43 Mev; 
2pt 
O'(y,5n)O" — C", 98 Mev. 


Since the production of C" was observed at 50-Mev 
maximum energy, the most likely reaction for its 
production is O'*(y,an)C". 

Thresholds calculated for the production of N" from 
O"* by-various reactions are as follows: 


O'*(y,H*)N", 28 Mev; 
O'*(y,p2n)N®, 38 Mev; 


+ 


B 
O!*(y,32)O% — N®, 46 Mev. 


From these values it would appear that the production 


” H.R. Crane and C. C. Lauritsen, Phys. Rev. 45, 497 (1934). 
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TaBLe II. Data on activities studied in phaten reactions. 














Reacting 
nuc lide 


Nuclide studied 

~ cura Mea) Oe 
v: sea on 20.5-min C¥ 
Na;B,Or- 10H,O 

NazB,O; (anhydrous) } 


10.1-min N¥ 


Na,CO; ] 
Na2B,O7- 10H,O ? 
Na2B,O, (anhydrous) } 


112-min F* 


Lidl 2.55-min P® 


14.1-day P® 


25-day P* 

Na,HAsQ,-7H,0 20-min Ga’? 
14.3-hr Ga® 
5-hr Ga® 


52-min Zn® 
2.2-min Zn™ 


17.5-day As" 


26.8-hr As”¢ 


40-hr As” 


90-min As”® 


12-hr Ge” 
2.1-hr Ge” 


1.5-hr Zr*? 


Yield at 50 Mev 
relative to 
_NMG, n)N® 


Calculated threshold 
(including Coulom 


Reaction barrier) Mev 


{O'(-y,0n)C# 2, 2p 
O'(,H?2n) No 43} 
\O'(y, 5n)O" 


0.044+0.013 


(O'*(y, H®) N® 
O'(-y,p2n)N® 
O'*(y,3n)O" 


0.022+0.009 


Va"(-y,an) F's 
Na*™(-y,H®2n) Ne! 
Na*™(+7,5n)Na'® 


R 0.1740.02 
CH5(-y,an) P® 

CF"(y,a3n) P® 

Cl#5(-y,H?2n)S” 


CE*(y,5n) Cl 


Cl"(y,an)P® 
CP*(-y, He?) P® 
CP*(y,2pn)P® 


CE"(y,a) 
Cy, yp 


As’5(-y,an)Ga™ 


{As"5(y,He*)Ga™ 
\As?5(-y,2pn)Ga™ 
As?*(-+7,2p)Ga™ 

As"*(-y,apn)Zn® 
As"(, He*p)Zn™ 

Br™*(-y,an) As" 
Br®'(y,a3n)As™ 


Br?*(-y,He*) As”* 


Br®(y,an)As”* 
Br7*(-y,2pm) As”® 


Br®(-y,a)As” 
Br7(7,2p)As” 


{Pran”? ,He*) As”8 
Br®(+,2pn) As™® 


Br*"(-y,He*p)Ge" 
Br*(7,3p)Ge"™ 
Mo"(+,an)Zr*? 
Mo*(+,H#2n) Nb” 
Mo*(+,5") Mo®? 
(Mo™(y,a3n)Zr™ 











* Yield at 87 Mev relative to N"*(y,n)N™ at 87 Mev for production from Cl" only. 


» Yield calculated for production from Cl’ onl 


¢ Yield calculated for production from C!** and cpr assuming combined yield of (y,He*) and (7.2m) reactions 
4 Yield calculated for production from C5 and Cl? assuming yield of (7,2) reaction on Cl*§ equal to yield of 


* Yield calculated for production from Br’* only. 
Yield calculated for production from Br* only. 


that of (y.am) reaction. 
y,a) reaction on CH, 


« Yield calculated for production from Br’ and Br* assuming yield of Br?%(-y,He*) As” reaction is equa! to that of Br®(y,He*)As’* reaction, or 0.014. 


» Yield calculated for production from Mo® only. 


of N®™ from O'* at 50 Mev could occur by either the 
O'*(-y,H*)N" reaction or the (y,p2m) reaction. 

The production of F'* from Na®™ by the following 
reactions have thresholds as listed: 


Na”(y,an)F'8, 27 Mev; 


Br 
Na™(y,H*2n)Ne!’ — F', 41 Mev; 
+ 


B 
Na™(v,52)Na'® — F'8, 80 Mev. 


From these data it would appear that the major 
production of F'* from Na®™ at 50 Mev is due to the 
Na™(y,an)F'® reaction. These data on the yields of 
the reactions in O'* and Na™ and the thresholds for 
the other possible reactions are listed in Table II. 


YIELDS OF NUCLIDES FROM CHLORINE, ARSENIC, 
BROMINE, AND MOLYBDENUM 


Chlorine, in the form of LiCl, was irradiated with 
50-Mev photons, and phosphorus was separated first as 
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ammonium phosphomolybdate and finally as mag- 
nesium ammonium phosphate. Appropriate holdback 
carriers were added to remove any possible impurities. 
The samples, counted on an end-window counter, 
showed a half-life of about 18 days, a mixture of 14.1- 
day P® and 25-day P*.4'5 When an absorber was used 
to eliminate the weak beta-particles of P*, the half-life 
observed was 14.1 days. An absorption curve in alumi- 
num gave a beta-range corresponding to the maximum 
energy of the beta-rays of P® of 1.7 Mev. No gamma- 
rays were observed. There was also a weak beta- 
component of about 0.25 Mev from P*. An activity 
with a 2.5-min half-life, probably 2.55-min P**, was 
found by doing one rapid ammonium phosphomolyb- 
date precipitation. 

The yields at 50 Mev of P® and P*, and of P* at 
87 Mev, relative to N'(y,n)N® are given in Table ITI. 
These relative yields, and those of the nuclides reported 
later in this paper, were obtained using an end-window 
counter rather than the cylindrical counter used for 
the yield determinations in oxygen and sodium. The 
O'§ activity from the reaction O'%(y,2)O' in thick 
samples of NaNO, was used for activity comparison, 
after corrections were made for the sample thickness 
using the data for self-absorption from Perlman and 
Friedlander.2 The calculated thresholds and yields of 
the various nuclides are given in Table IT. 

Arsenic was studied by irradiating Na2HAsO,-7H,0 
with 50-Mev photons and analyzing for the desired 
nuclides. Radioactive gallium was separated from HCl 
solution by extracting into ether with 5 mg of gallium 
carrier. The gallium was then re-extracted into water, 
precipitated as gallium oxyquinolate and counted on an 
end-window counter. Analysis of the decay curves 
showed activities of 20-min, 5-hr, and 14-hr half-life. 
The chemical identification of the activities as those of 
gallium and the half-life characteristics correspond to 
those of 20-min Ga”, 5-hr Ga”, and 14.3-hr Ga”, 
respectively. The yields of these nuclides and the 
thresholds for possible reactions for their formation 
are given in Table II. 

Zinc was also separated from an irradiated sample of 
NasHAsO,:7H,O by a rapid precipitation of zinc 
mercuric thiocyanate. No activity of 52-min Zn® or 
2.2-min Zn™ was observed. Limiting yields of these 
nuclides are given in Table IT. 

Bromine in the form of NH,Br was irradiated with 
50-Mev photons. The NH,Br was dissolved in water in 
the presence of 10 mg of arsenic and germanium carriers, 
and As,S; and GeS,: were precipitated with H,S. 
Arsenic and germanium were then separated from each 
other by distillation of the chlorides. As2S; was precipi- 
tated and counted on an end-window counter. An 


8 W. F. Hildebrand and G. E. F. Lundell, Applied Inorganic 
Analysis (John Wiley and Sons, Inc., New York, 1929), pp. 38, 
581 


M Sheline, Holtzman, and Fan, Phys. Rev. 83, 919 (1951). 
18 Jensen, Nichols, Clement, and Pohm, Phys. Rev. 85, 112 


(1952). 
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activity of 17.5-day half-life was observed. The radia- 
tions emitted consisted of particles with ranges in 
aluminum corresponding to energies of about 0.8 and 
1.4 Mev, and some y- or annihilation radiation. These 
chemical and nuclear properties correspond to those of 
17.5-day As”. Also found in the arsenic sample were 
activities of 36-hr and 90-min half-life. The 36-hr 
activity was assumed to be a mixture of the 26.8-hr As’® 
and 40-hr As’’, and the 90-min activity was probably 
90-min As’*, 

The yields of As“, As’*, As’, and As’ are reported 
in Table II. In the calculation of the yield of As” it 
was assumed that 35 percent'® of the disintegrations 
are electron capture processes. Thresholds for proposed 
nuclear reactions and the yields of the arsenic nuclides 
are given in Table IT. 

Germanium was precipitated as GeS, from the vola- 
tilized chloride and counted. No activity of 2.1-hr Ge78 
and 12-hr Ge” was observed. Limiting yields for these 
nuclides were calculated and are given in Table IT. 

Molybdenum was irradiated as MoO; which was then 
dissolved in ammonium hydroxide. The solution was 
acidified, zirconium carried was added, a LaF; scaveng- 
ing precipation was made, and BaZrF was precipitated, 
dissolved, and reprecipitated several times. Finally, 
zirconium cupferrate was precipitated, ignited, and 
counted. Half-lives of 1.5 hr and 67 hr were apparent. 
The 1.5-hr half-life can be assigned to 1.5-hr Zr*’, and 
the 67-hr half-life is probably due to contamination of 
Mo” from the reaction Mo!(y,n)Mo*. The relative 
yield of Zr*’ and possible reactions for its formation 
are given in Table IT. 

The errors in the yield values given in Table II are 
difficult to estimate except in the cases of C", N™, and 
F'® where numerous experiments were performed. In 
other cases, the main effort was directed toward the 
chemica! identification of the nuclides produced, and 
less attention was given to the accuracy of the yield 
values. In these cases, it is estimated that the error 
may be as large as a factor of 2. 


DISCUSSION 


The assignment of the reaction responsible for the 
production of the observed nuclide can be made in 
many cases from energy or yield considerations. In 
these cases, the yield of the nuclide as given in Table II 
can then be considered as the yield of the reaction. 
Those nuclides which can be produced by the (y,am) 
reaction originate, in the main, in this reaction at 50 
Mev. In some cases, the apparent yield of the reaction 
will be higher than that for the (y,am) reaction if the 
observed radioactive nuclide can be produced from 
more than one reacting nuclide (see P® below). A 
summary of yield values of photon reactions from this 
study and elsewhere is given in Table III. A discussion 

*L. G. Elliott, as reported by Way, Fano, Scott, and Thew, 
ise Data, National Bureau of Standards Circular No. 499 
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of the reaction assignments for the observed nuclides 
of Table II follows: 


C"; An examination of the threshold values for the 
(y,an), (y,H*2n), and (y,5m) reactions from Table II 
indicates that C" is formed from oxygen by the 
O'*(-y,an)C™ reaction. 

N: Both the O'*(y,H®)N¥ and O'*(,p2n)N™ reac- 
tions are energetically possible, as seen in Table IT. 

F'8; Threshold values of the reactions in Table II 
suggest the formation of F'*® by the reaction 
Na”™(y,an)F'8, 

P*°; Since the only yield value for P®* from chlorine 
given in Table II is that at 87 Mev, energy considera- 
tions alone make it difficult to assign the most probable 
reaction. On the other hand, the relative yield value is 
in the range of the (y,am) yields, making it likely that 
the Cl**(y,an)P* reaction is the one responsible for the 
formation of P*, 

P® : Energy considerations allow for the Cl""(y,an)P® 
reaction and the Cl**(y,He*)P®, or its equivalent 
Cl5(y,2pn)P®, reaction for the production of P®. 
Although the yield of the (y,He*) reaction in this mass 
range has not been determined, a comparison of the 
(y,an) reaction with the (y,He*) reaction on Br® shows 
that the latter is about 4 as prominent at mass 81. 
In As’* this ratio is about 1/20. If one assumes that 
the contribution of the (y,He*) reaction at mass 35 is 
} that of the (7,an) reaction, then the yield of P® from 
the Cl**(y,He*) reaction would equal that from the 
Cl*"(y,an) reaction because of the relatively greater 
abundance of Cl’. 

P*: The production of P* is possible energetically 
by the reactions Cl*’(y,a)P® and Cl**(y,2p)P*. The 
very meagre yield data on (7,a) and (7,2) reactions 
make it difficult to decide on the more prominent 
reaction. An examination of the data of Table III 
indicates that in this mass range the (y,2p) reaction 
and (y,a) reaction may have roughly equal yields. 
If this assumption is made, then the yield of P® from 
the Cl*"(y,a) reaction is $4 that from the Cl**(y,2p) 
reaction. 

Ga”: The only reaction possible for the production 
of Ga” is the As’5(y,an)Ga” reaction. As’® is the only 
stable isotope of arsenic, and Ga” is shielded from 6+ 
decay of As” by the stable nuclide Ge”. 

Ga”: Both the (y,He*) and (7,2pm) reactions on As’® 
are energetically possible for the production of Ga”. 

Ga”: The only possible reaction for the production 
of Ga™ from As’> is the As’*(y,2p) reaction. This 
reaction is the only (y,2p) reaction unambiguously 
assigned in this work. 

Zn® and Zn”: The activity observed in the isolated 
zinc fraction was very small. Only limiting values for 
the yields of the As’5(y,apn)Zn® and As’5(y,He*p)Zn™ 
reactions could be calculated. 

As; The reaction for the production of this nuclide 
from bromine is the Br7%(y,an)As™ reaction. The 
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contribution of the Br*'(7,a3n)As” reaction is neglected 
because of the high threshold. 

As’*: Both the Br®(y,an)As’* and Br?*(7,He*)As”® 
reactions are energetically possible. If one assumes the 
yield of the (7,He*) reaction in Br’* and Br* to be 
equal and the yield of the (y,He*) reaction to be $ that 
of the (y,am) reaction, then the yield of As’* from the 
(y,He*) reaction will be about 30 percent that from the 
(y,am) reaction. 

As’’: An examination of the yield data on (y,a) and 
(v,2p) reactions of Table III indicates that the (y,a) 
reaction is several-fold more prominent than the 
(7,2p) reaction in this mass region. The major produc- 
tion of As”? is, therefore, thought to be due to the 
Br*(y,a)As”’ reaction. 

As’*: The photoproduction of As’* from bromine can 
be ascribed to two possible reactions, Br®!(y,He*) and 
Br*(-y,2pn). The high threshold of the Br®(y,2pn)As” 
reaction makes this reaction improbable relative to the 
Br®(7,He*)As”® reaction. 

Ge”? and Ge’*: No activity of 12-hr Ge” or 2.1-hr 
Ge7® was observed in the germanium fraction from 
irradiated bromine. The low limiting values calculated 
for the yields of the (y,He*p) and (7,39) reactions on 
Br* are consistent with the high thresholds. 

Zr*’: The high thresholds of reactions other than the 
Mo*(,an)Zr*’ reaction make it improbable that they 
contribute much to the yield. 


The data of Table III include the relative yields of 
the reactions just discussed, and those of (7,»), (v,p), 
(v,2n), (v,pm), (v,2p), (7.2m), and (y,a) reactions 
studied by Perlman and Friedlander,’ Perlman," Diven 
and Almy,'® Johns and co-workers,’® Haslam and 
Skarsgard,* Katz and Penfold,”* Strauch,” Haslam and 
co-workers,” Katz and co-workers,” Stephens and 
co-workers,“ Marshall,?* Halpern and Mann,” Sheline, 
Holtzman, and Fan," and Haslam.* The yields reported 
are given as mentioned earlier, namely, the ratio of 
the saturation activity of the nuclide observed to that 
of N® from the N“(y,”)N™ reaction. In those cases 
where cross-sectional data were given, the yields were 
calculated by comparing the integrated cross section 
for the production of the nuclide in question with that 
of the Cu™(y,n)Cu® reaction and correcting for the 
energy dependence of the photon intensity. The relative 
yield of the Cu“(y,n)Cu® reaction to the N“(y,n)N® 
reaction was taken to be 35.00.? 

As noted by Perlman and Friedlander,? the yield of 

17M. L. Perlman, Phys. Rev. 75, 988 (1949). 

8B. C. Diven and G. M. Almy, Phys. Rev. 80, 407 (1950). 

1 Johns, Katz, Douglas, and Haslam, Phys. Rev. 80, 1062 
ae Katz and A. S. Penfold, Phys. Rev. 81, 815 (1951). 
™ K. Strauch, Phys. Rev. 81, 973 (1951). 
® Haslam, Johns, and Horsley, Phys. Rev. 82, 270 (1951). 
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ras.e IIL. Summary of yields of photon reactions at 50 Mev. Numbers in boldface type, results of this paper; 
lightface type, data of Perlman and Friedlander (see reference 2) except where noted. 
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. Data of Strauch (see reference 21) calculated from relative cross sections obtained with 200- and 322-Mev photons. Yield of Cu®(y,n)Cu® set equal 
to 35.( 
b Dats 2 of Haslam and co-workers (see reference 22) from photon patties up to 3 aa: Yields calculated from cross sections using value of integrated 
cross section for Cu®(y,")Cu® of 0.63 Mev barn. Relative yield of Cu® set equal to 3 

¢ Data of Marshall (see reference 25) at 50-Mev photon energy. Y ield calculated Paap cross section, using cross section for Cu®(y,n)Cu® of 0.77 Mev 
barn. Relative yield of Cu® set equal to 35.00. 

4 Data of Halpern and Mann (see reference 26) up to 24-Mev photon energy. Yield calculated as in b. 

* Irradiations at 100 Mev. 

f Data of Stephens and co-workers (see reference 24), up to 25-Mev photon energy. Yield calculated as in b. 

* Data of Katz and Penfold (see reference 20), up to 28-Mev photon energy. Yield calculated as in b. 

+ Data of Sheline, Holtzman, and Fan (see reference 14) at 50 Mev. Yield obtained by assuming (y,.p) yield equal to 6.0, and using measured ratio 
of 0.79 for P® to P® from sulfur. 

i See comments in footnotes to Table II. 

} Data of Perlman (see reference 17). 

* Data of Katz and co-workers (see reference 23), up to 24-Mev photon energy. Yield calculated as in b. 

! Data of Halpern and Mann (see reference 26) by measurement of protons emitted from Ni’* and Ni®. 

™ Data of Perlman and Friedlander (see reference 2) neglecting contribution of Cu®(y,a)Co®. 

® Data of Johns ef al. (see reference 19), up to 25-Mev photon energy. Yield calculated from relative cross sections. Yield of Cu®(y,n)Cu® set equal 
to 35.00 

» Calculated from data of Perlman and Friedlander (see reference 2) assuming total yield of Co® originating in a a)Co® 

4 Data of Haslam (see reference 6), =p to 26-Mev photon energy. Cross section estimated and yield — as in 

t Data of Strauch (see reference 21). Effective activation energy 57 Mev. Little yield expected at 50 } 

* Data of Haslam and Skarsgard (see reference 5), up to 28 Mev photon energy. Yield calculated as in 

* Data of Diven and Almy (see reference 18), up to 22-Mev photon energy. Yield calculated as in 

* Nolte added in proof.— Dr. G. Friedlander has kindly called to our a? new measurements on the electron capture to 8* ratios of Ni? (Friedlander, 
Perlman, Alburger, and Sunyar, Phys. Rev. 80, 30 (1950)) and [27 (M. L. Perlman and G., Friedlander, Phys. Rev. 82, 449 (1951)). The numbers in Table 
III are based on these new measurements. 


the (v,7) reaction shows an increase with increasing somewhat abruptly in the mass regions 60 and 140. 
atomic number, although from their data and those of The yields of the other reactions of columns 3 to 10 do 
Perlman’ it would appear that this increase occurs not show this general increase with atomic number. In 
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fact, it would appear that the yields of the (y,p) and 
(y,pm) reactions are fairly constant over the range 
where the (y,) yield increases appreciably. In these 
cases, it would appear that the increased Coulomb 
barrier causes a reduction in the yield just compensating 
the increased absorption cross section evidenced by 
the (y,n) yields. The (y,an) yields are also fairly 
constant in the mass range 23 to 92. The ratio of the 
(y,an) to the (y,m) yield for the same reacting nuclide 
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VOLUME 87, 


(y,an) REACTIONS 639 
given in the last column of Table III, shows a sharp 
decline at higher masses despite the fact that the 
calculated thresholds (see Table II) do not vary 
appreciably with increasing mass. 

It is a pleasure to acknowledge the assistance given 
the authors in this work by Mr. Robert Peters, who 
did the chemical identification of C" from oxygen, and 
Mr. C. R. McKinney and members of the Betatron 
Group. 
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A theoretical investigation of the absorption of x~ mesons by He* has been carried out in the impulse 
approximation, using the operators of the weak coupling theory. A similar calculation of x~ absorption in 
hydrogen and deuterium when compared with experiment fixes the constants in the theory. Consequently 
the branching ratios between the 6 competing absorption processes in He* can be predicted unambiguously. 
Comparison of these ratios and of the calculated y-ray spectrum with experiment should provide a good 


test of the theory. 


I. INTRODUCTION 


XPERIMENTAL results'* on the m-meson re- 
actions with hydrogen and deuterium and their 
theoretical interpretation’ have greatly extended our 
knowledge concerning m-mesons. It is now well estab- 
lished, in particular, that the charged +-meson possesses 
spin 0 and odd parity. We investigate theoretically in 
this paper the slow #~ meson reactions in He* in an 
attempt to determine how much more can be learned 
about the meson-nucleon interaction and about the 
He’ and H? nuclei. The method followed throughout is 
that of Tamor,‘ based on a “weak coupling” treatment 
of the meson-nucleon interaction and on a phenomeno- 
logical description of the nuclear forces. The defects of 
the “weak coupling” approximation are well known; 
in many instances, however, it leads to results in reason- 
able agreement with experiment. For example, Tamor 
obtained a ratio 2.1 between the nonradiative and the 
y-absorption of slow #~ by deuterium on the basis of 
the PS(PV) theory, in good agreement with the ex- 
perimental result 2.40.4. Therefore, the possibility 
exists that such “weak coupling” treatments are ade- 
quate to describe processes involving real mesons of 
moderate energy, in particular to describe the absorp- 
tion processes of negative m-mesons by nuclei. More- 
over, the treatment presented here may be viewed as 
1 Panofsky, Aamodt, Hadley, and Phillips, Phys. Rev. 80, 94 
(1950); Aamodt, Hadley, and Panofsky, Phys. Rev. 80, 282 
i 7 Richman, Whitehead, and Wilcox, Phys. Rev. 
81, 652 (1951); Clark, Roberts, and Wilson, Phys. Rev. 83, 649 
(1951) ; Durbin, Loar, and Steinberger, Phys. Rev. 83, 646 (1951). 
*R. E. Marshak, Revs. Modern Phys. 23, 137 (1951). 
4S. Tamor, Phys. Rev. 82, 598 (1951). 


an entirely phenomenological approach and many of 
the results would hold even if the “weak coupling” 
approximation were to break down completely; this 
point will be elaborated later on. 

Three types of reactions involving slow mesons may 
take place in He’: 


(a) the pure absorption x-+He*—2n+ p (p) 
x-+He—n+d (d) 
w-+He2n+p+y (py) 
x +He*—n+d+y (dy) 
x +He*>H'*++¥ (ty) 
x +He’—H?+7". (ix) 


It can be shown that the absorption processes take 
place chiefly from the K shell, or at least from an s 
state of the mesic atom. Although the absorption from 
p states is more favored than in the deuterium and 
hydrogen cases, it is still quite negligible.® 

It is easy to see how the absorption in He* compares 
with the reactions in hydrogen and deuterium. Re- 
actions (ty) and (tr®) are obviously the analogs of the 
hydrogen reactions: 

a+ p—n+y 
x +p-n+r’. 

‘The absorption rate from a p state goes as Z* whereas the 
radiative transition rate from the p to s state goes as Z*. Further- 
more, the absorption is favored in He* since the He’ nucleus con- 
tains a greater proportion of large momenta than the deuteron. 
But, contrary to the deuterium case, the operator [o-w¢(0) ] 
does not contribute to the absorption (same selection rule as 
references 8 and 16) so that the only contribution will come from 
the small recoil term (u4/M)(@- P)[r-wo(0)] ((e) meson wave 
function in the p state considered; ¢, P, r spin, momentum, and 
position of the absorbing nucleus). 


(b) the y-absorption 


(c) the r°-absorption 
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The energy released is 0.8 Mev larger in the He? case, 
leading to a larger available phase space for the out- 
going quantum and to an increase in the transition 
rate, an effect which is more significant for the x° 
emission. On the other hand, since the proton, which 
absorbs the x~ meson, is smeared around the center of 
the He’ nucleus rather than concentrated at one point, 
the transition rates in He’ are decreased by the presence 
of a form factor, an effect which is the more significant 
for the process involving the larger momentum transfer, 
namely, the y-emission. Therefore, one expects the 
branching ratio (w:s*/w:y) to be larger than the corre- 
sponding ratio in hydrogen. 

The pure absorption is very sensitive to the relative 
amount of high nucleon momenta in the He? nucleus. 
Since the He’ nucleus contains a larger amount of high 
momenta than the deuteron, we expect the nonradiative 
absorption to be more dominant in the former case 
than in the latter case. The question then arises whether 
the pure absorption in He’ has such a large probability 
that the other processes could not even be detected 
experimentally. Fortunately, the answer turns out to 
be in the negative. 

Our calculations will confirm the above qualitative 
statements. Only the PS(PV) theory will be considered ; 
the PS(PS) theory is not discussed because, as Brueck- 
ner® has pointed out, a phenomenological treatment of 


nuclear forces is not possible in the calculation of the 
nonradiative process. 
Formally, each reaction is described by a matrix 


element 


M=(Wr|O| Vo), (1) 


where Vy and Wp are the final and initial nuclear states. 
O is an operator depending on the type of reaction 
considered ; it has the form 


O=> Os_s, (2) 


where t_‘ transforms the ith nucleon from proton to 
neutron and O°” is an operator acting on the dynamical 
variables of the ith nucleon only. Since the nucleons 
are treated nonrelativistically, it is necessary to find 
the nonrelativistic approximation to the operator O. 
The derivation of the specific form of O is quite similar 
to Tamor’s and will not be elaborated here. In the 
case of pure absorption, one gets 
OM =Cy(o'-p'), (3) 
where o@‘ and p*‘ are the spin and momentum operators 
of the ith nucleon and where C> is related to the meson- 
nucleon coupling constant f, the meson rest mass y, 
and the value g(0) of the meson wave function at the 
origin by 
Co=if(2x/u)*p(0). (4) 


(We use throughout the units s=>c=nuclear mass=1, 
unless otherwise stated.) 


* K. K. Brueckner, Phys. Rev. 82, 598 (1951). 
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The 7° absorption is treated as a second-order process 
where it is assumed that only one nucleon is involved 
in this charge-exchange reaction and that all binding 
effects can be neglected during the time of reaction 
(“impulse approximation”). This leads to 


0, =i(Co/2)(fv+fr)(24/uo)*A(qo), (5) 


where fy and fp are the coupling constants of the 7° 
to the neutron and the proton, respectively, uo and qo 
the rest mass and momentum of the 7°, and A,(qo) an 
operator determining the momentum transfer (— qo) to 
the ith nucleon. 

The y-absorption is also treated in the impulse 
approximation. Up to order (v/c), the only significant 
contribution comes from the triple interaction imposed 
by the gradient coupling in the x meson-nucleon inter- 
action. If the photon emitted possesses momentum k, 
and polarization e, one gets 


0, = —iCoe(24/ku*)'(o'- 2) A (ky). 
II. THE GROUND STATE OF He’ AND H® 


The subsequent calculations imply the knowledge of 
the wave function of He’ and, in some cases, of H*. If 
one assumes the nuclear forces to be charge independent, 
the ground state wave functions of these two mirror 
nuclei ought to be identical (the Coulomb effect in 
He’ is, at any rate, a small perturbation). Furthermore, 
since both nuclei possess spin } and since their magnetic 
moments are very close to the magnetic moments of the 
proton and the neutron, respectively, it follows’ that 
the wave function is chiefly *S, completely symmetrical 
in the space coordinates. This fact is further supported® 
by the very small capture cross section of thermal neu- 
trons by deuterium. An immediate consequence is that 
the wave function of He’, say, is practically insensitive 
to the exchange character of the nuclear forces and to 
the nature of the triplet p— > force. 

In order to determine the He® wave function, it is 
necessary to know the nuclear potential and to solve 
the Schrédinger equation. Unfortunately, as is well 
known, the choice of a nuclear potential which fits the 
low energy two-nucleon data is not very unique. In 
fact, as long as the reactions considered involve small 
momentum transfers, the choice of a particular po- 
tential shape is of little importance. But, in the case of 
pure absorption of slow x~ mesons, the relative amounts 
of high momenta in He’ are of paramount importance 
(the average wavelength of the recoil nucleon is about 
half the range of nuclear forces) and potential shapes 
which differ widely for large momentum transfers may 
yield widely different transition rates. We have taken 
the Yukawa shape because it leads to reasonable agree- 
ment with the experimental results on high energy 
n—p scattering,’ in contradistinction to the “short- 
tail” potentials. The same shape is chosen for the 

F. Villars, Helv. Phys. Acta 20, 476 (1947). 


*L. I. Schiff, Phys. Rev. 52, 242 (1937). 
*R. S. Christian and E. W. Hart, Phvs. Rev. 77. 441 (1950). 


(6) 
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singlet p— force in conformity with the charge inde- 
pendence assumption for reasons of simplicity, although 
the high energy p—>p scattering experiments supply 
practically no information'® concerning the singlet 
p—>? force. 

We have then solved the eigenvalue problem by the 
variational method in momentum space. If K is the 
kinetic energy of the nucleons in the center of mass 
system, E the binding energy of tritium, V=AV’ the 
nuclear potential (V’ is an integral operator, \ a depth 
parameter), the wave function W satisfies the integral 
equation 

(K+ E)¥=)V'¥, (7) 


where J is the eigenvalue parameter. Then the varia- 
tional procedure consists in minimizing 


o= (Wo| (K+) | ¥o)/(Wo| V’| Yo) (8) 


with respect to the variational parameters entering the 
trial function Yo. Svartholm has actually considered 
this problem in detail ;" he obtains a further improve- 
ment of the variational result by applying Kellogg’s 
method of iterated functions, which leads to a set of 
values Ao, Ay, Ai-** and a set of iterated functions Wo, 
WV, «++ converging toward the exact eigenvalue \ and 
the exact eigenfunction V, respectively. In the case of 
the Yukawa potential, the potential depth turns out 
to be, according to Svartholm’s estimate, 5 percent 
smaller than the depth necessary to fit all other low 
energy data, a sufficiently close fit to justify our neglect 
of noncentral forces. It is in fact possible to guess a 
better trial function than the one used by Svartholm 
and to derive by means of a pure variational procedure 
a wave function which is at the same time close enough 
to the exact eigenfunction and simple enough to make 
calculation easy; the deviation of the A» to which it 
leads from the correct estimated by Svartholm pro- 
vides a test of how good an approximation to the exact 
eigenfunction this trial function is. 

Before reporting our variational calculation, we give 
a survey of the notation employed in handling the 
three-nucleon system. Call 1, f2, r3 the position vectors 
of the three nucleons, pi, pz, p: their momenta. The 
motion of the center of mass is separated by introducing 
the new coordinates X, x, — and their conjugate mo- 
menta P, p, w: 


X= 3(tittet+rs) 
z= t—3(m+ I2) 


E=r—f2 


P=pit+p2+ps 

p=$p:—4(pitp:) (9) 

@= }(pi— pz). 

Then the kinetic energy in the center-of-mass system is 
K=ip+o’. (10) 

As for the spin, one gets one quartet (totally sym- 


1 R, S. Christian and H. P. Noyes, Phys. Rev. 79, 85 (1950). 
It should be noted also that the choice of a correct n—p force is 
more important than the choice of the p—p force since there are 
2 m—p bonds and only 1 p— bond in He’. 

"1 N. Svartholm, thesis, Lund (1945). 
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metrical under permutation of particles) and two doub- 
lets (one symmetric under permutation (12), the other 
antisymmetric). For example, designating by a; the 
spin functions where the ith particle has spin down and 
the two others spin up, the 3 spin functions for S,=} 
are 


if S=4 
if S=} 


x= (v3/3)(a1t+a2+a:;), 
x= (Vv 6/6)(2a3—a1— a2) 
x" = (v2/2)(a2—an). 


The isotopic spin functions are treated in the same way. 
We denote by ¢, ¢’, ¢” the corresponding isotopic spin 
functions for 7,=4 (2 protons+1 neutron). 

Then the *S space symmetrical wave function for 
He? has necessarily the form 


Wo= (v2/2)(x'f"— x") O(P, @), (12) 


where ® has to be rotation and permutation invariant. 
The trial function chosen is® 


&=N(E+K)-(bE+K)*, (13) 


in which 6 is the variational parameter and N the 
normalization constant (see Appendix). The depth and 
range of the singlet and triplet Yukawa potentials are 
determined by the low energy data, using the theory of 
the effective range; the following expression for the 
potential operator between nucleons 1 and 2 is obtained: 


(11) 


Vu= \—[a-+b(o! -o")+c(4!- 4?) 
2x? 


5(p’—p) 
+d(o'-o*)(e!- 2?) ] — (14) 
+(w'—o)* 
with 
1/x=1.18X10-" cm, 
a—3b+c—3d=0.82, 


All quantities, except A, have been used with the above 
numerical values in our variational calculation. The 
calculation of \» defined as a function of b by Eq. (8) 
has been performed analytically and leads to an ex- 
pression which involves elementary and elliptic func- 
tions; its sight will be spared the reader. Then A» has 
been minimized numerically. For dmin=8, one gets 
Xo= 1.88, to be compared with the depth values ob- 
tained by Svartholm: 


ho=2.12, Ay=1.90, Avcorrect"¥1.81. 


The wave function defined by (12) and (13) with 6=8 
has been adopted in all subsequent calculations. 

In the following we shall also need the deuteron 
wave function in momentum space. We shall use the 


® The author wishes to thank Dr. E. Salpeter and Dr. F. Cole 
for an interesting discussion in connection with this choice. 

3 J. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949); 
J. D. Jackson and J. M. Blatt, Revs. Modern Phys. 22, 77 (1950) ; 
H. A. Bethe, Phys. Rev. 76, 38 (1949). The numbers hereafter 
correspond to a common “intrinsic range” 6,=b,;=2.5X 10-8 cm 
and to the following “well depth parameters :” S,=0.93, S:= 1.36. 


a+b—3c—3d=1.18, 


14’ 
A= 1.9. ( ) 
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Hulthen wave function 
Pa(w) = Naf (7+?) — (a? +") 1), 
with the normalization 
Na= [ay(a+y) ‘w(a—-y)*}h. 
Using the numerical values (14), one obtains in our units 


a=0.326. 


(15) 


y= 0.0485, 
III. CALCULATION OF THE VARIOUS PROCESSES 


Since Wo and O [see Eqs. (12) and (2)] have the 
proper symmetry character, the exclusion principle is 
automatically taken into account without the necessity 
of antisymmetrizing the final wave function. Then it is 
easy to calculate the isotopic spin matrix elements and 
one is led to the general formula for the transition 
probabilities: 

w=2n(1/dE)>.|M|? (16) 
with 


M = (§|[1—(23) JO | #y’). (17) 


he spin and space function § represents a final state 
where particle 1 is a proton and particles 2 and 3 are 
neutrons. The sum )> has to be carried out over the 
final states lying in the band of phase space allowed by 
the energy conservation law. 


A. The Pure Absorption 


We calculate first the transition rate w, of reaction 
p). The operator O® to substitute in expression (17) 
is given by Eq. (3), and the final state is represented by 
plane waves. The energy shared by the three outgoing 
nucleons is 131 Mev (we take Exy.*=7.65 Mev for the 
binding energy, 1.30 Mev for the neutron-proton mass 
difference, and u= 140 Mev for the rest mass of the 2 
meson); since the density in phase space favors an 
equal sharing of this energy among the three nucleons, 
the relative momenta involved are rather high and the 
distortion due to nuclear interaction is small. Although 
it is difficult to estimate the error made by neglecting 
this distortion, the probability of transition thereby 
obtained should be, at any rate, of the correct order 
of magnitude. Then, in the momentum representation, 
the final wave function is merely j§=(2x)*d(p— po) 
X 6(@— wo)x,, where the momenta po and wp» are related 
to the kinetic energy Ko by 

Ko= 3 por + wo", 

and where x; is the final spin function. The (momentum) 
space integration involved in M is trivial. It is conveni- 
ent to express [1— (23) ] as a bilinear expression in the 
symmetrizing and antisymmetrizing operators acting 
on space only and on spin only. This permits one to 
perform the sums over spin by the standard spur 
method. One is left with a straightforward integration 
leading to 

W y= (4024/93) | Co| 2K o°?/K 0) 

= 1.62/Co|*. 


(18) 
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In reaction (d), the relative kinetic energy of the out- 
going neutron with respect to the deuterium is 133.2 
Mev. If we neglect the (#, d) interaction, the final wave 
function assumes the form 


§ = (2) !6(p— po) Paw) xy, 


where ®,(@) is the “momentum space” part of the 
deuteron wave function, pp the momentum of the free 
neutron with respect to the c.m. of the deuteron, x, 
any spin function formed with a triplet in 1 and 2. The 
wave function § corresponds to neutron 3 being free 
and neutron 2 being bound. The other alternative is 
taken into account by multiplying the final result by 
a factor 2. One finally obtains 


wa= 16n?| Co|*po?B*(po, 0), (19) 


with 


B(P, Q)= fee, w— Q)b,(@)do. (20) 


Taking for & and %, expressions (13) and (15), one 
can perform the analytic integration in B (see Appendix) 
and one finds 


wa=0.62|Co|?. (21) 


B. The Reactions Leading to Tritium 


Considering first reaction (¢r°), we use the operator 
O,°® from Eq. (5). Taking 5 Mev for the mass differ- 
ence between the charged and neutral mesons and 
0.75 Mev for the difference in binding energy between 
He’ and H‘’, one obtains 4.3 Mev for the kinetic energy 
of the outgoing r° meson. Accordingly, the wavelength 
of the x° meson is large compared with the radius of the 
He’ nucleus so that the momentum transfer qo may be 
neglected and O,»® reduces to a constant times 6- 
functions imposing conservation of momentum. Then 
the space part of the matrix element is just 1 on ac- 
count of the identity of the H* and He* wave functions, 
and a straightforward calculation leads to the transi- 
tion rate 


Wtr= 1Co| *Unt+fr)*(go 2). (22) 


The operator O, from which the transition rate 
Wey for reaction (/y) can be calculated is given by Eq. 
(6). The outgoing y-ray has 136 Mev, and the momen- 
tum transfer &;, can no longer be neglected. The matrix 
element M can be expressed with the help of the func- 
tion 


(23) 


A(U)= foe, w)?(p, a+ U)dpdo, 


whose analytic expression is given in the Appendix. 
One gets 


Wey = | Co|*(4e?/u?) (Rey/(14+3h:,)) A2(ReyV3/3). (24) 


4 Recent experiments point to a somewhat greater value. This 
change practically does not affect Eq. (26) below; it leads to a 
slight shift toward higher energy of the y-ray square pulse pro- 
duced in the x° decay. 
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In our units, 


hey =0.145, A?(RiyV3/3) =0.78:, 
and (25) 
Wey =0.142| Co]? 

Expressions (22) and (24) should be compared with 
the expression for the corresponding reactions in 
hydrogen ;* one obtains 
(wee®/Wey) = (wee /wy)(qo/qo!) (ky / key) 

XK ((1+4h,,)/(1+k,#))A*(kpV3/3) 


= 1.3(w,8/w,*). 


(26) 


With the experimental value 1+0.2 obtained in the 
hydrogen experiment, one deduces from (26) and (25) 


Wx°=0,185| Co|?. (27) 


C. The Other Reactions of y-Absorption 


Whereas reaction (ty) leads to a y-line of 136 Mev, 
reactions (dy) and (py) lead to a continuous spectrum 
extending from 0 to 130.2 Mev and from 0 to 128.1 
Mey, respectively. In addition, the total y-ray spectrum 
will include the “square pulse” 35.4 Mev wide from the 
m® meson decay. 

It turns out that the direct production of y-rays is 
practically confined to the emission of high energy 
photons; a situation quite similar was encountered in 
the radiative capture of ~ mesons in deuterium. Firstly, 
the phase space factor slightly favors higher energy for 
the lighter outgoing particle. Secondly, and this is by 
far the main effect, the matrix elements leading to 
final states of the nuclear system with very low energy 
give the most important contribution due to the pre- 
ponderance of low momenta in the wave function of 
He’. This effect is greatly strengthened by the inter- 
action between the nucleons in the final state, which 
results in the striking fact, demonstrated below, that 
reaction (ty) dominates over all the otuers.'® 

This strong dependence of the matrix element on the 
y-ray energy enables one to calculate in a simple way 
the total transition probability w, for y-absorption. 
Call w(u, e) the probability for emission of a y-ray 
with polarization e in the direction u=k,/k,. By an 
obvious modification of formula (25), 

Emax 

wu, e)=2r © | (| [1—(23) JO,” | bx”) |*p, .(28) 

18 R. E. Marshak and A. S. Wightman, Phys. Rev. 76, 114 
(1949). 

16 One must also note the occurrence of a selection rule which 
has the effect of cutting out the soft part of the y-ray spectrum. 
For low photon momenta &,, the momentum transfer occurring 
in operator 0, may be neglected so that 0,® does not contain 
operators acting on space any longer and all space integrals enter- 
ing the matrix element vanish on account of either symmetry or 
orthogonality. This selection rule is the same as the selection 
rule which forbids the magnetic (n, d) oe (see refer- 
ence 8). If the -meson were either scalar or pseudovector, the 
pure absorption would be forbidden by the operation of the same 
selection rule; this situation should be compared with the selec 
tion rules found for the tritium problem [see Messiah, Caianiello, 
and Basri, Phys. Rev. 83, 652 (1951) ], which are based on sym- 
metry properties only. 
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where p is the density of photon states, 
p= p(k) = (24) *k,7(1+ $ky). 


The photon energy &, is related to the energy E of 
the nucleons by the conservation law, 


E+tkh?+k,=Enmax. 


The summation in (28) is carried over all final states 
whose energy (kinetic plus binding) is compatible with 
relation (30). In this sum p and O,® depend on E 
through k,. However, since the matrix element is very 
much larger for large values of k,, little error is made by 
(1) substituting for k, in O,® and p a value k, close 
to its maximum; (2) extending the sum to nuclear 
states of any energy, even those forbidden by the con- 
servation law. The sum is then performed easily by 
means of the closure property : 


w(u, e) = 2mp(k,) (by |O, 1(k,) 
<[1—(23) PO, (k,)|@x’’) (31) 


= |Co|2(e2/u?)(k,/2e(1+4k,))(2—A(k,)). (32) 


Finally, the total probability is obtained by summing 
over photon polarizations and directions of propagation: 

Wy = |Co|?(4e2/u2)(k,/(1+-9k,))(2—A(k,)). (33) 
In (33), w, is not very sensitive to the value of k,. 


Taking k,=0.138, which corresponds to the end point 
of the continuous spectrum, one obtains 


Wy =0.223|Co|?. (34) 


Further information can be obtained as follows: We 
assume the nuclear forces to be central and charge 
independent; then, the final states can be classified 
according to their total isotopic spin T and tbeir total 
spin S. It is possible, in particular, to split the func- 
tional space into three mutually exclusive subspaces 
(A), (B), and (C) as indicated in Table I: column 1 
gives the values of JT and S defining each subspace, 
column 2 gives equivalent definitions using the trans- 
formation properties of the wave function under per- 
mutation instead of the isotopic spin formalism, and 
column 3 lists the y-absorption allowed in each case. 
The transition rates w4, wg, we for y-absorptions lead- 
ing to final states belonging to subspaces (A), (B), and 
(C), respectively, may be calculated by using the same 
method as for the total probability w,. The same ap- 
proximations (1) and (2) are made; however, one re- 
stricts the sum to the final states belonging to the sub- 
spaces considered. Alternatively, one can sum over the 


(29) 


(30) 


TABLE I. Classification of the final states of the nucleons 
in the case of gamma-absorption. 





1 2 3 


(py) 
(py) (dy) 


(pr) (dy) () 





antisymmetric 
symmetric in spin, not 
antisymmetric in space 
all the rest 


(A) T=} 
(B) T=}S=} 


(C) T=) S=4 
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Fic. 1. The y-ray spectrum. For convenience, the 136-Mev line 
has been replaced by a rectangular area proportional to its in- 
tensity. The solid curve (B) represents the estimated ‘“back- 
ground” from reactions (py) and (dy). The dotted curve (D) 
represents the spectrum from the reaction (dy) in the plane wave 
approximation. 


complete set of final states (by means of the closure 
property) provided the proper projection operator has 
been inserted. The operator form of this projection 
operator is readily inferred from Table I, column 2. 
One finally obtains 


wa= | Co|?(4e*/u*)(ky/(1+4k,))§(1—A(K,)), (35a) 
wWa= | Co | *(4e? ‘u) (k, /(i+ 4k,))(4/3)(1 —A (k,)), (35b) 
wo= |Co|*(4e*/p2)(ky/(1+4k,))§(14+2A4 (k,)). — (35c) 


Choosing £,=0.130 for transitions (A) and (B) and 
k,=k:,=0.145 for transition (C) (all choices justified 
by what follows), one gets 
wa=0.015|Co|?, (36a) 
(36b) 


(36c) 


we =0.060|Co|?, 
We= 0.146| Col?. 


Comparing the numerical values (36c) and (25) for 
We and w;,, respectively, we obtain the important re- 
sult that practically all transitions (C) lead to H*. In 
the same way, one may infer that practically all transi- 
tions (B) are (dy), a situation which will be made evi- 
dent in the next paragraph. Therefore, the ratios 
Wty! Way: Wpy ZO aS Wo: We: wa, that is, 9:4:1. 
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D. The y-Spectrum 


The results of the last paragraph show that the 
-spectrum consists chiefly of the square pulse from 7° 
decay and of the high energy y-line from reaction (ty). 
The continuous spectrum from reactions (dy) and (py) 
appear as a rather small “background.” An estimate of 
this “background” spectrum is given now. 

Consider first reaction (dy). Since its contribution 
to transitions (C) is negligible, we shall merely consider 
transitions (B), i.e., absorption reactions where the 
nucleons come off in a quartet (m,d) state; as a first 
orientation, we neglect the (m,d) interaction. Desig- 
nating by po the momentum of the neutron relative to 
the deuteron, and by u the cosine of the angle between 
Po and k,, the following formula obtains for the energy 
spectrum of the y-rays: 


P= |Co|(64x/9)(e2/u2) eyo f | B(po— 9k, 0) 


— B(pot4$k,, $k,) | *du. 


The function P, vs k, given by (37) has been plotted 
in Fig. 1 (broken curve D). It leads to a total proba- 
bility for transition to quartet (m, d) states: 


(37) 


bo 


f P,dk, =0.05|Co|?. 
0 


One may expect the existence of an interaction between 
n and d to modify these results in two ways: (a) in- 
crease the total transition rate up to about its maxi- 
mum value, and (b) shift slightly the maximum of curve 
(D) toward the upper end of the spectrum. In fact, the 
matrix elements for transitions to the most energetic 
photons must be small anyway because the S part of 
the neutron wave function is suppressed by the opera- 
tion of the Pauli principle (since the spin function is 
totally symmetric); therefore, for very slow neutrons, 
the neutron wave function is very small inside the He* 
nucleus, an effect which holds so long as the neutron 
wavelength is large compared with the radius of the 
deuterium and which consequently affects a band of 
about 4 Mev below the upper limit of the y-ray 
spectrum. 

As for reaction (py), it goes chiefly through transi- 
tions (A), leading to a continuous spectrum whose 
shape should not differ very much from the shape ob- 
tained in reaction (dy), whereas its intensity is 4 times 
less. An estimate of the total “background” spectrum 
is shown on Fig. 1 [solid curve (B)] together with the 
square pulse from 7° decay and the high energy y-line 
from reaction (ty). 


IV. DISCUSSION OF RESULTS AND CONCLUSION 


In the framework of the “weak coupling” theory, 
the correctness of our calculation depends on whether 
(a) one can neglect higher order relativistic effects in 
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the motion of the nucleons, (b) the use of the “impulse 
approximation” is justified, (c) the nuclear interaction 
has been correctly taken into account. 

By estimating the nuclear velocities involved, one 
obtains an order of magnitude for the relativistic cor- 
rections of 10 percent in the case of pure absorption 
and of 4 percent in the case of y and x° absorption. 

The “impulse approximation” permits one to relate 
the radiative processes (y or r°) to the corresponding 
radiative absorptions of x~ mesons by free protons. 
Although its criteria of validity are not quite clear, 
the impulse approximation involves the average inter- 
nuclear distance in He*® (2.25 10-'* cm)!” and is ex- 
pected to hold if the average internuclear distance is 
greater than c times the time ¢ during which the re- 
action takes place.!* Taking ‘=4/AE where AE is the 
energy denominator entering the second-order per- 
turbation, one gets ci~10~'* cm for the two-step proc- 
esses which go through intermediate states of negative 
energy; it turns out that, in all cases the chief con- 
tribution comes either from such two-step processes or 
from first-order processes (pure absorption, triple term 
in y-absorption). 

The fact that the wave functions that we have used 
to describe the nucleons in their initial and final states 
are approximate wave functions affects the probability 
of transitions that we have calculated in different ways. 
The transition probability w;,* is practically unaffected. 
Also, little error can be made in the calculation of w, 
since it involves the calculation of a form factor with a 
rather low momentum transfer and the same holds true 
for the calculation of w4, wg, wc. On the other hand, 
because of considerable uncertainties in the nuclear 
potential for high momentum transfers, the result ob- 
tained for pure absorption must not be taken as giving 
more than an order of magnitude. At the same time, to 
take, as we did, plane waves to describe the final state 
undoubtedly constitutes a rather crude approximation, 
a fact well exhibited by our result that about 4 of the 
pure absorption leads to deuterium. It is clear, in addi- 
tion, that the relative amount of deuterium formation 
should depend on the correlation between the coordi- 
nates of the nucleons in He? and in deuterium; in this 
respect, by choosing a wave function for He* depending 
on pand wo through the kinetic energy K only, a choice 
made essentially for reason of simplicity, we have some- 
how fixed this correlation in a way which may be very 
different from the correlation given by the correct 
wave function. 

Having made all of these qualifications, we summarize 
our results. About 80 percent of the slow x~ absorption 
events in He* should be pure absorption events, 4 of 
them leading to deuterons. The four other possible 


17 This number has been calculated with the tritium wave 


function in configuration ce obtained by R. L. Pease and 
H. Feshbach [Phys. Rev. 81, 143 (1951) and private communica- 
tion of Dr. Pease ]. 

18 G. F. Chew and C. C. Wick, Phys. Rev. 85, 636 (1952). 
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reactions take place in the following order of importance: 
(tr), (ty), (dy), (py). (4°) is 1.3 times more probable 
than (ty) (this number would be changed if the x-—x° 
mass difference and the branching ratio (w,*/w,)x are 
changed). The branching ratios w;y:wa,:wpy between 
the various y-absorption reactions go as 9:4:1. 

So far, the results have been presented as predic- 
tions of “weak coupling theory,” from which the 
operators O, O,, O,* have been derived. One could as 
well consider these operators as phenomenological opera- 
tors describing the three possible types of absorption. 
They are in fact the simplest among all the pseudoscalar 
operators which can be formed. Consider, for example, 
the y-absorption: If we assume that the impulse ap- 
proximation holds, 0,=>>_'0,™, and O,™ depends 
on the dynamical variables of only one nucleon, 
namely, the ith nucleon which absorbs the meson. In 
complete generality this operator may assume three 
possible forms: 


C,(o'-2) C,(e-(p*Xk,)) C,(e-p*)(e'-k,) 


(the operator A,(k,) which insures momentum con- 
servation has been omitted) ; the factors C, are scalars 
depending on the nucleon and photon momenta p‘, k,. 
Linear combinations of the three forms could occur. 
The first form is the only one which leads to a non- 
vanishing probability for reaction (ty). The prediction 
that we obtained concerning the ratios w,:way:Wpy 
follows from the particularly simple form assumed for 
O,, even if the scalar C, is not related to the x~ meson- 
nucleon coupling constant in the way shown in Eq. (6). 

A similar statement can be made regarding our pre- 
dictions for (w;.°/w;,). Even if the “orthodox” weak 
coupling theory is wrong, this prediction must be cor- 
rect, so long as the y-absorption and the r° absorption 
go through operators of the form (e‘-e) and 1, re- 
spectively, whose ratio can be derived from the hydro- 
gen exper.ment. : 

At present, it seems hard to reconcile on the basis 
of weak coupling theory the data on slow x~ meson 
absorption in hydrogen and deuterium, on the one hand, 
and the other experimental results involving low energy 
mesons, on the other. In view of this fact, it is of in- 
terest to know if the slow x meson absorption in 
(light) nuclei are capable of the common phenomeno- 
logical interpretation suggested by weak coupling 
theory. Experiments with He’, particularly the study 
of the outgoing y-ray spectrum, would throw light on 
this matter. 

The author is greatly indebted to Dr. R. E. Marshak 
for his suggestion of this work and for many stimulating 
discussions and comments during its completion. 
Thanks are due also to Mr. N. Francis and Dr. French 
for several interesting conversations and to Dr. E. R. 
Caianiello for some discussions during the early part 
of this work. Finally the author is very appreciative of 
the joint support of the French Direction of Mines and 
the AEC. 
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APPEN DIX. ANALYTIC EXPRESSIONS OF INTEGRALS 
USED IN THE TEXT 


A straightforward integration gives the following ex- 
pression for the normalization constant V: 


(=) (~~ 2(b+1) Ind 
V= - a ee 
2 oe 3b(b—1)4 (b—1) ) 


The overlap integral A(U) defined by (23) is equal to 


the following expression : 

A(U) = (322°N?/3v3.E*(b—1)*) 

(v+ §(b—1))(b—1)? Ind 
aR oe 


v+4 4\} 4\-3 
+ ( + ) tanh(1+-) 
12 t v 
v+4b b(6— 1)? 4b\ 3 
Cee Sey 
12 o(v+-48) v 


—{)? 
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x (8+ 2(b+ 10+ (b—1)*) 





(v?-+-2(b+1)o+ (b—1)?)! 
X tanh" | 


v+b+1 


where v= U?/E. 

Finally B(P, Q) defined by (20) is equal to 
B(P, Q)=(2NN @?/E(b—1)?) 
_-92 


far 
O (y+9)(y+)+0? (a-+n)(a-+e) +? 
(6—-1)E 


2n 


1 1 
oe ++ (tn) a 


where 
n=(bE+3P*)}, e=(E+3P*)!. 
In particular, when Q=0, 


B(P, 0) = (2NN ar/ E*(b—1)*) 





(a+n)"(a+e)) 
—(y+n)-*)]. 


XEn— &) (y+n) “y+ 


4b\-§ (2 (6-1) +(6—5)o 
X tanh (: . ) e eee: 
, +((6—1) )E/2n)((a+n)* 
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Internal Conversion of Gamma-Ray Transitions in the Z-Subshells*t 
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A number of internally converted y-transitions have been investigated with high resolution 8-spectro- 
graphs and the relative intensities of conversion electron lines from the three L-subshells obtained. Generali- 
zations are made for L-conversion as related to multipole order. The magnetic transitions investigated are 
converted in the Ly- and Ly11-shells, the ratio L111/L1 increasing with increasing multipole order. Less can 


be said about electric transitions; but Z-conversion takes place mainly in the Ly1- 


transitions studied. 


INTRODUCTION 


HE improved resolution with which internal con- 

version electron spectra are being examined and 
the eventual availability of accurate theoretical values 
for the Z-subshell conversion coefficients make it 
of interest to determine what can be learned about 
y-ray transitions from L-subshell internal conversion 
electrons. There are cases where a K/L ratio or K-shell 
internal conversion coefficient is not obtainable with 
sufficient accuracy or may not give a unique assign- 
ment of multipole order by comparison with the theo- 
retical values.' Particularly, if the y-transition is of too 


"A preliminary report of this work was given at the Chicago 
American Peta al Society meeting in October, 1951, J. W. Mi- 
helich and E. L. Church, Phys. Rev. 85, 733 (1952). 

t Research en out at Brookhaven National Laboratory 
under the auspices of the AEC 

1 Rose, Goertzel, Harr, Spinrad, and Strong, Phys. Rev. 83, 
79 (1951) 


and Ly11-shells for the 


low an energy to convert in the K-shell, some other 
criterion would be needed. 

In the medium and heavy elements it is usually not 
difficult to compare the intensities of the electron 
lines from the internal conversion of the Ly-, Ly-, and 
Ly11-shells. In certain cases, even electrons from dif- 
ferent M-subshells have been resolved by us. In the 
course of experiments, data have been obtained for a 
number of internally converted transitions which have 
been classified as to multipole order by the analysis of 
Goldhaber and Sunyar.’ It has become apparent that 
the relative conversion in the various subshells indeed 
depends upon the multipolarity of the y-transition. 

Comparison may be made with certain available 
theoretical calculations, in addition to the K-shell 
values of Rose ef a/.' for energies above 150 kev. Gell- 


2M. Goldhaber and A. W. Sunyar Phys. Rev. 83, 906 (1951). 





INTERNAL CONVERSION OF y-RAY 


man, Griffith, and Stanley*® have calculated conversion 
coefficients (neglecting screening) for the Z;-shell for 
Z=92, 84, and 49 for electric and magnetic dipoles and 
electric quadrupole. Reitz‘ has calculated K-shell con- 
version coefficients for the same multipole orders and 
same energy range (k~0.1 to k~0.5). It is convenient 
to compare these two sets of calculations. In order to 
utilize these data, we have made interpolations of 
[loge (or log8) vs Z]. On this semilog plot, the points 
do not fall far from a straight line for both K- and 
Ly-shells for the M1 and E1 cases. For the E2 case, 
the points fall on a sharply curving line and here the 
interpolated values are very approximate. Comparisons 
were made of the ratio of the K-conversion coefficient 
of Reitz divided by the Z;-conversion coefficient of 
Gellman ef al. with the experimental K/Liotai?’® ratio 
for various multipole orders. For magnetic dipole 
transitions, the agreement is good implying that the 
L;-coefficients of Gellman et al. are reasonably good if 
there is not much conversion in the Zy;- and Lyy1- 
shells. The latter point is in accord with experiment 
(see below). 

For electric dipole transitions, the theoretical K/L 
ratio varies between 6 and 9 for atomic numbers be- 
tween Z=40 and Z=80 and transition energies of 
k=0.1 to k=0.5. As yet, there is no well-established 
electric dipole transition with which to compare these 
ratios. Hulme® has made calculations for an electric 
dipole transition of 362 kev and finds that K/Li:=~7 
and the ratio of Ly:L11:Ly11-conversion is 1:0.0086: 
0.049. It is of interest to note that for the 47-kev 
transition in RaD, Cranberg’ finds the Ly: Ly: Lint- 
ratio to be 1.0:0.09:0.019. However, Cranberg gives the 
L-conversion coefficient as 16 by comparing the number 
of L-electrons to the total number of disintegrations. 
By referring to the coefficients of Gellman et al. the 
values of the Ly-conversion coefficient for magnetic 
dipole and electric dipole are >10.0 and ~0.25, re- 
spectively. From these data, a magnetic dipole is 
definitely indicated. 

For electric quadrupole transitions K/L theor is much 
larger than the experimental K/Ztotai, requiring a large 
amount of conversion in the Zy;- and/or Ly11-shells to 
be consistent. This is in agreement with our experi- 
ments on Ly: 141: Ly11-ratios. In addition, Goodrich, in 
a private communication to Bowe and Axel,’ finds that 
when the formulas of Hebb and Nelson® are separated 
to show the Z;-contribution explicitly, an agreement 
within a factor of two with the value of Gellman is 
obtained. 

Tralli and Lowen" have published results of calcula- 

~$ Gellman, Griffith, and Stanley, Phys. Rev. 80, 866 (1950). 

1B. Reitz, Phys. Rev. 77, 10 (1950). 
wu Data, National Bureau of Standards Circular No. 499 

*H. R. Hulme, Proc. Roy. Soc. (London) A138, 643 (1932). 

7L. Cranberg, Phys. Rev. 77, 155 (1950), 

8 J. C. Bowe and P. Axel, Phys. Rev. 84, 939 (1951). 


®M. Hebb and E. Nelson, Phys. Rev. 58, 486 (1940). 
10 N. Tralli and I. S. Lowen, Phys. Rev. 76, 1541 (1949). 


TRANSITIONS 


Taste I. Comparison of theoretical (K/L1) ratios 
with experimental (K/Ltot) ratios. 


Multipole 
order 


El none > known. 6-9 
M1 Xe"! 80 6.7 

Tc” 140 

Te 213 

159 

35.4 
209 
247 


Nucleus E (kev (kK Li) theor AK Leet) exp 


Dees: | 
od 
nN 


ROSOOOMUNNN 
oN 


SADUe ee Pw 


| 
| 
| 
| 





tions estimating the ratio of conversion in the Lyr11- 
and Ly-shells for magnetic multipole orders one to five. 
Li-conversion is said to be less than 5 percent of the 
other two. In short, their curves indicate that the ratio 
Bt111/8L1" increases with Z*/E and increasing multi- 
pole order. Our experiments are in accord with this. 

Table I lists some comparisons between available 
theoretical data and experimental values for £1, M1, 
and £2 transitions. 


EXPERIMENTAL DATA 


Permanent magnet photographic spectrographs of 
20-cm maximum radius of curvature using x-ray film 
as a detector were employed. An instrument of this 
type is ideal for an investigation of this sort, due to the 
high resolution available, the integrating action of the 
film, and the permanence of the magnetic field. Magnets 
of various field strengths were employed, depending on 
the energy of the conversion electrons. For electrons of 
<9C kev, a 54-gauss magnet was used, giving an energy 
dispersion of ~0.4 kev/mm. The magnets were cali- 
brated against the conversion electron lines of I", 
Au'®8” and W'87.3 The group of Z-lines lie close to- 
gether on the film; hence their relative energies may be 
determined with considerably more accuracy than their 
absolute energies. The magnitudes of the differences of 
the L-shell energy levels may be seen by referring to 
Fig. 1, where the x-ray absorption edge energies in 
kev are plotted against Z. These values are obtained 
from Siegbahn’s book” by converting v/R values to 
kev using up to date values of physical constants.'® One 
sees that in the rare earth region, the Z;-Ly and Ly 
Li separations are about the same; this makes the 


" Following the custom of abbreviation for ag/arz, etc., ratios, 
we shall designate the ratio of conversion coefficients in two sub- 
shells as L1/Lr111, etc. 

2 Lind, Brown, Klein, Muller, and DuMond, Phys. Rev. 75, 
1544 (1949). 

J. W. M. DuMond, 16th Quarterly Report California Insti- 
tute of Technology NP 3142 (1951). 

4M. Siegbahn, Spektroskopie der Roentgenstrahlen 
Springer, Berlin, 1931). 

4 Hill, Church, and Mihelich, A Table of Critical X-Ray Ab 
sorption Energies, privately circulated. 
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Fic. 1. Differences between L subshell x-ray critical absorption 
energies vs atomic number. The points on the curve correspond to 
the energy separation of conversion electrons from the designated 
shells. 


assignment of a doublet Z-line as LiL or LipLin 
simple. In the region of high Z, where the Z;-Li, dif- 
ference is small compared to Ly;—-Z111 or Ly-Li11, there 
might be cases where a doublet could not uniquely be 
described as LyLy11 or Luin, if an instrument of 
marginal resolving power was being employed. 

The position of the lines relative to one another can 
be determined to within +0.15 mm on a good photo- 
graphic plate, which means an energy difference un- 
certainty (in a 54-gauss magnet) of the order of 0.06 
kev. The consistency of the energy sums obtained shows 
that this accuracy is indeed obtained. In addition, the 
small difference in energy means that the response of 
the film is essentially linear over the Z-electron group. 
In addition, source self-absorption effects are of the 
same magnitude for the different L-lines. Hence, photo- 
metric densitometry allows a measure of the electron 
line intensities. In certain cases, where Z is not high 
and the energy of the transition is large enough to re- 
quire a higher field magnet, clear resolution of the lines 
is not obtained ; however, a study of the line shape will 
often allow one to decide whether the Z-line is complex 
and if so, whether or not it is an ZyZy or LyLin 
doublet. 

Sources generally were a thin layer of fine radioactive 
powder (activated in the Brookhaven reactor) on a 
Scotch tape strip about 15 mmX0.4 mm. The sources 
had an average density of the order of 1.0 mg/cm’. 


The following is a discussion of the data obtained on 
the L-conversion of certain transitions of various multi- 
pole orders which are believed to be well established. 


M1 


For the several cases investigated (as well as those 
published by others), it is apparent that the L;-con- 
version electron lines are far more intense than the 
other two. No Zy:- or Ly11-electrons were observed in 
any of these cases, and a conservative upper limit of 
L-conversion for Ly; and Ly11 compared to Ly is 
10 percent. Table II lists the data for the M1 (as well 
as the other multipole orders).f 

Caution is required in the assigning of an L-line 
where only one is visible, as the K—L energy is large 
enough that errors due to small inaccuracies in field 
calibration and correction for film expansion may be 
sufficient to make a definite assignment as either Zy- 
or Ly;-electrons uncertain. 


M2 


No L-conversion data have been obtained yet for 
this multipole transition. Of interest is the 150-kev 
transition in Lu'” following the 1.5-hr B~ activity of 
Yb!”?, McGowan" has obtained a K/L ratio of 3 using 
a scintillation spectrometer; this datum along with the 
lifetime'® of 1.3X10-7 makes the assignment of M2 
likely. The activity obtained by thermal neutron ac- 


TABLE II. Experimental intensities of Z-conversion lines 
for various multipole order transitions. 








Multi- M . se 
pole Magnetic transitions 


order Nucleus E (kev) Li/Lin 


M1 Xem 80 
Tc 140 
Sn 24 
Tel™ 159 
Brt= 49 
Tel 89 
Telte= 109 
Sn" 155 


Remarks 


Ly and Lyy1 not observed 
Ly and Li not observed 
Li and Ly not observed 
Li and Ly not observed 





large (>10) 
large ( >10) 


large ( >10) 
1.0 


Li if any, of low intensity 


0.5 
~1 (estimated) 
~1 


Multi El : nat 
pole ectric transitions 


order Nucleus E (kev) Lu:Lu:Lin 


Ei See text 

£2 Eries 80.8 SOA: $ 
Ybi7e 84.8 ~0.1:0.8: 
Hg'** 411 53 
Hg! 159 — :1.6: 

E3 Dy! 109 — 31.5: 


Remarks 


Ly intensity estimated 
Ly intensity estimated 


Reinterpretation of Cald- 
well's data 

Unresolved. Rough estimate 
of L11/Li11 ratio 

Probably Zi; and Ly but 
unresolved. Also, possibly 
weak Ly 


Cst4m 127.6 — 34:1 


Inti" 191.6 








t Note added in proof: Recent theoretical results of Gellman, 
Griffith, and Stanley (see reference 29) extended to the Ly and 
Lin shells obtain the following Z1: Ly: Lin ratio for an M1 transi- 
tion (k=0.23, Z=84): 1:0.081:0.0018. In addition, comparison 
may be made of K/Ltot ratios as obtained from the data of Reitz 
and Gellman e¢ al. with the experimental values. For high atomic 
number, the theoretical K/L ratio for M1 transitions is about 4 
or 5. Experimental data for the 286-kev transition in T? indicate 
a K/L ratio of 4.8 for an M1 transition (see reference 2). 

°F. K. McGowan, Oak Ridge National Laboratory Report 
No. 952 (1951), p. 104. 
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tivation is not high; attempts to obtain a measurable 
spectrum by inserting several fresh sources through a 
vacuum lock and integrating the exposure on a single 
photographic plate have so far been unsuccessful. 

The number of examples in which the Z-lines may be 
resolved is restricted by the energy resolution require- 
ment that the transition energy not be too great com- 
pared to the shell excitation energies. 


M3 


A transition believed to be M3 is the 49-kev transi- 
tion in the decay of Br*™. A source was made from 
neutron irradiated potassium bromate by a Szilard- 
Chalmers separation and the conversion spectrum ob- 
tained.!? The Z-conversion is in the Ly- and Ly11-shells, 
and the Z1/Lr11 ratio is 1.04+0.25. The only other M3 
transition for which L-lines have been resolved is that 
in the 19-sec Hf!” (161 kev). Keller and Burson'® re- 
port two L-lines which are either an LyLy11 or Ly Li 
pair. 

M4 


In agreement with Tralli and Lowen" who predict 
an increasing amount of Zy11-conversion relative to Ly 
for increasing magnetic multipole order, M4 transitions 
are L-converted in the Ly- and Zy11-shells. Several M4 
spectra have been obtained with the Z;- and the Zi11- 
lines resolved. In the case of the Te (88 kev) transi- 
tion the Z111/L; ratio is 2.04+0.3; for this value of 
Z*/E the Tralli and Lowen graph gives ~1.8. Figure 2 
is the graph of Tralli and Lowen with our experimental 
points on magnetic transitions. It is remarkable that 
the agreement is so good since the Pauli approximation 
they employed is known to be poor at the origin 
(nucleus). 


El 


As stated previously, no experimental data on Z-shell 
conversion are yet available for this multipole order. 


E2 


Electric quadrupole transitions are relatively common 
and considerable data have been obtained. As stated 
above, available theoretical estimates suggest that 
the L-conversion is mainly in the Zy;- and Ly11-shells. 
For several low energy (~85 kev) transitions in the 
rare earths (Z~68),!* the ratio of the intensities of 
the Zy- and Lyy-lines is about 0.8. The E2 159-kev 
y-ray in Hg'®* has an Ly1/Li11 ratio of 1.6 while the 
411-kev transition in Hg! has an Ly1/Zy11 ratio of 
2.5.29 If one considers the K/Ltots: ratios for these two 


17 Thanks are due Dr. Joan Welker of the Brookhaven Chemis- 
try Department for performing the Szilard-Chalmers separation. 

18 H. Keller and S. B. Burson, Phys. Rev. 83, 62 (1951). 

19 J. W. Mihelich and E. L. Church, Phys. Rev. 85, 690 (1952) ; 
J. W. Mihelich, unpublished. 

2 R. D. Hill and J. W. Mihelich, Phys. Rev. 79, 275 (1950). 
Here the L- lines of both transitions had been designated as Ly 
and Ly. However, the author has remeasured the 159-L con- 
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Fic. 2. The theoretical values of Tralli and Lowen for the 
ratio of conversion coefficients in the Lum- and L;-shells for mag- 
netic transitions of various multipole order. Their calculations 
were made in the Pauli approximation and are valid for low Z 
and low energy. Our experimental Z11:/L1 ratios are shown for 
comparison. 


transitions, along with their K-conversion coefficients 
and their Z;;/L111 ratios one sees that the conversion 
coefficient of the L1;-shell decreases less rapidly with 
increasing transition energy than does that for the 
Lirrshell. 

Only an estimate is possible for the Ly-conversion. 
For the low energy transitions Er'®* and Yb!”°, a rough 
value of the intensity of the Z;-line as compared to the 
Ly is about or less than 0.1.'* . 

It must be pointed out that these results are for £2 
transitions occurring in high Z nuclei (Z>65).§ 


E3 


Data on £3 transitions are meager, only isolated 
cases having been studied with sufficient resolution. 
One of the first was that of the 109-kev (.25 min) 
isomeric transition in Dy'*™ which was examined by 
Caldwell." He was able to distinguish two L-lines 
which he labeled Z; and Li: with an intensity ratio 
of 1.5. However, if one adds x-ray absorption energies 


version lines under better conditions and finds that they are Li 
and Ly11. The 411-Z lines could not be sufficiently resolved. How- 
ever, L31—Li11 conversion electrons are assumed since this is a 
well established £2 transition and all evidence indicates L1;—L111 
conversion for this multipole order. 

§ Note added in proof: The theoretical L ratio (see reference 29) 
for an El transition (k=0.23 and Z=84) is: 

1:0.41:0.395. 
For £2 transitions, when the energy is low (k<0.25) and atomic 
number large (Z>60), the theoretical values indicate that Ly 
conversion is less than 10 percent of Ly; or Li conversion. For 
low Z and large energy, 1; conversion becomes important. For 
Z=49 and k=0.2, the conversion coefficients for the three L-shells 
is about equal (~0.1). For Z=49 and k=0.4, the L ratio is: 
1:0.4:0.45. 

In Table I where comparison was made of the theoretical K/L; 
ratio with the experimental K/L ratio, the values for Cd"! were 
~8 and 5.12, respectively. This was close agreement as compared 
with the case for E2 transitions in heavy elements. The results of 
Gellman e¢¢ al. explain this behavior. The theoretical K/L ratio 
is ~4.5. 

™R. L. Caldwell, Phys. Rev. 78, 407 (1950) 
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TaB_e III. Estimate of L-subshell conversion coefficients 
for certain E2 transitions. 








Li 
y-transition (K/L) (*) @K “total @Ly 


84.8 kev (Yb') 0.15*> 0.8> 1.4e4 9.3 ~%~.3 
159 kev (Hg'™) 0.88 1.6¢ 0.03! 0.4 ~0.04 
411 kev (Hg!) = 3.08 2.5¢ 0.01f 0.01 ~0.001 











* See reference 5 
' » See reference 19 
I ©See reference 3. 
f 4See reference 4 
* See reference 20. 
' See reference 1. 


believed to be the best available at the present time,'® 
the assignment Ly and Lyy1 is preferable. 

We have examined the (127.6+0.3 kev) E3 transi- 
tion in Cs" and believe that the Z-line is complex and, 
although complete resolution was not possible, that it 
is an Ly;/y11 pair. The intensities of the two lines are 
of the same order of magnitude. 

The 57.3-kev transition in Ir'’" (1.5 minutes) is 
believed to be either E3 or M3.? Caldwell” observed 
two /-conversion lines and reported them as Ly; and 
Li. However, an analysis of Caldwell’s data, obtained 
with a thick source, shows that the energy difference of 
these two lines is not sufficiently well measured to 
definitely indicate whether the pair is Zy and Ly11 or 
Ly; and Lyi. The experimental energy difference is 
1.9 kev; x-ray absorption energy differences for Z1-Li11 
and Ly;-Lir are 2.2 and 1.6 kev, respectively. Gold- 
haber, Muehlhause, and Turkel” have shown by critical 
absorption the existence of ZL x-rays arising from the 
filling of holes in the Zy1;-shell. A clear-cut decision as 
to whether the lower energy L-line is Ly or 11 should 
indicate whether the transition is M3 or E3, respectively. 


E4 


One case has been examined, that of In" which 
has been well established as an E4. The low atomic 
number and relatively high energy (191.5+0.5 kev) 
make a clear-cut decision dificult. It is believed that 
L-conversion takes place mainly in the Zy1- and LZyr1- 
shells. 

The internal conversion spectrum consists of three 
lines: K, Lii1, and My; the experimental energy dif- 
ference between the K- and L-lines is 24.33 kev. The 
energy difference expected if the L-line were Ly or 
Litt would be 24.00 or 24.20 kev, respectively. The 
Ly11 assignment is favored. 


M1+ £2 Mixtures 


As pointed out by Goldhaber and Sunyar,? the only 
mixtures expected are those of E2 and M1. We have 
investigated certain transitions including the 70- and 
104-kev y-transitions in Eu'® following the B-decay of 
Sm! (47 hr). Here the K/L ratios which we obtain 

# Goldhaber, Muehlhause, and Turkel, Phys. Rev. 71, 372 


(1947). 
RR. M. Steffen, Phys. Rev. 83, 166 (1951). 
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(K/Ly= 3.5273; K/Ly4=6.541.0) are lower than 
would be expected for magnetic dipoles. Lifetime con- 
siderations rule out M2 or E3 multipole orders. The 
L-electron spectra consist of Ly, L11, Lit-lines in the 
intensity ratios 1, ~0.1, ~0.1, respectively. The pres- 
ence of the Ly;- and Ly11-electrons to this amount may 
indicate an admixture of £2.|| It is possible that accurate 
determinations of the L-line intensities may be of aid 
in deciding proportions of such mixtures. This could be 
another criterion for studying these interesting mix- 
tures, in conjunction with K/L ratios, K-conversion 
coefficients, and angular correlation data, all of which 
are more or less sensitive to the degree of mixture. 


DISCUSSION 


Admittedly, the data presented are not complete in 
the disclosure of trends with energy and atomic number. 
What has been shown is the fact that here is a means of 
identifying or confirming multipole assignments. 

In general, it appears that for magnetic multipoles, 
conversion takes place in L;- and Ly11-shells with the 
L;/Li ratio decreasing with increasing multipole 
order. For electric transitions where Z>65, the Li- 
and Ly11-shells are preferred. Not enough data is avail- 
able to predict any variation of the Ly1/Li11 ratio with 
multipole order. For the two £2 transitions in Hg, it 
was pointed out that the Z11/Z111 ratio decreased with 
decreasing energy. 

If one takes the K/Ltota: ratios, the theoretical K- 
conversion coefficients, and our L-ratios, an estimate 
may be made of the absolute conversion coefficient of 
the L-subshells for certain multipole orders. For elec- 
tric quadrupole transitions, values may be obtained 
for the Ly1- and Ly1-shells, and comparison made with 
the Ly-shell values of Gellman ef al. These data for 
transitions of various energies are shown in Table III. 
These Z;-shell values are very approximate due to the 
difficulty of interpolation between Z values. However, 
the relative magnitudes of the coefficients of the three 
shells is consistent with the experimental data. 

The two transitions in Hg are of particular interest 
since they are of quite different energy but occur in 
nuclei of the same atomic number. For these two points 


TABLE IV. Estimates of Z-subshell conversion coefficients for M3 
and M4 transitions. L1;-conversion is assumed to be negligible. 








Li ) 
order + transition (K/L) \Lin/] Bx 


Brotal Bry Bin 





M3 49 kev (Br) 5.3 1.0 100> ~20 ~10 ~10 
M4 88.5 (Te!™™) 0.68" 0.5 620° 910 303 607 











* See reference 5. 
> See reference 2. 


|| Note added in proof:—The possibility of these transitions being 
E1 may not be definitely excluded. 

Note added in proof:—Interpolated values taken from the re- 
sults of Gellman et al. (see reference 29) for a?z;; and a*zy11, 
respectively, are: (84.8 kev) 1.35 and 1.35; (159 kev) 0.36 and 0.25. 
The experimental values appear to be larger than the theoretical 
coefficients for which screening had not been taken into account. 
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it would appear that conversion coefficients for all three 
L-shells fall off with increasing energy. One should ex- 
pect this behavior to be rather regular. 

For magnetic transitions, M3 and M4, estimates 
may be made for the coefficient for the Z;- and Zy1- 
shells (Table IV). For M1 transitions, at least for the 
energies and atomic number of nuclei investigated, 
L-conversion is predominantly Z. 

Obviously, when a nucleus undergoes a transition of 
a given multipolarity, the probability of a given L- 
orbital electron being ejected is strongly dependent 
upon the / and 7 values of the electron since the two 
L;-electrons are s;, the two in the Zy1-shell are p;, and 
the four in the Ly11-shell are p; electrons. 

It is of interest to note that in the case of Os! (15- 
day) there is a 42-kev transition (probably E2) which, 
of course, does not convert in the K-shell. The L- 
conversion occurs in the Zy;- and Ly1;-shells, the ratio 
Iui/Lin being ~0.8. In addition, the following M- 
subshell electrons are resolved: Mi, Mii, and Myy 
and/or My. The intensity ratio for these three lines is 
0.8:1.0:0.2. The first three M-subshells have the same 
“)” and “7” values as the three L-shells, while Myy 
and My are d, and d, electrons. 

It is possible to assign multipolarity of transition 
from data on x-ray emission spectra of radioisotopes, 
particularly in the very heavy elements, since if a de- 
tector of sufficient resolution is employed, the relative 
number of Ly, L11, and Ly11 holes may be determined. 
Barton, Robinson, and Perlman* have studied the L 
x-ray spectra of certain transuranic radioisotopes. In 
the case of plutonium x-rays arising from L-shell va- 
cancies due to internal conversion of a 43-kev transi- 
tion’ following the a-decay of Cm™*, they observe that 
transitions to the Ly1-level are relatively twice as 
abundant for the internal conversion spectrum as for 
the x-ray spectrum to be expected from external elec- 
tron bombardment, after normalization of the data 
for Ly-transitions. In addition, certain transitions 
involving the L;-level seen in moderate abundance in 
the electron bombardment source are missing (<20 
percent). One is not able to tell what the increase in 
Ly1-transitions is for the internal conversion case. 
If Ly- and Lyy1-levels have been depleted by the in- 
ternal conversion process, an electric y-transition is 
indicated. 

This conclusion is strengthened by the results of 
Freedman, Jaffey, and Wagner* on the f-decay of 
Np’, which leads to excited states of the same Pu™*. 
In addition to y-rays of 1.03 and 0.983 Mev, four con- 
version lines of low energy are seen. Table V lists their 
conversion line energies and intensities along with their** 
assignments which indicate three transitions of low 
energy. Applying extrapolated'® x-ray absorption en- 


% Barton, Robinson, and Perlman, Phys. Rev. 81, 208 (1951). 

%8G. D. O’Kelley, University of California Radiation Labora- 
tory Report No. 1243, May (1951). 

% Freedman, Jaffey, and Wagner, Phys. Rev. 79, 410 (1950). 
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Taste V. Conversion electron lines of Pu **. Energies and 
intensities are from Barton ef al. (see reference 24). 








Electron 
energy 
kev 


20.8 
24.7 
37.4 
41.9 


Our 
assignment 


43.1-Lir 

42.8—Lin 
43.0—Mu 
43.0—Nin 


Previous 
assignment 


43—L 
47-—L 
42—M 
47—M 


Relative 
intensity 











ergies, the four lines fit well the assignment Ly, Li, 
M, and N for a 43-kev transition in Pu. The existence 
of Zy:- and Zy11-conversion in the reported relative 
intensities and the existence of electron-x-ray coin- 
cidences** indicate an E2 transition. It would appear 
that the 43-kev state is reached both by 8-decay of 
Np** and a-decay of Cm™. The regularity of 2* first 
excited states of even-even nuclei also is in line with the 
E2 assignment.”’ 

One is tempted to postulate the multipolarity of the 
low energy isomeric transition in Am™™, O’Kelley, 
Barton, Crane, and Perlman* have studied the L x-rays 
arising from internal conversion and note that radia- 
tion due to Li1-holes is five times as prevalent as 
that due to Zy-holes. In the Pu™* case, which we 
postulated as £2, the L111/L11 ratio was about one-half. 
Lifetime-energy considerations indicate the isomeric 
transition in Am™*™ should be E3 or M3. By comparing 
the L1:/Li11 ratio to those of other £3 transitions (of 
considerably smaller atomic number and greater en- 
ergy) and extrapolating the Tralli and Lowen graph toa 
very high value of Z?/E, the M3 assignment is favored. 
For large Z*/E, L1-conversion should be small. Possibly 
for magnetic transitions, L1;-conversion becomes more 
probable for high atomic number. For £3, more Ly- 
conversion than is observed would be expected. 

Some further remarks may be made. Interpretation 
of angular correlation data involving L-conversion elec- 
trons will require knowledge of the kind of electrons 
being observed, that is, whether they are from the py, 
pi, or s; levels. In addition, the determination of y-ray 
transition energies from internal conversion lines may 
be made more accurately if one knows which L-subshell 
absorption energy to add to the energy of the Z-con- 
version line (or lines). 

After this paper was completed, theoretical values 
for the Ly;- and Ly11-shell conversion coefficients, neg- 
lecting screening, were published by Gellman, Griffith, 
and Stanley.”® Our experimental results are in agree- 
ment with their theoretical ones. 

Thanks are due Dr. M. Goldhaber of Brookhaven and 
Professor R. D. Hill of the University of Illinois for 
discussion. Mr. E. L. Church helped with the early 
phases of the work. 


27 G. Scharff-Goldhaber, Phys. Rev. 87, 218 (1952). 
%8 Q’Kelley, Barton, Crane, and Perlman, Phys. Rev. 80, 293 


(1950). 
* Gellman, Griffith, and Stanley, Phys. Rev. 85, 944 (1952). 
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The temporal development of the state vectors in the interaction representation is investigated for a 
quantum-mechanical system that has bound states. It is shown that there is a non-unitary operator which 
determines the variation of the state vectors of the free states. This operator satisfies the same differential 
equation and initial condition as the unitary operator which transforms a state vector at the remote past 
to the state vector at a finite time or in the remote future. The present investigation is relevant to a remark 


made by H. S. Snyder. 


No iteration process is made use of in the general investigation. Born’s method of successive approxi- 


mations is discussed at the end. 





I. INTRODUCTION 


HE connection between the time-independent 
(stationary)' and the time-dependent (nonsta- 
tionary)’ formulations of the theory of scattering has 
been investigated by several authors.*** Snyder has 
pointed out that further clarification is needed for 
obtaining complete consistency in such theoretical 
considerations in the case of a quantum-mechanical 
system that has bound states. It is the purpose of the 
present note to contribute some discussions relevant 
to this question. 
Our discussions also throw some light on the relativ- 
istic two-body problem‘ and the general theory of the 
bound states.® 


II. TEMPORAL DEVELOPMENT OF THE STATE 
VECTORS IN THE INTERACTION 
REPRESENTATION 


The time-dependent theory of scattering is usually 
developed in the interaction representation with the 


* National Research Laboratories Postdoctorate Fellow. 

1W. Heisenberg, Z. Physik 1, 608 (1946); C. Moller, Kgl. 
Danske Videnskab. Selskab, Mat.-fys. Medd. 23, No. 1 (1945); 
22, No. 19 (1946); W. Pauli, Meson Theory of Nuclear Forces 
(Interscience Publishers, New York, 1948); G. Wentzel, Revs. 
Modern Phys. 19, 1 (1947). 

2W. Heitler, Quantum Theory of Radiation (Oxford University 
Press, London, 1944); E. C. G. Stueckelberg, Helv. Phys. Acta 
18, 195 (1945); S. Tomonaga, Prog. Theoret. Phys. 1, 27 (1946); 
J. Schwinger, Phys. Rev. 74, 1439 (1948); R. P. Feynman, Phys. 
Rev. 76, 749, 769 (1949); F. J. Dyson, Phys. Rev. 75, 486, 1736 
(1949) ; D. Rivier, Helv. Phys. Acta 22, 265 (1949); K. O. Fried- 
richs, Commun. Pure Appl. Math. 5, 1 (1952). 

*K. O. Friedrichs, Commun. Pure Appl. Math. 1, 361 (1948); 
B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950) ; 
H. S. Snyder, Phys. Rev. 83, 1154 (1951); M. Schoenberg, 
Nuovo cimento 8, 403, 651 (1951); E. Arnous and S. Zienau, Helv. 
Phys. Acta 24, 279 (1951); J. Pirenne, Phys. Rev. 86, 395 (1952). 

%* For those problems in which the initial condition is specified 
for t=O rather than #=—, the connection between the two 
formulations has been investigated by W. Heitler and S. T. Ma, 
Proc. Irish Academy 52 A, No. 9, 109 (1949); E. Arnous and S. 
Zienau (see reference 3); M. Schoenberg, Nuovo cimento 8, 
817 (1951). 

*Y. Nambu, Prog. Theoret. Phys. 5, 82 (1950); E. E. Salpeter 
and H. A. Bethe, Phys. Rev. 84, 1232 (1951); J. Schwinger, 
Proc. Natl. Acad. Sci. 37, 452, 455 (1951); M. Gell-Mann and 
F. Low, Phys. Rev. 84, 350 (1951); M. Jean, Compt. rend. 233, 
602 (1951). 

5B. Ferretti, Nuovo cimento 8, 108 (1951); F. J. Dyson, 
Phys. Rev. 82, 428 (1951); 83, 608, 1207 (1951); K. Nishijima, 
Prog. Theoret. Phys. 6, 37 (1951). 


o-surfaces taken to be planes. In this section such a 
time-dependent theory will be extended to include the 
bound states. We shall take the time-independent 
formulation of quantum mechanics as our starting 
point. 

We consider a quantum-mechanical system with the 
following properties. The Hamiltonian of the system is 
of the form 

H=Ho+H,, (1) 


where Hy is the Hamiltonian of the free particles and 
H, is the interaction of the particles. There is no time- 
dependent external force, so that in the Schrédinger 
picture Hy and H, are time-independent. The free- 
particle Hamiltonian Hp has real eigenvalues that form 
one or several continuous spectra. The total Hamil- 
tonian H has the same continuous spectra of eigenvalues 
and also discrete eigenvalues which have no one-to-one 
correspondence to the eigenvalues of Ho. The continuous 
eigenvalues of H correspond to the energies of the 
hyperbolic orbits in the classical theory; the discrete 
eigenvalues correspond to the energies of the elliptic 
orbits: The eigenstates of H with continuous and 
discrete eigenvalues will be referred to as the free and 
bound states, respectively. 

Let us first state the basic features of the time- 
independent theory of such a quantum-mechanical 
system. Greek and Latin indices will be used to denote 
the free and bound states, respectively. Let y and ¢ be ° 
the eigenvectors of H and Hp, respectively. We have 
then 

Hyn=Ew, (2) 


Hodx= Exon, (3) 
Hy.=EwW,. (4) 


The y’s and ¢’s each form a complete orthonormal 
set of eigenvectors. There is no ¢ corresponding to ¥,, 
but there is a one-to-one correspondence between the 


* For a discussion of the identity of the continuous spectra of 
Ho and H;, see P. A. M. Dirac, Principles of Quantum Mechanics 
(Oxford University Press, London, 1947). The discrete eigenvalues 
of H are assumed to be real and outside the range of the continuous 
spectra. Note the difference between the meanings of the word 
“free” for “free particles” in connection with Ho and “free state” 
in connection with H. 
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BOUND STATES AND 
y, and ¢,. Put 
vri=Wor. (5) 


The quantities 
(bu, Va) = (bu, Worx) = (u| WA) (6) 


form a matrix which Mller calls the wave matrix. 
It satisfies the equation 


(E,—E,)(u| W|d) = (u| HW! )). (7) 


The radiation conditions for ¥, to describe plane 
incident waves together with spherical outgoing or 
ingoing waves give the solutions 


(u|W|d)=46(u—d)F 29d, (L,—E,)(u| HW), (8) 


where 
54.(w) = 36(w)+(i/2r)(P/w), (9) 


with P denoting the principal value. The S-matrix is 
given by 


(u|.S|A)=8(u—A)— 27i6(E,—E,) (u| HiW,!|d). (10) 


For the bound states we have 


(E,—E,)(¢,; Vs) = (dy, Hyy,), (11) 


which gives 


1 
(bus vs) sai (du; Hyy.). (12) 


5 § 
VF rr 


There is no singularity in Eq. (12) as in Eq. (8). The 
orthogonality conditions for y and y, give rise to the 
conditions 


(v., Wi¢,)=0 (13) 


or simply 
v.t1Ws=0, 
aie * (14) 
Wa'¥.=0, 


where we use the sign * to denote the Hermitian 
conjugate of an operator or the conjugate imaginary 
of an eigenvector. 

As Mller has shown, the orthonormal condition for 
the ¥,, and the completeness relation 


f Vawantdh+Cvet=l (15) 


lead to the following relations for W,: 
Wi1W,=1, 
WiWst=1-LDdaa!. 


The basic equations of the time-dependent theory are 
mathematical consequences of the above equations. 
Friedrichs has dealt with the temporal development of 
the wave matrix by means of the theory of spectral 
representation. It may be of general interest to have a 
mathematical treatment using a language more familiar 
to physicists. 


(16) 
(17) 
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In the Schrédinger picture the state vector that is 
equal to W4, at ‘=0 is equal to ¥4, exp(—i£)/) for an 
arbitrary value of ¢. It is therefore given by 


¥ar(t)=exp[i(Ho— Ey)t War 


in the interaction representation. It follows from Eqs. 
(5) and (18) that 


Varl)=Ws or, 


(18) 


(19) 
where 
W(t) =exp(iHot)W 4 exp(—iHot) (20) 
satisfies the equation 
i(dW ,(t)/dt)=H,(OW (0, (21) 
with 


H,(t)=exp(iHol)H, exp(—iHs). (22) 


Using the relations® 


be 


lim 5,(w) exp( —iwt) = ; 
tLe 


0 
lim 6_(w) exp(—twt) = : 
t++0 5(w) 


we have 


Using the relations 


t 
f exp(—iwt’)dt’ =275,(w) exp(—iwt), 


—o 


e 


f exp( —ict’)dt’ = 275_(w) exp(—iwt), 


t 


we have 


t 
W(t) =1 -if Hi(t)W4(t)d¢, 


W_(t) -1+if H,(t’)W_(t’)dt’, (31) 
t 


which are in agreement with the differential equation 
and initial conditions for W(t). The meaning of the 
integrals in Eqs. (28) and (29) can be made precise by 
using a limiting process as Lippmann and Schwinger, 
Ferretti, and Dyson have done. Like all formulas 
involving the 6, function, Eqs. (23) and (24) hold only 
if the two members of these equations are multiplied 
by a nonsingular smoothly varying function of w. We 


*P. A. M. Dirac, Principles of Quantum Mechanics (Oxford 
University Press, London, 1947). 
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shall use the term “conditional equality” in referring 
to this kind of equation. 
The temporal development of ¥,,(¢) is given by that 


of W,(0), namely, 


Var(— 2 )=gy, 
Yi (0)=Widr=a, 
Yir( )= Sy. 


lhus, the time-dependence of ¥4,(¢) is formally periodic 
but actually aperiodic, as a result of the singularity of 
the 6, function. Comparison of Eqs. (21), (25), (26), 
and (30) with the equations given by Schwinger show 
that W’,(¢) satisfies the same equations as the unitary 
operator which transforms a state vector at the remote 
past to the state vector at a finite time or the remote 


(32) 


future. 
The analog of Eq. (18) for the bound state is 


v.(t)=exp[i(Ho— E,)t y.. 


It follows from Eqs. (12) and (33) that y,(¢) satisfies 


(33) 


v(t) = -if Ayi(t')y.()dt’, (34) 


x 


v(t) -if H(t’ y.(t))dt’. 
t 


(35) 


Owing to the absence of singularity in Eq. (12), we have 


lim y,(t) =0, (36) 
t++a 

in agreement with Eqs. (34) and (35). Note that Eq. 
(36) is only a conditional equality. The normalization 
condition 


(¥.(t), ¥.())=1 (37) 


holds even for very large values of ¢ because the two 
rapidly fluctuating factors in the left-hand side of 
Eq. (37) cancel each other. 
The analogs of Eqs. (14) are 
¥.'O)Ws) =0, 


Ws '()y.(t) =0. 


(38) 


These equations may be of interest to the variational 
treatment of scattering problems.’ 


6 Equation (36) is the abbreviated form of the equation 


lim (¢y, ¥s(t)) =0. (36a) 
iste 


The product (@,, .(¢)) contains the fluctuating factor 
exp[i(E,— E,)é]. 
Thus the same reasoning that has led to the limiting values of 
¥+a(é) and W +(#) in the above leads to Eq. (36a). 
7L. Hulthén, Kgl. Fysiograf. Sallskap. Lund. Férh. 14, No. 21 
(1944); B. A. Lippmann and J. Schwinger (see reference 3); 
M. L. Goldberger, Phys. Rev. 84, 929 (1951). 
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The analogs of Eqs. (15), (16), and (17) are 


faObntOar+ZvO¥4 =1, (39) 


Wi tQW,(d =1, (40) 


WOW .1(0) =1-—Lyv. (Oy. (0. (41) 
Equation (41) shows that W ,(/) is not a unitary 
operator when there are bound states present except at 
/=+0,. Thus, the completeness of the eigenvectors 
¢ does not imply the completeness of the state vectors 
¥v.(2). The state vectors y,(¢) should be included in 
order to obtain a complete orthonormal set. 


Ill. UNITARITY 


Let us consider now the connection of the nonunitary 
operator W(t) of the previous section and the unitary 
operator U(t, fo) which transforms a state vector ¥(/o) 
into the state vector Y(t). The operator U((/, to) is 
given by any of the following expressions $ 


U(t, to) =exp(iH ot) exp[ —iH (t-te) ] exp(—iHoto), (42) 


U(t, to) = f vanOvaat(oran +>¥oy. (ts '(to), (43) 


or 

V(t, to =WiOWat(to)+Dv.(Dvst(to). (44) 
The summation over the discrete eigenvalues in Eqs. 
(43) and (44) is essential for U’ to be unitary. Making 
fy tend to — ~, we obtain a unitary operator U(t, — 2) 
which satisfies the equations 


(45) 
(46) 


idU(t, —)/dt=H,()U(t, —), 


lim U(t, —2)=1, 


l+~—@ 


U(t, -«)=1-if H,(t)UW, —2)dt’. (47) 


We have seen in the previous section that the operator 
W(t) also satisfies these equations. It may seem sur- 
prising that there are two different operators that 
satisfy the same differential equation and initial condi- 
tion. The explanation is that in deriving the equations 
satisfied by W,(t) we have made use of Eq. (25), which 
is a conditional equality. Indeed, if we use in Eq. (44) 
the conditional equalities given by Eqs. (25), (26), and 
(36), we are led to the conclusion that the operators 
U(t, —~©) and W,(é) are identical. The operator 
U(«, —) is then equal to S as usually stated in the 
literature. It seems to the writer that the mathematical 


8M. Schoenberg (see reference 3); M. Gell-Mann and F. Low 
(see reference 4); G. F. Chew and G. C. Wick, Phys. Rev. 85, 
636 (1952); J. Ashkin and G. C. Wick, Phys. Rev. 85, 686 (1952). 
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techniques used in the present-day field theories are not 
sufficient to distinguish between conditional and exact 
equalities. Thus, the confusion pointed out by Snyder 
indicates that there is an ambiguity in the determi- 
nation of the operator U, a question which is of im- 
portance in connection with the problem of the bound 
states.® % 

The unitarity of the operator W(t) at t=, ie., 
the S-matrix, has been established by Moller and 
Snyder by means of the time-independent theory of 
scattering. It can also be derived from the time- 
dependent theory without much manipulation. It 
follows immediately from Eq. (40) that 


StS=1. (48) 


From the equations 
W_t()W_()=1, 
W_1O)WiO=S, 


(49) 
(50) 


which can be derived in the same way as Eq. (40), 
we find 
(51) 


(52) 


W_(— ©)=St, 
SSt=1. 


Thus, S is unitary. 


®M. Neuman has discussed an additional condition for the 
unitarity, Phys. Rev. 83, 671 (1951). 

9% Note added in proof.—We have stated above that the operator 
U(t, — ©) is unitary as a result of the unitarity of U(#, &) for 
finite 4. Dr. M. R. Schafroth has pointed out to the writer that 
one cannot infer the unitarity of U(#¢, — ©) from the unitarity of 
U(t, &) because the unitarity of U(t, — ©) requires not only 

lim U(6, )U'(t, &)=1 
lo- —-@e 
but also 
lim U(t, 4)U'(, 4) =1, 
hjtw— eo 
and there is no reason why the latter should hold. As we have 
already mentioned above, the operators U(#, — ©) and W,(¢) are 
identical if we use the conditional equalities to give U(t, — ©) a 
definite limiting value. In this sense the operator U(#, — «) 
=W,(#) is not unitary, in contrast to U(t,&), because of the 
non-unitarity of W,(#) which we have shown. Professor W. Pauli 
has informed the writer that this fact was previously pointed out 
by Dr. R. Jost in a private discussion. The writer is greatly in- 
debted to Professor Pauli and Dr. Schafroth for these remarks and 
for their interest in this work. 
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The product W,()W,'(¢) satisfies the equation 
t 
W,(O)W,1(t) =1 -if [H,(t'), W()W,1(e) Jat’. (53) 


A unitary W,(?) would satisfy Eq. (53), but this 
equation does not imply the unitary of W,(). 


IV. BORN APPROXIMATIONS 


In the above considerations we have not made use of 
the iteration processes that are usually used in connec- 
tion with Born’s method of successive approximations 
or Heitler’s integral equation. Born’s method consists 
in expanding W(t) in the form 


Wi (O=14+W,OO+W,OO+---. (54) 


The convergence of this series in physical problems has 
been investigated by Jost and Pais and by Dyson.’® 
We shall assume here that we are dealing with a 
problem in which this series converges. Substituting 
this power series in Eq. (53) and grouping together 
terms containing the same power of the coupling 
constant in the product W,(4)W (0), we find 


(WOW 410} =1, 
(WOW) 


(55) 


- -if CHi(t'), (Wy (C)W41(¢)} oY Ja’ 


(n=1). (56) 
These equations lead to the result that W,(d)W4,1(4) is 
equal to unity, so that W (2) is unitary. This means that 
the state vectors ¥,,(¢) of the free states, when calcu- 
lated by Born’s method, formally form a complete set 
without the state vectors y,(/).* 

The writer ts grateful to Dr. T. Y. Wu, Dr. D. 
Rivier, Dr. J. Pirenne, and Dr. E. Corinaldesi for 
discussions. 


10R. Jost and A. Pais, Phys. Rev. 82, 840 (1951); F. J. Dyson, 
Phys. Rev. 85, 631 (1952). 

103 Tf we apply a similar iteration process to the state vector 
y¥.(t) for discrete state and Eq. (34) or (35), ¥.(¢) will turn out to 
be identically zero. The Born iteration method as described in this 
section does not, therefore, yield any information concerning the 
bound states. 
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Franz has shown that for nonrelativistic changes of photon momentum (qg) the coherent scattering of 
gammas by bound electrons reduces to the form factor calculation. We consider the near-relativistic region, 
by an expansion in g/mc. The corrections to the form factor calculation are very small for small atomic 
numbers, the order of magnitude being (Z/137)(qg/mc). Numerical results for scattering by K electrons of 
tin give an increase of the amplitude of 25 percent above the form factor value for ¢/mc=1.5 and a smaller 
change for smaller values of g. Our results are incomplete since we neglect the effects of binding in the 


intermediate state. 





I. INTRODUCTION 


HE coherent scattering of radiation by electrons 
in an atom is usually calculated as the atomic 
form factor 


F(qg)=— m- factrud, (1) 


where au is the charge density, and q is the change of 
momentum of the photon: g=2(hw/c) sin@/2, where @ 
is the scattering angle. (We should multiply by e/c? 
and by [4(1+ cos?) }! to find the scattering amplitude.) 
Franz' has written down the expression for the scat- 
tering of a high energy photon by a bound electron, 
using second-order perturbation theory in coordinate 
space. He shows that his expression reduces to the 
usual form factor calculation if he neglects binding in 
the intermediate state and makes the nonrelativistic 
approximation : 


q<Kme. (2) 


Halpern and Hall? have shown that for nonrelativistic 
change of photon momentum the coherent scattering 
calculation gives very similar results for their scheme J 
and scheme JJ. We shall make calculations by the 
usual one-electron theory (scheme 7) in the near- 
relativistic region. 

Knowledge of the amplitude for elastic scattering of 
gamma-rays by bound electrons is essential for the 
analysis of Wilson’s experiment® on potential, or 
Delbruck scattering. He has measured elastic scattering 
in the range 40° to 135° of Co® gammas (1.33 Mev) and 
ThC” gammas (2.62 Mev) by s0Sn, and by #2Pb and 
neighboring elements. 

Several of us‘ have calculated the coherent scattering 
for a rather special relativistic value of g (Co® gammas 
scattered through 180°). In this paper the present 
author will estimate the relativistic corrections to the 
scattering amplitude by making an expansion in the 

* Part of this work was done while the author was a research 
associate at Cornell University under an ONR contract. 

1W. Franz, Z. Physik 95, 652 (1935) ; 98, 314 (1936). 

? 0. Halpern and H. Hall, Phys. Rev. 84, 997 (1951). 

3R. R. Wilson, Phys. Rev. 82, 295 (1951). 

‘ Greifinger, Levinger, and Rohrlich (to be published). 


parameter g/mc. This expansion in g/mc works well for 
tin and scatterers of smaller atomic number since the 
coefficient of g/mc in the expansion contains the small 
factor Z/137. We shall regard our expansion as basically 
an expansion in just the parameter g/mc; and we shall 
keep small terms of order 7/137 or its powers wherever 
they do not contain g/mc. 

We shall continue the approximation of a free inter- 
mediate state. Preliminary work by Peierls, Woodward, 
and Brown® indicates that the corrections to the scat- 
tering amplitude resulting from binding in the inter- 
mediate state are of the same order of magnitude as the 
relativistic corrections calculated in this paper. How- 
ever, the results of this paper are still needed as one 
part of the complete calculation. 

Our correction will be expressed as a factor multi- 
plying the amplitude given by the form factor calcu- 
lation. We should note that Franz! in calculating the 
form factor used the Thomas-Fermi electronic charge 
distribution. While this distribution is appropriate for 
very low values of g, Bethe® has shown that for values 
of q larger than the characteristic momentum of a K 
electron (mcZ/137) one should calculate the form factor 
using the Dirac wave function for the K electrons. 
Rohrlich and Rosenzweig’ have extended Bethe’s 
result by calculating the increase in the form factor due 
to the L electrons. 

In the next section we give the general expression for 
coherent scattering by bound electrons and find an 
approximation for the relativistic corrections to the 
scattering amplitude. In Sec. III we find numerical 
results for this correction for the case of low Z and for 
tin. In Secs. IV and V we consider the absorptive con- 
tributions to the scattering and the different cases of 
photon polarization. We shall not compare our cal- 
culations with the experiments of Wilson’ or of Moon 
and Storruste® at this time for three reasons: (1) our 
calculations appear incomplete because of the approxi- 
mation of a free intermediate state; (2) the experi- 
mental measurements include the effects of potential 

5 R. Peierls, private communication. 

*H. A. Bethe, private communication. 

7F. Rohrlich, private communication. 


§P. B. Moon, Proc. Phys. Soc. (London) A63, 1189 (1950); 
A. Storruste, Proc. Phys..Soc. (London) A63, 1197 (1950). 
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scattering, and this has been calculated only for very 
small angles; (3) only the @=40° point of Wilson’s 
measurements falls in the region where our expansion 
is valid. 
II. GENERAL EXPRESSION FOR COHERENT 
SCATTERING 


Following Bethe, we draw the Feynman diagrams and 
write down the matrix elemtns for coherent scattering 
by bound electrons. We use the notation symmetrical 
between initial and final electron states: 


Q=4(ki—k,.) = }q, (3) 
K=}(k,+k,). (4) 


k; and ky are initial and final photon momenta. The 
electron momenta are p—Q for the initial state and 
p+Q for the final state. The matrix elements for scat- 
tering a photon of polarization state yu into state v are 
given below: M’ for the case where the photon is first 
absorbed; M” for the case where the photon is first 
emitted. (See Appendix A for the derivation.) The prin- 
cipal value gives the dispersive scattering; the con- 
tribution at the pole gives the absorptive scattering. 


M,'= f d*p3(p+O){— veri: (p+ K) 
—ys(E+w)+m ]+ 2i7,(p.—Qu)} o(p—Q)/(b—a). (5) 


Myp!'= f d*p3(p+ OM —evL iy: (p—K) 
iis ys(E—w)+ m |+ 2iv.(p,—Q,)} 
X ¢(p—Q)/(b+a). (6) 


E=mc—e is the energy of the bound electron; ¢ is its 
binding energy; the ’s are the Dirac matrices in 
Pauli’s notation; ¢ is the electronic wave function in 
momentum space, 


b= p’—(°-+ 2me—e, (7) 
a=2w(m—e)—2p-K. (8) 


Let us first consider the case n= v=; Yu’7,=1; the 
photon propagation K in the x-direction, and Q in the 
z-direction. That is, there is no change of polarization, 
and the polarization is perpendicular to the scattering 
plane which contains K and Q. We shall show below 
that, for Q<mce, the case where the polarizations are 
both in the scattering plane gives a very similar result, 
except for the usual factor of cos@. There is a much 
smaller amplitude for change of photon polarization. 
The scattering amplitude M,,=M,,’+M,," equals 


Maa= f @pe(0+Q)(20.— i pt vaE-+ m+ 24 ph] 
+ 2a(—iy2K+ yw)} o(p—Q)/(b?—a?). (9) 


®F. Rohrlich and R. L. Gluckstern, Phys. Rev. 86, 1 (1952); 
H. A. Bethe and F. Rohrlich, Phys. Rev. 86, 10 (1952). 
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In the nonrelativistic case, Q@?=0, p=O inside the 
brackets, b=0, a= 2mw, and only the y, term need be 
considered. We then keep only 2aw/(—a*)= —1/m for 
the fraction. 

Then the amplitude 


My f d*pa(p+Q)(—1/m)e(p—Q). (10) 


Equation (10) is just the form factor written in mo- 
mentum space; it is equivalent to the coordinate space 
expression of Eq. (1), so we have confirmed the results 
of Franz. (This result was shown by H. A. Bethe.) 
Using Eq. (8) for a, we have the more exact expression 


My, = 


d*pp(p+Q) 
X{—w/[(m—«)w—p- K)}} ¢(p—Q). (11) 


In Eq. (10) we used the product of the fourth com- 
ponents of the four-vectors for the photon (w, K) and 
the electron (EZ, p). In Eq. (11) we use the invariant 
expression for the scalar product of the two four-vectors. 

We show in the appendix that Eq. (11) is a good 
approximation for Eq. (9) provided we have (a) O< mc; 
(6) not too large atomic number; and (c) small angle 
scattering. Condition (5) is needed so that the small 
components of the Dirac wave functioncan be neglected. 
This greatly simplifies the numerator since we can then 
neglect the terms with y,, yy, or yz Assumptions (a) 
and (c) are needed so that we can neglect 6 [Eq. (7) ] 
compared with a [Eq. (8)]. 

With K along the x-axis, and of magnitude w cos6/2, 
Eq. (8) becomes 


a= 2w[m—e— pz cos0/2]=2w(m—«)(1—s); (12) 


5= pz c0s$0/(m—e). (13) 


The amplitude 
My=—(m—6"! f dpa(p+0)(1-s)'9(p—Q). (14) 


Since the wave functions for a bound electron in a 
Coulomb field are more tractable in coordinate space 
than in momentum space, we wish to find a way to get 
from the latter, as in Eq. (14), to the former. We shall 
do this in an approximate manner by expanding the 
fraction in powers of s; shortly thereafter we correct 
for the fact that the integration over d*p goes to infinity, 
while our expansion holds only for |s|<1. The ex- 
pansion gives 


M=—(m— 0 f epale+ Qits+s+---\oP-O) 


=m(m—«)—"[F(Q)+M,); (15) 


(16) 


Mix f epe(r+Qste(P-O. 
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The term 1 in the parentheses gives just the form factor 
result /(Q) multiplied by the factor of m/(m—.) which 
is close to unity. The term s gives zero on angular 
integrations. The main correction is the term M,, which 
is evaluated by a Fourier transformation to coordinate 
space (see Appendix B). M; is positive leading to an 
increase of the scattering amplitude: 


M ,=cos*}0(m— o-* far exp(2iQ- r) 


Xu*(r)(—0?/dx*)u(r). (17) 

We must justify our expansion of (1—s)~'. For very 
large p, y(p) decreases about as p~*, so the integral 
with p2 does converge, but the integral with p,4 and 
higher powers diverge. Let us divide the integration 
into 2 regions and use the expansions 


(1—s)=1+s+s*+---, 
(18) 
(1—s)!= — (s+ s+ - - +). 


region J, |s| <1: 
region JJ, |s|>1: 


In Eq. (15) we have integrated the terms 1 and s* over 
both regions, rather than just over region 7. We should 
have M,,=[(F(Q)+Mi—M2}m/(m— 6), where M, is 
given by Eq. (16) integrating over all p, and for M2 we 
integrate over region IT: 


Ms J pe p+O)(Lts+s2+--- 
Il 


+s“'+s"*+-+-)p(p—Q). (19) 

The advantage of this formulation is that for O<mce 
the term M, is greater than M2. We calculate M, 
exactly by making a Fourier transformation into coor- 
dinate space, which is only possible for an integration 
over all momentum space. We shall calculate M2 ap- 
proximately using an asymptotic expression for the 
momentum space wave functions valid for large 
momenta, i.e., in region JJ. 

Since we terminate the series in M, at s*, we ter- 
minate the M¢ series at s* for positive powers of s and 
terminate the series for negative powers of s at s~*. 

The discussion above applies to the calculation of the 
principal value of the integral of Eq. (14), which we 
call the amplitude for dispersive scattering. The am- 
plitude for absorptive scattering, represented by the 
residue at the pole is quite small, as shown by the 
calculation in Sec. IV. 


Ill. EVALUATION OF RELATIVISTIC CORRECTION 


It is convenient to work in atomic units of a9/Z for 
position, and of h/(ao/Z) = mcZ/137 for momentum; do 
is the Bohr radius. We use A= 1. In atomic momentum 


units 
mc = 137/Z, (20) 


Q=(137/Z)(hw/me*) sing6. (21) 
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The evaluation of Eq. (17) for M; and Eq. (19) for M2 
is easier if we use Schrédinger wave functions for u(r) 
and ¢(p) for the K electrons. We normalize so that an 
integration over r’dr gives 2 electronic charges. Schré- 
dinger functions are given in Eqs. (22) and (23): 


us(r)=2e-", (22) 
os(p) = (2m)-1252(1+ 2). (23) 
Dirac functions for the large component are 
Up(r) = 2!+777—1eT[ (2) 1-4, (24) 
2'1(y+1)! sin[(y+1) tan-'p) 
(2e)*[(2y)!J}# p+ p?)r+P? 


y= (1—a@?Z?)i1—4.0°Z*=1—-«. 


(25) 





¢p(p)= 


(26) 


a= 1/137; ¢ is the binding energy in units of mc*. For 
mwe/2<1, we can expand Eq. (25) for the Dirac wave 
function in momentum space as 
on(p)=es(p)[1+(p?—1)e tan~'p/2p (1+p*)**. (27) 
We have omitted the small difference in the normaliza- 
tion constants. 

Equation (27) shows that the Schrédinger function 
¢s(p) is a good approximation to the Dirac function for 
ep<1, since for ep1 and p>>1 we have 

¢o(p)=¢s(p)(1+ wep/4)p*. (28) 
We are interested in values of 0, and consequently of p, 
of order of magnitude mc=1/Za. Then 
mep/4= (4/4) ($02Z?)(1/Za) = 4raZ/8. (29) 
The Schrédinger wave function is a good approximation 
for the Dirac wave function (large component) for 
Z<30 and p< mc, and does not give too bad results for 
Z=50, where we shall make a numerical comparison. 
Also for Z<30, the small Dirac components can be 
neglected, owing to the small normalization constant 
(1—)#(1+7)-?=4aZ. (See Appendix B.) 

Using Schrédinger wave functions for K electrons to 
evaluate the form factor F(Q) in Eq. (1) or Eq. (10) we 
have the well-known result 


F(Q)=2/(1+Q%)2. (30) 


The first relativistic correction M, [Eq. (17) ] is 


M ,=cos*}0(m—)~*[tan0/Q8— 1/07(1+0") J. (31) 
We see that M, decreases more slowly than F(Q) for 
Q>1 (as Q-3 instead of as Q-*). 

The next relativistic correction M; [Eq. (18)] can 
be approximated writing (1+ p?)"p~‘ in Eq. (23). 
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TABLE I. Coherent scattering by K-electrons of tin using 
Dirac wave functions. 








My 
F(Q) (Myy/F(Q) leorr 


1.10 1. 
1.10 1. 
1. 
1. 


(atomic 
units) F(Q) Mi 

0 2.0 0.098 

1 0.53 0.028 
2 0.105 0.019 

3 0.0304 0.0092 





1.19 
1.27 








We take cos*}0=1, and em. 





=f (p.? ‘mc?+ 1+ m%c*/p,*)d*p 
mu ((p?-+Q*)?—4p,°07}? 
8 [== 22m‘c4Q?+ 2m*?0*+- 08 
6m Q*mc(m*c?+-Q?)? 
Q*+ 3m*c?Q?— 15m'c* mc 
ea (2) 
Q 


m*c*0? 


T 








2.3(mc)-*(1—2.10?/mic?- ++). (32) 
The last expression is convenient for Ome. In evalu- 
ating the integral over region JJ (i.e., |p| >me or 
1/Za in atomic units) we have underestimated the 
integral somewhat by neglecting the 4,70? in the 
denominator. 

Similar calculations can be made using the Dirac 
large component wave functions given in Eq. (24) and 
(25). The form factor is calculated by Bethe as 

F(Q) =sin(2y tan—0)/yQ(1+Q%)". (33) 


The main correction M, is 


M=—} cos*h0(m—)-*2**[ (2y) !J-! 
X [s(27) — (2y—1)s(2y— 1) + (y— 1)*s(2— 2) 
—t(2y)+ (2y—3)t(2y—1) 

+(y—1)(3—y)t(2y—2)], 


(34) 

where 

s(n) = (n—1)! sin(m tan—1Q)/Q2"+!(1+Q2)"/2, 
[n(n—1)Q?—2] sin(n tan-'Q) 

+ 2Qn cos(n tan~'Q) 


(35) 


Q2"*1(1+-Q?)" 2 


t(n) = (n—3)!—— (36) 


The second correction M; is calculated for Dirac wave 
functions using the Schrédinger wave function as an 
approximation, thus obtaining the results given in Eq. 
(32). 

Numerical results for coherent scattering by K elec- 
trons of tin are given in Tables I and II. In Table I, 
F(Q), M; and M; are given using the large component 
of the Dirac wave function. In the last two columns we 
give the ratio scattering amplitude to form factor 
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Taste II. Coherent scattering by K-electrons of tin using 
Schrédinger wave functions. 








My/F(Q) 


1.10 
1.15 
1.14 
1.14 








=M,,/F(Q). The next to last column is found using 
M,y,=(m/(m—.) ][F(Q)+M:i—Mz2]. The last column 
gives this result making a correction for the small Dirac 
components discussed in Appendix B. For tin m/(m—e) 
= 1.06. We have taken cos*4@=1.0. Note that Q is 
given in atomic units of momentum [Eq. (21) ] and that 
amplitudes are in units of r>=e/mc*. The row Q=0 is 
for illustrative purposes only, as for 01 the L, M--- 
electrons are of great importance, and our calculation 
holds only for K electrons. 

For comparison we give in Table II the results for 
the form factor F(Q) and the ratio M,,/F(Q) using 
Schrédinger wave functions. Comparing the two tables 
we see that the Schrédinger wave functions give good 
results for small Q, but underestimate both the form 
factor and the ratio M,,/F(Q) for large Q. The values 
given for Q=3 must be regarded as dubious since the 
expansion parameter Q/mc becomes greater than 1. 
(Still, the corrections M, and M; in Table I are reason- 
ably small compared to F(Q) for Q=3; ie., Q=1.1 me, 
or scattering of Co® 1.332-Mev gammas through an 
angle of 48°. The small values of the corrections M; and 
M; justify the approximations made in their calculation. 
We also note that the correction in Appendix B (last 
column, Table I) for the effect of the small Dirac com- 
ponents does not change the ratio M,,/F(Q) greatly, 
except for the dubious case = 3. 

As an illustration of the use of Schrédinger wave 
functicns let us consider scattering by K electrons in an 
atom for the case mc>>Q>>1, where all quantities are 
expressed in atomic units. Equation (30) gives F(Q) 
~O-*; Eq. (31) gives M:=(x/2)(mc)?Q-*; Eq. (32) 
gives M,2.3(mc)—5. We see that the relativistic cor- 
rections M, and M, are extremely small relative to 
form factor due to the extra powers of the mass in the 
denominator. For very small atomic numbers the rela- 
tivistic corrections are very small even for Q comparable 
to mc, since Q and mc are comparable large numbers, 
when expressed in atomic units. 

We conclude that the relativistic corrections con- 
sidered here cause some increase (10 to 30 percent) in 
the scattering amplitude for coherent small angle scat- 
tering by K electrons of tin and that the corrections 
increase with increasing Q. The simpler equations using 
Schrédinger electronic wave functions are useful for 
rough evaluation of the amplitude/form factor ratio, 
up to atomic number 50. As noted above, the scattering 
amplitude may be changed appreciably due to cor- 
rections for binding in the intermediate state. 
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IV. ABSORPTIVE SCATTERING 


The amplitude for absorptive scattering is calculated 
as m times the residues at the poles on the real axis. 
In Eq. (14) for My, we havea pole at s= p, cos}6/(m—e) 
=1: ie., p2=mc. Then, as in the calculation of M2 
above, we can use the Schrédinger form (Eq. (23)) for an 
approximate momentum wave function for large 
momenta. The integral over p, and , is done as before 
neglecting the term 4),°Q* in the denominator in Eq. 
(32), giving 


dpz ” 
M y= — f ——— f f dpa p.o(p+0)o(p—Q). (37) 
pz— mc —o 


The amplitude M, for absorptive scattering is given 
in units of ro by 


M,= (8xm/3)(m'c?+ 0") —3 


As above, mc and Q are in atomic units; mc=137/Z 
= 2.7 for tin. The absorptive scattering should be com- 
pared with the dispersive scattering given approxi- 
mately by Bethe’s form factor [Eq. (33) ]. For O<1, 
M,=(8/3)(mc)~> while the form factor=2, so the 
amplitude for absorptive scattering is negligible, being 
only 2 percent of the form factor for the case of tin. It 
is even smaller for smaller Z. (Note that for combining 
the absorptive scattering and form factor we add the 
squared amplitudes, since they are out of phase by 90°. 
In combining various terms for the dispersive scattering 
we add the amplitudes, and subsequently square to 
find the cross section.) The absorptive scattering is 
small even in the most favorable case of Q=mc. Eq. 
(33) gives a form factor of 0.8(mc)~*:®, while Eq. (38) 
gives an absorptive scattering amplitude of (4/2)(mc)~*. 
The ratio 1.3(mc)~*!'=0.2 for tin. 


(38) 


V. OTHER POLARIZATION CASES 


The case of photon polarization in the scattering 
plane, both before and after scattering, is quite similar 
to the case of perpendicular polarization discussed in 
Sec. III. For the limiting case of zero scattering angle, 
the two results must be identical, from the symmetry of 
the problem. In the general case, we combine Eq. (5) 
and Eq. (6) to give a result analogous to our Eq. (9) for 
the special case treated above. For our present case the 
combination 7Y,¥»+7,Y,=2 cos@, where @ is the scat- 
tering angle. This combination gives a result just the 
same as in Sec. III except for the extra factor of cos6; 
which occurs here in just the same way as in the 
Thomson calculation of coherent electronic scattering 
by free electrons. The terms with 


YaVe— VV = 27a sind 


give zero using only large Dirac components since they 
contain two different space-like Dirac operators, multi- 
plying expressions containing either one or no Dirac 
operators [see Eq. (9)]. Here A is in the scattering 
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plane, perpendicular to u. For the case of Sec. III this 
term was identically zero. For atoms of low atomic 
number, where we neglect the small Dirac components 
we obtain then just cos@ times the result of Sec. III. 
For unpolarized gammas this gives a cross section 
4(1+cos*0)[roF(Q) FP. 

The effects of the small Dirac components are 
estimated as in Appendix B. They are quite small for 
the case of tin, as here we are interested only in the dif- 
ference between the values of this correction term for 
the two different polarization cases. 

In the nonrelativistic form factor calculation there is 
zero amplitude for change of direction of photon polari- 
zation by 90°, ie., either (1) polarized perpendicular 
scattering plane before, polarized parallel after; or (2) 
polarized parallel before, and perpendicular after. We 
find that the amplitude for this process is quite small 
in our case. We note that for this case, as for the case 
of absorptive scattering, the amplitude combines with 
the form factor amplitude by first squaring and then 
adding. 

In combining Eqs. (5) and (6) we now use 
Wet V%u=O and Wyr—Wr¥u=2Yu¥r By the same 
argument as above, the large Dirac components give 
zero amplitude for this scattering process. The main 
term, using one large Dirac component and one small 
Dirac component, is estimated in a manner similar to 
that in Appendix B, giving 


M=3[(1—y)/(1+) }' sin}oF(Q). (39) 


Even for Q= mc, the ratio M/F(Q) equals only 0.02 for 
scattering of Co gammas by tin (y=0.932) and should 
be neglected. 


VI. DISCUSSION 


We have found that coherent scattering by bound 
electrons for photon change of momentum in the near- 
relativistic region gives a scattering amplitude some- 
what larger than that of the form factor calculation. 
The numerical results have been calculated for scatter- 
ing by K electrons of tin. It is straightforward to obtain 
numerical results for smaller atomic number. For larger 
atomic number more careful calculations are needed for 
terms that are small in the case considered here, so that 
they could be estimated crudely in the appendix. These 
calculations could be made by methods like those of 
this paper. 

For the case of tin, for near-relativistic values of 
photon change of momentum, the scattering amplitude 
has the following properties: (1) The amplitude is a 
function of the photon change of momentum gq but not 
appreciably of the photon energy. (2) The dependence 
on photon polarization is very nearly the same as for 
the form factor calculation; (a) the case polarizations 
in the scattering plane gives the same scattering am- 
plitude as polarizations perpendicular to the scattering 
plane, except for the usual factor cos@; (b) the amplitude 
for change of photon polarization by 90° is very small. 





SCATTERING OF vy’S BY BOUND ELECTRONS 


(3) The absorptive scattering amplitude is much smaller 
than the amplitude for dispersive scattering. 

We are grateful to H. A. Bethe, P. Greifinger, O. 
Halpern, G. Jaffe, R. Peierls, F. Rohrlich, and R. R. 
Wilson for discussions of this problem. 


APPENDIX A 


Here we shall derive the amplitudes for coherent 
scattering of radiation by a bound electron. This cal- 
culation neglects the effects of binding in the inter- 
mediate state, since it uses the Feynman propagators for 
a free electron. For this type of calculation the Feynman 
method is equivalent to usual second-order perturbation 
theory. Greifinger’ has shown explicitly that Franz’ 
expression! reduces to our present result if a free inter- 
mediate state is assumed. The derivation given here was 
done originally by H. A. Bethe and was extended to 9 
more general case by F. Rohrlich and the present 
author. 

The Feynman diagrams for M,,’ (photon of polariza- 
tion u absorbed; photon of polarization v subsequently 
emitted) and M,,’’ (vy emitted, then » absorbed) are 
shown in Fig. 1. We use the symmetrical notation of 
Eqs. (3) and (4) of the text. We shall use Feynman’s 
notation for four-vectors, and for the Dirac y matrices.® 
The amplitude M,,’ is 


M,'= | 3(p+Q)iv,[i(p+K)+m]“iv,¢e(p—Q)d*p 


(Al) 


- fee+o a lng 
= | o(p “GiK +m? P, 


where p= )iy YuPu- 
Note that the integration over f, (energy) has already 


been done, to give the case of elastic scattering. The 
energy denominator is evaluated using the relations 


(p)?= p— E*= p*—(m—0)?, 


and 
2p-K=2p-K—2(m— ew. 


From Eqs. (3) and (4) we have (K)?= —(Q*, the square 
of the length of the three-vector. The numerator is 
evaluated using YP¥y=—¥-V¥uP+27,P.. We use an 
analogous expression for y,Ky,, and then use K,= —(Q,. 
Following this procedure, Eq. (Al) gives us the 
result for the amplitude M,,’ given as Eq. (5) of the 
text. M,,’’, the amplitude for emission first, is treated 
in a completely analogous manner using the Feynman 
diagram of Fig. 1(B), and gives Eq. (6) of the text. 


APPENDIX B 


The Fourier transformation leading from Eq. (16) 
for M, as an integral in momentum space to Eq. (17) 
for M, as an integral in coordinate space is based on 


10 P. Greifinger, private communication. 
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the orthogonality of the vectors K and Q. We write 


o(pt+0)= f exp(—i(p+Q)-R]Ju(R)@R, (A2) 


o(p—0)= f expl-itp~Q)-r Juha’. (A3) 


Since s= p-K/(m—e)w and K is perpendicular to Q, we 


P-Q;BOUND 


(a) (B) 


Fic. 1. Feynman diagrams for scattering of radiation: 1(A), for 
the case of absorption first; 1(B), for the case of emission first. 
‘‘Bound” means use the momentum space wave function of a 
bound electron; “free” means use the (approximate) propagator 
for a free electron. 


can write 


s*¢(p—Q) =cos*40(m—«)-* 
x f- 0?/dx?) exp[—i(p—Q)-r]u(r)d*r. (A4) 


Using expressions (A2) and (A4) in Eq. (16), performing 
two integrations by parts so that the — 0?/d2? operates 
on the wave function u(r), and integrating over d?R 
and d*p, we have Eq. (17). This proof was suggested by 
J. Goldstein. 


APPENDIX C 


We discuss here two different types of terms that 
were neglected in the calculation of the coherent scat- 
tering amplitudes for polarization perpendicular to the 
scattering plane. In going from Eq. (9) to Eq. (11) we 
neglected 5 in comparison with a [see Eqs. (7) and (8) ]; 
we also neglected the contribution of the small Dirac 
components. 

We neglected 6 both in the numerator and in the 
denominator of Eq. (9). The 5 term in the numerator 
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contributes: 


M.= f d*po(p+Q) (2be/a*) o(p—0) 


<4}(Za)?* sin*46F(Q)<0.006F(Q). (AS) 
We find the second expression on the right by taking 
b=—Q* (an overestimate); a=2mw. The numerical 
result applies for 48° scattering of Co® gamma-rays 
from tin (O=3 atomic units=1.1 mc). 

The effect of 6 in the denominator of Eq. (9) can be 
estimated by an expansion in 6?/a*: 


M,'= f d*po(p+Q)(—1/m)(b*/a*+ ++) p(p—Q) 


<4}(Q/mc)? sin*40F (Q)<0.04F(Q). (A6) 
We have made the same approximations as before, and 
the numerical result applies to the value of Q given 
above. 

We shall neglect both these terms in our present 
calculation. The first term becomes larger for high Z, 
the second term for high Q. Both become larger with 
scattering angle 6. 

The small Dirac components have a normalization 
factor smaller by a factor [(1—y)/(1+ 7) ]!=0.18 from 
that of the large components. (The numerical result 
applies to tin, y=0.932.) The term in Eq. (9) using 
small components for both g(p+Q) and 9(p—Q) will 
then be about 3 percent of that using the large com- 
ponents for the case of tin, so we shall neglect any rela- 
tivistic changes in this small term. (The term itself is 
included in Bethe’s form factor calculation.) 

If we use a large Dirac component for g(p+Q) and 
a small component for g(p—Q) (or vice versa), we get 
an appreciable correction to our result. Neglecting 6 in 
comparison with a, we have the matrix element from 
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Eq. (9) 


Mis=—m +f po(9+ Oi. ive: -+)e(p—Q) 


<mf d*p[us*(p+Q)(pe/m)ua(p—Q) sinde'* 


+u,*(p+Q) sinde-‘*(p./m)u;(p—Q) J. (A7) 
The term —iy, in the first integral goes out on angular 
integrations, leaving the term —iy.s as the leading 
term, written as the second integral. The second integral 
is expressed as an integral in coordinate space: 


M1is= —2m- ff) sine‘? 


Xexp(2iQ- r)m—"(d/dx)g(r)d*r. (A8) 
(There should, of course, be a further correction term 
like M, of the text.) Here f(r) is the radial function for 
the small Dirac components. For K electrons it is equal 
to the large component g(r) [Eq. (24) ] except for the 
term [(1—~y)/(1+~7)]! in the normalization factor. 
Using the Schrédinger wave function of Eq. (22) as a 
convenient approximation, we have 


M1 s=—m—[—2m-"(1— 7) (1+) 40-7] 
1+20? tan-'Q 
x| } 
(1+Q%)? @Q 
This correction term is calculated for tin and used for 
the last column of Table I to give [My,/F(Q) Jerr. The 


term Mzs is very small relatively for small Q, and 
increases to about 15 percent of the form factor for 


Q=me. 


| (A9) 
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Elastic Scattering of Gammas by Bound Electrons* 
P. Greiincer, J. Levincer,t anp F. Rour.icnt 
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
(Received July 3, 1952) 


HE cross section for elastic scattering of gammas by atoms, 

as measured by Moon, Storruste,' and Wilson? is due to the 
coherent combination of Thomson, Delbruck, and reasonance 
scattering by the nucleus, and Rayleigh scattering by the bound 
electrons.’ In the present note we report on calculations of Ray- 
leigh scattering of Co 1.332-Mev gammas by K electrons of Pb 
at an angle of 180°. Our results are compared with the form factor 
calculation of Bethe which is based on Dirac wave functions for 
the K electrons. 

Feynman’s methods can be used to calculate the amplitude for 
Rayleigh scattering. In this note we assume that the electron is 
free in the intermediate state of the scattering process. It seems 
likely that the effects of binding in the intermediate state are 
appreciable.’ However, our present result is one term in the 
complete expression to be calculated by the expansion of Brown 
and Woodward. 

The matrix element for 180° scattering is proportional to® 


M= feph+O) 


YD ys(m—et+w)— m+ 2iyshz nhs 
Pw 2m(w—e)+e(2w—e) ve + fenoro 


fy-Pty(m—e—w)— mt 2irehe gy, 





P— t+ 2m(w+e) —(2w +e) 


where w=gamma-ray energy; e=electron binding energy; 
Q=} the momentum change of th: photon; and y= Dirac Cou 
lomb wave functions in momentum space. All momenta and ener 
gies are in units of Zam (c=1). 

The first term represents the case where the photon is first 
absorbed and then emitted, while in the second term the order is 
reversed. The matrix element for scattering with change of 
polarization vanishes such that the above expression gives the 
amplitude for polarized as well as for unpolarized radiation. 

The dispersive scattering amplitude Mz (principal parts of the 
integrals) was evaluated by a double numerical integration. The 
results are given in Table I relative to Bethe’s form factor calcu- 
lation, which is 0.022 for this case. In this table “large-large” 
represents the contribution to the matrix element by terms in- 
volving transitions between the large components for both initial 
and final wave functions. The other columns are labelled by the 
corresponding transitions. 


Tape I, Amplitudes for the 180° scattering of 1.332-Mev 
gammas by the K-shell o q 





Form factor (Dispersive) Ma (Absorptive) Ma 


0.89 
0.11 
0 


Large-large 
Small-small 
Large-small 


Sum 1.00 
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The scattering amplitude also has an absorptive term, Ma, 
due to the poles of the integrand which corresponds to real 
photoelectric absorption and re-emission. This term is also 
included in Table I. 

We note that the dispersive scattering amplitude is about 
half Bethe’s form factor, while the absorptive scattering ampli- 
tude is surprisingly large. As noted above, our results may be 
modified appreciably by binding effects in the intermediate state. 

* Supported in part by the ONR. 

+ Now at Louisiana State University, Baton Rouge, Louisiana. 

} Now at Princeton University, Princeton, New Jersey. 

1 P. B. Moon, Proc. Phys. Soc. (London) A63, 1189 (1950); A. Storruste, 
Proc. Phys. Soc. (London) A63, 1197 (1950). 

?R. R. Wilson, Phys. Rev. 82, 295 (1951). 

* See J. S. Levinger, Phys. Rev. 87, 656 (1952), for references to calcula- 
tions of these processes. 

4H. A. Bethe (private communication). The formula is quoted in refer- 
ence 3. 

*G. E. Brown and J. B. Woodward (private communication). 

* See reference 3, Appendix A, for derivation. 


Pseudoscalar Interaction in the Theory of 
Beta-Decay* 
T. Anrens,t E. Feenserc, anp H. PRimMakorr 


Washington University, St. Lowis, Missouri 
(Received June 23, 1952) 


N the theory of beta-decay an approximation to the matrix 
I element is customarily obtained by evaluating the radial part 
of the lepton wave functions at the boundary of the nucleus. The 
application of this procedure in the usual manner to the pseudo- 
scalar interaction yields incomplete results. This can be seen by 
reducing the relativistic pseudoscalar matrix element (/|QSysL|i) 
to a partially nonrelativistic form: 


(/|QBrsL|é)=i(f|Qe- (PL) |i)/2M+(f\OBrs|i)Ler » (1) 


In Eq. (1) natural units are employed; f and é stand for final and 
initial nuclear states; Q converts a neutron into a proton; Z is 
the lepton covariant ¥,*8ys¥,, @ operates on a nucleon spin vari- 
able; M = 1836 is the mass of the transformed nucleon. The con- 
ventional procedure overlooks the term in @-(YL),' in which one 
evaluates the radial part of the lepton wave functions at the nu- 
clear boundary after the gradient operation has been performed 
on them. The correct procedure yields, for the pseudoscalar 
correction factor in the case AJ =0, (yes) the following expression 
to the lowest order in p: 
Cipo= (20°F o*)-(Gr/2M)?| fo-x|” 
X [(go’+T'go)?+ (f-2'+T'f_2)?]. (2) 

Here I'= a(AZ)?/2A!}, A is a factor in the neighborhood of unity,” 
and the prime denotes the derivative with respect to p; the other 
symbols have their usual meaning.’ The relative importance of 
the primed and unprimed coefficients in Eq. (2) can be seen from 
the estimate 

go’ /T'go| &(aZ)*/20 p= 2/A*. (3) 
Thus the two terms in the right-hand member of Eq. (1) make 
about the same contribution to the transition probability. The 
ratio of the pseudoscalar to the tensor transition probability for 
Al=0, (yes) is then approximately given, for not too small Z, 
by the expression 


(Gp/Gr)E(1—4A2)Z/1836A* P, (4) 


which is sensitive to A. Equation (4) shows that (Gp/Gr) must be 
about 1836A!/Z in order that the pseudoscalar interaction should 
contribute appreciably to AJ =0, (yes) transitions. According to 
Petschek and Marshak‘ the RaE decay involves this type of 
transition. On the other hand, an even larger value of (Gp/Gr), 
namely about 1836, is necessary to introduce considerable devia- 
tions to the otherwise expected and experimentally observed 
allowed shape of the neutron decay spectrum.' A more complete 
and detailed report on the pseudoscalar interaction, worked out 
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to a higher order of approximation, and including A/ =0, 2 (yes) as 
well as no parity change transitions with their cross terms, energy 
dependence, and plane wave approximations will soon be sub- 
mitted for publication. 


* Assisted by the joint program of the ONR and AEC. 

+ AEC predoctora! fellow. 

! In the pseudoscalar treatment of the neutron decay the g@ (YL) term 
gives the same energy correction to the allowed spectrum as the rigorous 
relativistic matrix element, while the second term gives no contribution. 
The rigorous matrix element has been worked out in a paper by Yamaguchi. 
Umezawa, Takebe, and Koiani to appear soon; reference to previous work 
on the neutron decay is given there. 

2T. Ahrens and E. Feenberg, Phys. Rev. 86, 64 (1952); 
Phil. Mag. 42, 1193 (1951); these references give 


S w= (ida /29) fO-« 
and in the same manner it can be shown that 


2M ff Bys=(AaZ/20) fv. 


*E. J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 308 (1941). 
‘A. G. Petschek and R. E. Marshak, Phys. Rev. 85, 698 (1952). 


D. L. Pursey, 


The Spin and Magnetic Moment of V™ 
A. Hitcacock* 
Institute of Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received June 20, 1952) 
N the j—J spin orbit coupling model, V®, with 23 protons and 
27 neutrons, has 3 protons in the 1f 7/2 shell and 7 neutrons in 
the 1/ 7/2 shell. There are 42 different states available to such a 
configuration, with spins ranging from 0 to 11. The interaction 
energy of these states has been calculated. It is found that, for very 
short range forces, the 4 lowest states have spins 6, 4, 3, and 5, 
respectively. The energy of these 4 states and of the lowest state 
of spin 7 has further been calculated for the following forms of an 
extended range interaction with convenient corresponding radial 
wave functions: 
V (t12) = 6(t12)P,—radial wave function R,(r) irrelevant. (1) 
This case is denoted by 4 in the table, for a 5-function potential. 
V (riz) = Vo [exp(—arriz)/rialP, (2) 
where 
Vo=89X10°"8 Mev cm, a@=0.858X 10" cm™.! 
R; = N;r exp(—8r), 8B, = 0.6435 X 10" cm“, 
B2= 1.2122 10" cm™. 
These cases are denoted by ¥1 and ¥2 respectively in Table I, for 
Yukawa potential. 
V (riz) = Volexp(—aris*) JP, Vo=42 Mev, 
a=0.317X10°%* cm! Ry= Ny'r’ exp(— fr’), (3) 
B=0.1089X 10*6 cm=*. 
This is denoted by G in the table, for Gaussian potential. 

In each case the following forms of the exchange operator P 
were considered : 

Tasve I, Relative energy and gyroscopic ratio of g states of V*. Energies 
are in Mev, except for case 8, where energies are in arbitrary units. A large 
positive energy means a tightly bound state. £(7) =energy of state of 
spin 7, etc. ME is the estimated maximum error. 








E(7) E(6)* E(5)* E(4) 
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0.4 
0.420 


a 








* The ss tmeaen state for each interaction is italicized. 
> Experimental value =0.557. 
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(a) P=(0.8M+0.2H), called MH in the table. 

(b) P=(0.3W+04M+0.1B+0.1H), called Se in the table 
(Serber mixture). 

(c) P=(0.5W+0.3M —0.3B+-0.5H), called Sy in the table 
(“Symmetric” mixture),where W, M, B, and H denote the usual 
Wigner, Majorana, Bartlett, and Heisenberg exchange operators. 

Comparison of wave functions indicates that the region of 
physical interest corresponds to that between the cases Y1 and 
¥2, and probably to the region 0.65<8X10-"<0.75 for the 
Yukawa potential. 

For the Gaussian potential the region of interest corresponds to 
0.08 <8 10-*° <0.14. As the table shows, the ground state is in 
all cases of extended range, one of spin 5. The effect of the Cou- 
lomb force, which is not included in the given results, is not great 
enough to affect this result. The values in the table are subject 
to a maximum error estimated in the column ME. 

The transition to the ground state of either Cr or Ti® is, 
therefore, on Gamow-Teller rules, 4th forbidden, corresponding 
to a half-life of 10" years at least, which is adequate to explain the 
occurrence of the isotope in nature. 

The gyromagnetic ratio of the calculated lowest state has also 
been obtained, and is shown in the table as “g.”” This should be 
compared with the experimental value of 0.557.2 The calculated 
value is subject to an estimated maximum error of 3 percent. 

It is worthy of note that the experimental gyromagnetic ratio is 
within 0.2 percent of that which would be expected for any state 
(J #0) in which proton angular momentum and neutron angular 
momentum are separately constants of the motion, having eigen- 
values (7/2)h. This would be so in the spin 5 state if the proton- 
neutron force were some 10 times weaker, relative to the proton- 
proton force. For the state of spin 7 it is very nearly the case 
without such adjustment, but spin 7 is not in the competition 
for the ground state. 

Finally it may be pointed out that the predicted spin does not 
agree with the rule of “parallel intrinsic spins” proposed by Scott* 
and in modified form by Nordheim.‘ 

It is a pleasure to record that this work has been assisted by 
the University of Chicago, and by Trinity College, Cambridge. 

* On leave from Cavendish Laboratory, Cambridge, England. 

1 These values are derived from those given by J. M. Blatt and J. 
Jackson, Phys. Rev. 76, 18 (1950) and Revs. Modern Phys. 22, 77 ‘ies 

orien i, Leysohn, and Scheitlen, Phys. Rev. 85, 922 (1952). 

3 J. M. C. Scott “On the Spins of Odd-Odd Nuclei,’ T daeaeaad circulated 

el. N. Nordheim, Revs. Modern Phys. 23, 322 (1951). je 


A Note on the ¢%°-Meson 
M. F. Kapton anp D. M 
University of Rochester, Rochester, 

(Received June 27, 1952) 


Ritson 
New York 


ANYSZ, Lock, and Yekutieli' have recently reported evi- 

dence for the existence of a new particle, the ¢°-meson. 
From observations on the angular correlation of pairs of charged 
m-mesons emitted in showers characterized by 2€n,<6, they 
present evidence for the existence of an unstable particle with 
a lifetime less than 10~'* second which decays according to 
the scheme {*-—>2*+x~+(Q; according to their data Q is several 
Mev. We have examined a different class of showers** charac- 
terized by a median charged multiplicity of the order of ~20 
particles with a median energy of ~5X 10” ev in an effort to ob- 
tain evidence relating to this proposed new particle. 

If we assume the existence of this particle decaying in its rest 
frame according to the above scheme, then if Q«u(=mass of 
m-meson), the maximum angular separation between the two 
mesons is given by 64 =2(Q/u)*/yo, where yo is the energy of the 
¢*-meson (in units of its rest mass) in the laboratory system. 
From the target diagrams of our showers we have determined the 
angular separation @, of pairs of shower particles (presumed 
x-mesons) in the diffuse part of the shower and the polar angle @ 
with respect to the shower axis of the line bisecting @,. We have 
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assumed that the ¢*-meson is emitted at this angle @ with an 

energy Yo given by* 

Fo (1+ tan*@) + (Fo 1)4¢7—1)*(1 — B/B2— 1) 7? tan’). 
1+7* tan 








Yo(8) = 


A monoenergetic spectrum for Yo in the center-of-mass system 
was assumed and the variation of yo with @ was calculated for 
20 <¥ <50 with ¥ 25. In this way it was possible with a given @, 
and @ to determined yo(@) and therefore 04; Q was taken as 6 
Mev. Thus if 6,<{@y this pair of mesons could presumably have 
arisen from the proposed ¢° decay scheme. 

A total of 21 showers were examined encompassing 278 diffuse 
shower particles. It was found that the angular separation @, for 
31 pairs of these particles was such that they could have arisen 
from ¢°-meson decay; the criterion 6, < 04 was insensitive to the 
particular choice of parameters given above. On the other hand 
we expected a certain number of electron-positron pairs arising 
from the conversion of y-rays resulting from the two photon decay 
of the neutral meson. Using the value* of 0.41 for the ratio of 
neutral mesons to charged particles and taking into account a 
finite lifetime for the r°-meson,® we find that at least 26 electron- 
positron pairs are expected to appear in the observation area: we 
find then on the assumption that all the charged shower particles 
observed are x-mesons that 4+4 percent® of these mesons can 
arise via the scheme (°—x*t+27>+Q(<6 Mev). We believe, 
however, that our data do not require the introduction of this 
new particle to explain the observed angular correlations. 

A possible explanation of the observations of Danysz, Locke, 
and Yekutieli has been suggested by Brueckner and Watson.’ 
They suggested that the observed angular correlations of Danysz 
et al. are due to distortions introduced in the outgoing meson 
wave function by an attractive meson-meson potential: this 
might be expected to have a relatively strong influence for the 
relatively low energy mesons observed in low multiplicity showers, 
whereas it would be expected to be a very small effect in the very 
high energy showers reported on in this note. 

! Danysz, Lock, and Yekutieli, Nature 169, 364 (1952). 

2M. F. Kaplon and D. M. Ritson, Phys. Rev. 85, 932 (1952). 

?M. F. Kaplon and D. M. Ritson, Phys. Rev. to be published. 

‘ Bradt, Kaplon, and Peters, Helv. Phys. Acta 23, 24 (1950). 

5 Kaplon, Peters, and Ritson, Phys. Rev. 85, 900 (1952). 

6 B. Peters (private communication) has made an analysis similar to ours 
in the diffuse cone of energetic showers and finds no evidence for the 
existence of the ¢°-meson. Danysz and co-workers find on the assumption 
of the existence of the ¢®-meson that 10 percent of the charged #-mesons 
arise from its decay; J. Y. Mci and E. Pickup, Phys. Rev. 86, 796 (1952) 


report a similar figure if the i? is assumed to exist. 
7K. A. Brueckner and K. M. Watson, Phys. Rev. 87, 621 (1952) 


Some Effects of Ionizing Radiation on the 
Formation of Bubbles in Liquids* 


DonaLp A. GLASER 
University of Michigan, Ann Arbor, Michigan 
(Received June 12, 1952) 


OR many problems connected with the study of high energy 
nuclear events and their products in cosmic-ray interactions, 
it would be very desirable to have available a cloud-chamber-like 
detector whose sensitive volume is filled with a hydrogen-rich 
medium whose density is of the order of 1 g/cc. In investigating 
possible ways of making such an instrument, it seemed promising 
to try to make a device which takes advantage of the instability 
of superheated liquids against bubble formation in the same way 
that a Wilson cloud chamber utilizes the instability of super- 
cooled vapors against droplet formation. 

A macroscopic continuum theory of the stability of small 
bubbles in a superheated liquid has been developed which predicts 
that bubbles carrying a single electronic charge will tend to 
collapse more readily than uncharged bubbles, while bubbles 
carrying two or more charges will be unstable against rapid 
growth under some circumstances. On the basis of this picture 
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one can estimate the conditions of temperature and pressure under 
which a pure liquid in a clean vessel becomes unstable against 
boiling due to the presence of ions. 

An experimental test of the theory for radiation-induced ioniza- 
tion was made by maintaining diethyl ether in a thick-walled 
glass tube at a temperature near 130°C and under a pressure of 
about 20 atmospheres. In the presence of a 12.6-Mc Co™ source, 
the liquid in the tube always erupted as soon as the pressure was 
released, while when the source was removed, time delays between 
the time of pressure release and eruptive boiling ranged from 0 
to 400 seconds with an average time of about 68 seconds. The 
average time between successive traversals of the tube by a hard 
cosmic-ray particle is estimated to be 34 seconds, 

A second test was made by removing the Co® source from its 
lead shield at a distance of 30 feet from the ether tube while the 
latter was sensitive and waiting for a cosmic-ray or local ionizing 
event. In every case the tube erupted in less than a second after 
exposure to the source. 

A “coincidence telescope” consisting of two parallel tubes was 
constructed and coincidences apparently resulting from vertical 
cosmic rays were observed with roughly the expected ratio of 
single to coincident eruptions. The coincident bubbles occurred 
near each other in the two neighboring tubes, but other single 
events occurred at random at different places in the tubes. 

According to the proposed explanation of the radiation sensi- 
tivity of bubble formation, one expects the threshold conditions 
of temperature and pressure of the system to be different for the 
formation of bubbles carrying 2, 3, 4, or more elementary charges. 
The shapes of the observed delay time curves for different pres- 
sures and temperatures are consistent with this expectation. 

On the basis of the suggested model for the observed phenomena, 
it is possible to estimate with the aid of a statistical hole theory of 
liquids the influence of ionizing radiation and ionic impurities on 
phenomena such as turbulent and supersonic cavitation, tensile 
strength and compressibility of liquids, scattering of supersonics 
in liquids near their boiling points, “bumping” of boiling liquids, 
maximum attainable superheats in liquids, etc. Further details 
concerning the experimental and theoretical aspects of the prob- 
lem will be published elsewhere. 

The author wishes to thank Messrs. G. Kessler and A. G. 
Dockrill for their expert work in constructing the glass parts of 
the apparatus. 


* This work was supported by the Michigan Memorial-Phoenix Project 
and a grant from the Horace H. Rackham School of Graduate Studies. 


Effect of Radiation on Elastic Constants 


F. R. N. NaBaRRo 
Department of Metallurgy, The University, Birmingham 15, England 
(Received June 12, 1952) 


IENES' has recently published a calculation of the effect of 

interstitial ions and vacant lattice sites on the elastic 
constants of copper and sodium. He finds that 1 percent of vacant 
lattice sites decreases all the elastic constants by about 1 percent, 
while 1 percent of interstitial ions increases some of the lattice 
constants of copper by 10 percent. He uses an approximation in 
which the distorted lattice deforms homogeneously under a homo- 
geneous applied stress; the large increase of energy around inter- 
stitial ions which are already abnormally close to their neighbors 
gives rise to large increases in the elastic constants. The purpose of 
the present note is to show that this approximation overestimates 
the difference between the effects of interstitial ions and of vacant 
lattice sites, because a homogeneous applied stress will produce 
less distortion near an interstitial ion than it does in the matrix, 
and, similarly, more distortion near a vacant site. This may most 
readily be seen by considering the limiting case in which the inter- 
stitial ion is rigidly wedged between its neighbors. On Dienes’s 
approximation this rigid wedging would make an infinite contri- 
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bution to the elastic constants. One can in fact make an approxi- 
mate estimate for this case by regarding the interstitial ion as a 
rigid and incompressible sphere of radius 6/2 and volume 2x/3 
of the atomic volume. If 1 percent of interstitial ions is repre 
sented by 2/3 percent by volume of incompressible spheres in- 
serted in an isotropic elastic continuum, a calculation by Brugge- 
man? shows that the bulk modulus is increased by 2*%(3K+4G)/9K 
3.8 percent. On a similar approximation, 1 percent of vacant 
lattice sites, representing 1 percent by volume of spherical holes, 
reduces the bulk modulus by (3K+4G)/4G=2.3 percent. Here K 
is the bulk modulus and G the rigidity of the matrix, and the 
numerical values are taken for Poisson’s ratio 1/3, K = 5G/3. 


Dienes, Phys. Rev. 86, 228 (1952). 


1G. J 
Bruggeman, Ann. Physik 29, 160 (1937). 


*D.A.G 


Effect of Radiation on Elastic Constants* 
G. J. Drenes 
Brookhaven National Laboratory, Upton, New York 
(Received July 2, 1952) 


HE writer pointed out in his original paper! that the major 

approximation of the theory comes from replacing the dis- 
torted lattice, which is locally inhomogeneous, by an approxi- 
mately equivalent homogeneous material. No attempt was made 
to evaluate the influence of this inhomogeneity except in so far 
as an average was taken whereby the interactions ascribable to 
the vacancies and interstitials were smeared over the whole 
crystal. Nabarro* points out some of the weaknesses of this ap- 
proximation and proposes an estimate based on an average derived 
from the theory of elasticity of an isotropic continuum. The 
physical argument given by Nabarro is certainly correct, and the 
question of the validity of the various approximations centers 
around the problem of properly averaging the elastic constants 
in an inhomogeneous medium. This problem in elasticity theory 
does not appear to be completely solved. For example, Brugge- 
man’ and Mackenzie‘ are not in good quantitative agreement 
concerning the shear moduli of an isotropic material containing 
holes. 

Within the framework of Bruggeman’s theory the writer would 
like to make the following comments concerning Nabarro’s 
calculations : 

(1) The writer has underestimated in the original paper the 
decrease in elastic moduli caused by vacant lattice sites, i.e., the 
moduli are decreased by more than a bulk effect, as pointed out 
by Nabarro (2.3 percent vs 1 percent). 

2) The writer believes that Nabarro underestimates the in- 
fluence of the interstitials by u.derestimating the effective volume 
over which the elastic moduli are greatly increased. Next nearest 
neighbors of an interstitial are strongly influenced by the presence 
of the interstitial particularly after relaxation has occurred, and it 
seems reasonable to consider the effective volume to have a radius 
of V35/2. The corresponding volume percent is 2V3x of the atomic 
volume, and the increase in bulk modulus is 19.6 percent for one 
percent interstitials. As a more conservative estimate it may be 
assumed that the effective volume is half-way between this and 
Nabarro’s estimate. The corresponding increase in the bulk 
modulus is 11.1 percent. Thus, the writer’s original averaging 
process, which gave about 9 percent, seems very reasonable. The 
somewhat higher contribution of the vacancies should be sub- 
tracted out, of course, but the main conclusions of the original 
paper are not changed. 

(3) It seems worthwhile to point out that even on the basis of 
elasticity theory the difference between the effects of interstitials 
and vacancies is quite large in the case of the shear moduli. Using 
Nabarro’s effective volume and Bruggeman’s equations the calcu- 
lations give these results: 1 percent interstitials raises the shear 
modulus by 6.3 percent and 1 percent vacancies decreases the 
shear modulus by 1.5 percent. The difference would be correspond- 
ingly larger if the larger effective volume of the interstitials were 
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used in the calculation. Thus, in the case of the shear moduli, the 
writer’s original estimates are quite conservative and the conclu- 
sions remain unchanged. 

The writer is grateful to Dr. Nabarro for calling attention to 
some of the difficulties of the original analysis and for pointing 
out that an independent estimate can be made based on elasticity 
theory. 
nder contract with the AEC. 

J. Dienes, Phys. Rev. 86, 228 (1952). 
a . Nabarro, preceding letter, Phys. nee. -. 665 (1952). 


: Bruggeman, Ann. Physik 29, 160 ( 
K. Mackenzie, Proc. (London) ‘BOS. “) (1950). 
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The Response of Sodium Iodide Crystals to 
High Energy Protons* 
J. G. LikeLy anp W. FRANZEN 
Paimer Physical Laboratory, Princeton University, Princeton, New Jersey 
(Received May 14, 1952) 


OR the purpose of analyzing the energy spectrum of high 
energy protons, a scintillation counter particle spectrometer 

has been constructed employing thallium activated sodium iodide 
crystals, as described in the accompanying letter.! To make such 
a device useful for energy determinations, it is necessary to know 
the relationship between the size of the light flash produced in the 
crystal and the energy of the particle striking it. Previous studies** 
have indicated that this relationship is approximately linear for 
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Fic. 1. Mounting of Nal crystal used for studying the response of Nal 
to high energy protons. Protons scattered by a platinum foil strike the 
crystal after passing through three aluminum windows and a short air path. 


protons incident on sodium iodide. We have re-investigated this 
question with careful attention to the sources of error that may 
influence the result obtained. 

The sodium iodide crystals employed in this experiment were 
cleaved from 200-gram ingots purchased from the Harshaw 
Chemical Company. The cleaving was accomplished in a large 
vacuum tight metal dry box equipped with airlocks. It was found 
that freshly cleaved surfaces of sodium iodide can be maintained 
indefinitely without deterioration in an atmosphere of nitrogen 
dried by circulation through activated alumina (Al,0;). 

The method of crysta] mounting employed here is illustrated by 
Fig. 1. Two slots not shown on the diagram are provided for inter- 
posing aluminum foils between the exit window of the scattering 
chamber from which the protons originated and the aluminum 
foil cover of the dry box surrounding the crystal. 

The energy of the external protons from the Princeton cyclotron 
was determined by measuring their range in aluminum. A differ- 
ential detector consisting of a single layer of ZnS(Ag) crystals 
deposited on the face of a 5819 photomultiplier tube was used in 
this measurement. The average thickniss of the crystals was 
estimated to be equivalent to 4.8 mg/cm? aluminum. The ob- 
served mean range of 484+5 mg/cm? deduced from an integral 
straggling curve can be interpreted in terms of Smith’s range- 
energy curve or by considering the correction to this curve re- 
quired by Hubbard and Mackenzie’s recent experiment.6 We 
have regarded the discrepancy between these two interpretations 
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(amounting to 0.2 Mev at 18.3 Mev) as an uncertainty in the 
location of each energy point. An additional source of error in the 
energy determination arises from the limited accuracy of the range 
measurement. This has a negligible effect on the location of the 
high energy points, but becomes important as the energy is re- 
duced by interposition of foils. 

25 
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Fic. 2. Profile of pulse-height distribution obtained when a sodium 
iodide crystal is bombarded with 18-Mev protons scattered by a platinum 
foil. 


Electrical pulses from the photomultiplier tube, which was 
operated with a battery power supply, were converted into flat- 
topped pulses having a duration of 1.2 usec by means of a shorted 
delay line; they were then amplified with a linear amplifier and 


analyzed with a single channel differential discriminator having a 
channel width of 0.6 volt. The linearity of the system was care- 
fully investigated, and correction was made for a small deviation 
from linearity observed for large output pulses. 

A profile of the pulse-height distribution obtained with 18-Mev 
protons elastically scattered from a thin platinum foil is shown in 
Fig. 2. The observed distribution is slightly asymmetrical and 
has a width at half-maximum of 2.7 percent of the peak pulse 
height. If the estimated energy spread in the incident beam, the 
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Fic. 3. Experimental relation between pulse height and proton 
energy in sodium iodide. 


channel width of the differential discriminator, and straggling 
in the scattering foil and the windows are taken into account, the 
remaining width is approximately 2.3 percent. Our lack of exact 
knowledge regarding the factors that influence the shape of pulse- 
height distributions such as this one has been regarded as a source 
of uncertainty in the location of the peak pulse height for each 
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energy point. In addition, we have regarded as a source of error a 
small drift (of the order of 0.2 volt) which occurred in the course 
of the experiment. 

The resulting plot of pulse height as a function of energy is 
shown in Fig. 3. The experimental points are consistent with a 
straight line passing through the origin. Within an experimental 
uncertainty of approximately two percent, it is therefore con- 
cluded that pulse height and energy are proportional for protons 
on sodium iodide. 

* Supported by the AEC and the ny Scientific Trust Fund. 

1W. Franzen and J. G. Likely, Phys. v . 667 (1952). 

? Franzen, Peelle, and Sherr, Phys. Rev. “70, 742 (1950). 
os lor, Jentschke, Remiey, Eby, and Kruger, Phys. 


J. H. Smith, Phys. Rev. 71, 32 (1947). 
*E. L. Hubbard and K. R. Mackenzie, Phys. Rev. 85, 107 (1952) 
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Excited States of Lithium-6 and Lithium-7t 
W. Franzen anv J. G. LiKELy 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
(Received May 14, 1952) 


XCITED states of Li‘ and Li’ have been studied by analyzing 
the energy spectrum of scattered and disintegration particles 
emitted on proton bombardment of thin-rolled foils of natural 
lithium. A 13-inch diameter evacuated scattering chamber with 
aluminum windows at 30, 60, 90, 120, and 150 degrees to the inci- 
dent beam was used, and the scattered particles were analyzed 
by allowing them to strike the surface of a }-inch thick Nal 
crystal, as described in the accompanying letter.! The bombarding 
energy was 18 Mev. 

Scattered particles with sufficient range to penetrate 24 mg/cm* 
of aluminum were found to consist of groups of protons scattered 
elastically and inelastically from Li’ and Li® and three groups of 
deuterons from the reaction Li’(p, d)Li®. Protons and deuterons 
were differentiated from each other by their characteristic decrease 
in energy on interposing thin aluminum foils in the scattered 
beam. Using the observed relation between particle energy and 
laboratory scattering angle, one can then make an unambiguous 
identification of the particular nuclear reaction leading to each 
observed particle group. 

Proton energies were calculated by comparison with protons 
scattered elastically from platinum on the assumption that pulse 
height and energy are proportional for protons on Nal.' Q values 
were computed from these energies after making correction by 
use of Smith’s data® for the loss of energy in windows and air path. 
Mass defects and relativistic change of mass with velocity were 
taken into account. The uncertainty in the resulting Q values as 
quoted below includes the uncertainty in the energy of the incident 
beam,! as well as the possible error resulting from the procedure 
used in locating peak pulse heights, but it does not include a 
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Fic. 1. Differential discriminator analysis of pulse spectrum observed at 
60° in the laboratory system with a channel width of 0.6 volt. A broad 
group of protons is not resolved at this angle of observation from the group 
of deuterons which leave Li in the ground state. Inelastically scattered 
protons leaving Li? in the well-known state at 0.48 Mev are not quite re- 
solved from the elastic group, but contribute to its width. 
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systematic error that would be caused by a deviation from exact 


proportionality between pulse height and proton energy in Nal. 


In the absence of a direct calibration of the response of sodium 
iodide to deuterons, deuteron energies were computed by using the 
known* ‘ Q value for the reaction Li?(p, d)Li® leading to the ground 
and assuming proportionality between deuteron 


state of Li® 
energy and observed pulse height. 
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Fic. 2. Low energy portion of the spectrum observed at 90° showing the 
broad proton group corresponding to a 6.6-Mev state in Li’. This group 
is also observed at 30°, 120°, and 150° in the laboratory system, and it 
appears to have a width approximately twice as large as our experimental 
resolution at this energy (0.3 Mev). Vertical bars indicate standard devia- 
tions of the experimental points. 


The spectrum of particles observed at 60° in the laboratory 
system is shown in Fig. 1. Figure 2 shows part of the spectrum 
observed at 90°. We have also obtained a differential discriminator 
spectrum at 120° and oscilloscope photographs of the spectra 
at 30° and 150°. 

Figure 3 summarizes the observed reactions between protons 
and Li’. The second excited state in Li’ is located at 4.56+0.10 
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Fic. 3. Schematic representation of all particle groups observed in 
this — which result from the interaction of 18.3-Mev protons 
with 


Mev above the ground state, in substantial agreement with the 
results of Gelinas, Class, and Hanna,® and Gove and Harvey.* 
In addition, we observe a broad group corresponding to a new 
level in Li’ at 6.56+0.12 Mev. The possible existence of this level 
has been suggested by Bashkin and Richards.” We have not ob- 
served a proton group corresponding to a level in Li’ at 7.54 Mev, 
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as reported by Blair® and others,*'° although a weak group corre- 
sponding to this energy might not be detected above a background 
which presumably consists of protons from Li’(f, pm)Li®. (The 
maximum energy of the continuous distribution arising from this 
reaction corresponds to an excitation energy in Li’ of 7.25 Mev.) 

The observed deuteron groups suggest levels in Li® at 2.2+0.2 
and 3.7+0.2 Mev. The first of these was also detected through a 
weak inelastically scattered proton group from Li® (Fig. 1) giving 
a better value of 2.18+0.12 Mev for the level position, in agree- 
ment with a recent determination." The 3.7-Mev level in Li® is 
presumably identical with the state responsible for the gamma-ray 
observed by Day and Walker” in Be*(p, a)Li®. 

A group of a-particles from Li’(p,a)a@ was observed with a 
12.5 mil thick NaI crystal placed inside the vacuum of the scatter- 
ing chamber. Comparison with Po—a pulses and use of Taylor’s 
calibration for Nal indicates that these particles arise from the 
direct break-up of the compound nucleus Be’. 

t+ Research supported by the AEC and the Higgins Scie 
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Radiative K-Capture in A*’} 
ANDERSON, G. W. WHEELER, 
Yale University, New Haven, 
(Received June 30, 


c. & AND W. W. WATSON 
Connecticut 
1952) 
N 1940, Morrison and Schiff! predicted the existence of a 
weak continuous high energy gamma-ray spectrum accom- 
panying A-capture. The energy distribution of this spectrum was 
calculated for allowed transitions to be 
(a/x)(W /me*)?(1—e)*ede, 
where e=k/W. W is the energy available for capture and & is the 


energy of the gamma-ray. The ratio of the total number of gamma- 
rays to the total number of K-captures is given by 


WR ty wik a (=) 
woe v0 we 122\mc/ * 
Up to the present time, the only confirming evidence for this 
gamma-radiation has been the work of Bradt? and Maeder and 
Preiswerk’ on Fe. 
Since the ratio wr/we is proportional to W?, radiative K-capture 
should be more easily observed in A*’ than in Fe’, for W is 816 
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Fic. 1. Pulse-height analysis of A*? gamma-radiation. 
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kev‘ for A® as against 220 kev for Fe®*. As it seems reasonable 
from the ft value and from nuclear shell theory that the transition 
A® to Cl” is allowed, one can make use of the calculations of 
Morrison and Schiff. By irradiating a 1-cc at STP sample of 
argon gas enriched in A* to 96 percent in the Brookhaven reactor, 
we were able to obtain a source strong enough (about 1 mC) to 
observe the continuous gamma-ray spectrum. Using a scintillation 
spectrometer we obtained a pulse-height distribution (Fig. 1) 
which agrees roughly with that to be expected from the predicted 
distribution. Another analysis by means of a calculated absorption 
in lead for the theoretical distribution also seems to agree with the 
absorption curve observed (Fig. 2). 
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Fic. 2. Absorption curve in lead of A?” gamma-radiation. Solid line, 


calculated curve; dashed line, experimental curve. 


Better agreement with the theoretical distribution may be 
obtained if corrections for the variation of sensitivity with energy 
of our detecting equipment were to be made. A more careful 
analysis is in progress. We wish to thank Professors E. C. Pollard 
and F. Hutchinson for helpful discussion. 

+ Work performed under the auspices of the AEC. 

1 P. Morrison and L. I. Schiff, Phys. Rev. 58, 24 (1940). 

2H. Bradt et al., Helv. Phys. Acta 19, 222 (1946). 


3D. Maeder and P. Preiswerk, Phys. Rev. 84, 595 (1951) 
‘ Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950 


The Total Cross Sections of Positive Pions 
in Hydrogen* 
Barnes, D. L. Crark, J. P. Perry, anno C. E. 
University of Rochester, Rochester, New York 
(Received June 25, 1952) 


Ss. W. ANGELL 


HE total cross sections of positive pions in hydrogen have 

been measured for pion energies of 56 Mev and above.! 
Here we report a similar, though preliminary, measurement made 
at a mean energy of 37 Mev. 

The positive pions were produced by 240-Mev protons in the 
130-in. Rochester cyclotron when intercepted by an Al target. 
50+1 Mev pions emitted at 160°+10° from the proton direction 
left the vacuum tank through a thin window, passed through a 
vertically focusing coil, and traveled down the channel of a 3-ft 
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Fic. 1. The solid curve shows the pulse-height distribution for particles 
stopping in the CH: attenuator. The dashed curve is the pulse-height dis- 
tribution for the incident pions. The dotted curve is the difference. 


cubical brass shielding block which housed in the first three crystals 
of a scintillation counter telescope. These were 1 in. X 1 in. X0.2 in. 
trans-stilbene crystals. A fourth crystal, a § in. thick, 2 in. diameter 
disk of trans-stilbene, was mounted just outside the outlet of the 
channel. The pion beam was defined by the first three crystals. 
The threefold coincidence counting rate was about 2000 a minute 
and included at 4+1 percent contamination of positive muons, 
which came mainly from the vicinity of the target. 

Observations were alternately made of the attenuation of the 
pion beam in a solid CH block and in a C block made of three 
sheets of C. These blocks, which could be interposed between the 
third and fourth crystals, were of equal thickness and equal 
stopping power. Their thicknesses were respectively 2.165 g/cm? 
and 2.679 g/cm*. A 0.031-inch Cu sheet between the attenuator 
and fourth crystal stopped recoiling protons. 

The fourth counter was in anticoincidence with the first three 
so as to record events in the attenuator which removed particles 
from the beam. The amplitude of the pulse in the second counter 
for such events was recorded by a 24-channel pulse height an- 
alyzer. 

After correcting for nonlinearity in the pulse-height measuring 
circuit the number of pulses observed in each of the 24 channels 
with no attenuator was subtracted from that observed with the 
CH, attenuator. A typical run gave results which are shown by the 
solid curve of Fig. 1. The C attenuator gave a similar curve. The 
dashed curve of Fig. 1 is the pulse-height distribution curve ob- 
tained when only the triple coincidences from the first three crys- 
tals were being recorded. I’.is plotted on a reduced vertical scale 
so that it fits the main peak of the solid curve. The dotted curve 
is the difference between the above two curves and is believed 
to represent slow pions which have scattered from the walls of 
the channel and which are stopped in the attenuator by ionization. 
The peak at large pulse height is believed to correspond to protons 
which are stopped by ionization in the attenuator. The four points 
at small pulse height which fall below the axis are not understood 
at present. 
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Fic. 2. The efficiency for detecting pions scattered from hydrogen 
as a function of the laboratory scattering angle. 





: 
i 
. 
§ 
4 
2 
i 
; 
: 


670 LETTERS TO 


In calculating the cross section, data from only those channels 
representing pions removed from the beam by nuclear interactions, 
i.e., from those channels in which the contamination was small, 
were used 

The curve of Fig. 2 shows the efficiency for observing removal 
of pions from the beam in the attenuator as a function of the pion 
scattering angle, determined from the geometry of the counters. 
The measured cross section, based on 9X 105 pions, is after cor- 
recting for muon contamination, 12.4+3 millibarns. If the scatter- 
ing at this energy is assumed to be isotropic in the center-of-mass 
system, the total cross section is 16.6+4 millibarns; a cos*@ dis- 
tribution gives a a; of 20.8 mb; a sin’6 distribution yields 14.9 mb. 

The work is being extended to lower pion energies. 

* Work performed under the auspices of the AEC. 


' Anderson, Fermi, Long, and Nagle, Phys. Rev. 85, 936 (1952); 
Sachs, and Steinberger, Phys. Rev. 85, 803 (1952). 
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The Decay of Am**! 


J. K. Beutnc,* J. O. Newton, anp B. Rosz 
Atomic Energy Research Establishment, Harwell, Berkshire, England 
(Received June 30, 1952) 


TUDIES of the low energy gamma-rays and L rays from the 

decay of Am*!, reported in a previous letter,' have been con- 
tinued. Coincidence measurements, using a resolving time of 
2 psec between the 59.7-kev gamma-rays detected in a sodium 
iodide crystal and the other radiation detected in a proportional 
counter, showed that (60.8) percent of the radiation in the three 
low energy groups was coincident and that an upper limit of 3.6 
percent could be set to the amount of coincident 26.3-kev radia- 
tion. The level sequence in Np®? deduced from the measured alpha- 
particle groups* is given in Fig. 1. The method of decay shown is 
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Fic. 1. Tentative decay scheme of Am™!. Intensities of alpha-particles 
and gamma-rays are expressed in percentages of Am™! disintegrations. 
Dotted lines denote highly converted transitions. The relative intensities of 
the two possible transitions from the 43-kev level have not been determined 











consistent with the above results if the 114-kev state decays by 
internal conversion to the 71-kev state with a lifetime of less than 
2 wsec and if the low energy groups are due predominantly to L 
radiation 

A measurement of the lifetime of the 71-kev state was made by 
the delayed coincidence method, using a sodium iodide crystal 
to detect the 59.7-kev gamma-rays, zinc sulfide to detect the 
alpha-particles, and a conventional coincidence circuit of resolving 
time 0.1 wsec. The result shown in Fig. 2 gives a half-life of 
(6.340.5) X 1078 sec. (This may be too high by up to 40 percent in 
the unlikely event of a lifetime between 0.03 and 0.15 usec for the 
114-kev state.) A series of measurements were made using different 


THE EDITOR 

phosphors; substantially the same result was obtained for all of 
them. A curve obtained in a similar way but using the a—L ray 
coincidences from the decay? of Pu is given for comparison. This 
shows that the form of the alpha-gamma delay curve is not a 
property of the equipment and also that the half-life of the Pu*? 
radiation is less than 2X 10~* sec. In order to eliminate the possi- 
bility of any systematic error arising from the use of a slow coinci- 
dence circuit and slow phosphors a further measurement was made 
using a “fast” circuit of resolving time 2X 10~* sec with anthracene 
scintillators. The relatively low gamma-ray detection efficiency 
obtainable with this arrangement made accurate measurements 
difficult, but the value of (7-1) X10~* second obtained is a satis- 
factory check on that given above. 
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Fic. 2. Alpha-gamma coincidence delay curves 

From the fact that the right-hand side of the delay curve has 
constant slope to within the accuracy of measurement it can be 
deduced that the half-life of the 114-kev state must either be less 
than 0.15 usec or more than 1.5 usec. The latter possibility was 
excluded in the following way. The product of the alpha-particle 
and 59.7-kev gamma-ray rates divided by the coincidence rate, 
was determined from an alpha-gamma coincidence experiment 
using a resolving time of 1 usec, and was compared with the alpha- 
particle source strength as measured in a counter with well de- 
fined geometry. The agreement between these values indicated 
that the lifetime of the transition from the 114-kev state was less 
than 1 usec. By similar measurements on the total radiation it was 
possible to set an upper limit of 0.3 usec on the half-life of the 43- 
kev state. We can therefore conclude that these states decay 
mainly by M1, M2, or E2 transitions, E1 being eliminated since 
no gamma-rays of the corresponding energies were observed. 

Without assuming anything other than that the observed 
59.7-kev gamma-radiation is due to a single transition, we can set 
an upper limit of 1.5 on its conversion coefficient since there are 
0.40 of these gamma-rays per alpha-particle.’ If we assume the 
decay scheme of Fig. 1 then an upper limit to the conversion coeffi- 
cient of the 26.3-kev gamma-ray is 20. By interpolation and extra- 
polation from the tables of Z conversion coefficients of Gellman 
et ai.,* it can then be deduced that both of these gamma-rays arise 
mainly from electric dipole (£1) transitions. 

Weisskopf's lifetime formula’ is not expected to give accurate 
results for El transitions; nevertheless, the discrepancy of 
~4X 105 between the values calculated from it and the measured 
gamma-ray lifetimes is interesting. The observed ratio of lifetimes 
for the 59.7- and 26.3-kev gamma-rays is, however, in good agree- 
ment with that calculated from the formula. 

The authors are grateful to Dr. J. Milsted for preparing the 
sources used and to Mr. F. H. Wells for the loan of his fast coin- 
cidence circuit. One of us (J.K.B.) wishes to express his gratitude 
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to the Director, A.E.R.E., for permission to work at A.E.R.E., 
Harwell. 


*ONR, London, England. 

! Beling, Newton, and Rose, Phys. Rev. 86, 797 (1952). 

? Asaro, Reynolds, and Perlman, unpublished University of California 
Radiation Laboratory report UCRL 1681 (1952). 

3D. West and J. K. Dawson, Proc. Phys. Soc. (London) A64, 586 ( 

* Gellman, Griffith, and Stanley, Phys. Rev. 85, 944 (1952) 

5V. F. Weisskopf, Phys. Rev. 83, 1073 (1951) 
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Experimental Demonstration in the Laboratory of 
the Existence of Magneto-Hydrodynamic 
Waves in Ionized Helium* 

Winston H. Bostick AND Morton A, Levine 


Tufts College, Medford, Massachusetts 
(Received June 6, 1952) 


HIS laboratory has been investigating the properties of 
ionized gases at low pressures in a toroidal discharge tube 
where ion diffusion to the walls can be retarded by a magnetic 
field co-annular with the toroidal tube. The discharge is excited 
by a 2-microsecond pulse applied to a primary winding of 10 turns 
of wire on a pulse transformer core which links the toroid. The 
secondary of the pulse transformer is effectively the ionized gas 
in the toroidal discharge tube; the peak current in this gas under 
some circumstances goes as high as 8000 amperes. The densities of 
electrons and ions and the electron temperature can be measured 
in the afterglow period in this discharge tube by means of a probe 
which is connected mechanically to the amplifier of a synchroscope 
only during an “examining interval” of about 1000 microseconds. 
Except during this examining interval, which can be variably 
delayed with respect to the excitation pulse, the probe floats in 
the plasma and is decoupled from both the amplifier and the 
voltage source. 

With a short probe (3-mm effective length) inserted into the 
region of high ion-density gradient near the tube wall, oscillations 
can be observed on synchroscope traces of both the positive ion 
current [Fig. 1(a)] and the electron current [Figs. 1(b) and 1(c) ]. 
These oscillations are either subdued or absent when the probe 


Fic. 1. Oscillations on current to probe in He at a pressure of 0.020 mm 
The examining interval begins 600 microseconds after the excitation pulse 
(a) Positive-ion current, H» =530 gauss; (b) electron current, Ho =530 
gauss; (c) electron current, Ho =410 gauss; (d) Ho =O, when no oscillations 
occur anywhere in the afterglow period. 
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is inserted to the center of the discharge tube. These oscillations 
are entirely absent when no de magnetic field is present [Fig. 1(d) ]. 
The synchroscope photographs represent the traces of several 
pulses on the same exposure. Although the phases of the oscilla- 
tions are, in general, not coherent from pulse to pulse, it is never 
theless possible to delineate from the photographs oscillations 
involving several cycles of definite periods of approximately 100 
microseconds. These oscillations in ion and electron density near 
the wall of the tube suggest the presence of standing magneto- 
hydrodynamic waves set up around the toroid whose length L 
is approximately 100 cm. The propagation velocity V of such a 
wave! is given by V = Ho(1/4xp)!, where Hp is the value of the de 
magnetic field in gauss and p is the density of the gas. For a 
standing wave L=n)\/2=nV/2v=nHo/2»(4xp)', so the frequency 
of the standing wave »=nH»/2L(4rp)', where n is an integer. 
With our experimental conditions of p=3X 10~* g/cc and Hp=400 
gauss the computed »400n/[2100X (44 X3X 10-*)!]~10,. 
If n=1 this value of the frequency » agrees reasonably well with 
the observed frequency of 10* cycles/sec. Furthermore, if the wave 
is to be undamped to the extent that a standing wave can be set 
up in the length L, it can be computed from Alfven’s relationship! 
that LHy> ric*(p)*/o, where is the conductivity of the gas in cgs 
units and ¢ is the speed of light in cm/sec. If we take a reasonable 
value of o= 10" cgs units, the inequality is maintained for our 
circumstances, and we should expect to observe standing waves. 

Attempts to demonstrate quantitatively the dependence of V 
on Ho for these waves have not yet met with success in this 
toroid because of the difficulty of setting up standing wave pat- 
terns at several values of the field Ho. It has been observed qualita 
tively however, that at the higher values of Hp it is frequently 
difficult to set up a good standing wave pattern and that the 
pattern presented contains noise of frequency higher than is 
generally observed at the lower values of Ho. The amplitude of the 
oscillations is lower with the higher values of Ho. 

These oscillations in ionization density at the plasma periphery 
are ascribed to displacements associated with magneto-hydro- 
dynamic waves. These oscillations have also been observed in 
H; and N2. 

Magneto-hydrodynamic waves very likely play a role* in in 
creasing the rate of ion diffusion perpendicular to the magnetic 
field. 

* The research reported in this paper has been sponsored by the Geo 
physics Research Division of the Air Force Cambridge Research Center, 
Air Research and Development Command, under the direction of O. T 
Fundingsland of that organization 

Alfven, Cosmical Electrodynamics 

first edition, p. 80. 
2A. Guthrie and R. K. Wakerling, Characteristics of Electrical Discharges 
Fields (National Nuclear Energy Series, Plutonium Project 


. Vol. §, Div. 1, McGraw-Hill Book Company, Inc., New York 
1949), first edixion, p. 68 
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Acceleration of Beryllium and Carbon Ions 
in a Synchrocyclotron* 


C. N. Cuovu, W. F. Fry,f ano J. J. Lorp 
Department of Physics, University of Chicago, Chicago, Illinois 
(Received June 30, 1952) 


UCLEAR emulsions have been exposed to carbon and bery!|- 

lium ions in the University of Chicago synchrocyclotron. 
Carbon ions of energies as high as 1.1 Bev have been directly 
observed in photographic plates. The acceleration of carbon and 
oxygen ions in the Berkeley 60-inch cyclotron has been previously 
reported.'~§ In the present experiment CO, gas was introduced 
into the ion source of the Chicago cyclotron in place of the hydro- 
gen which is normally used. In order to eliminate the large number 
of (H:)* ions originating from the water vapor inside the cyclo 
tron tank, the upper frequency limit of the osciilator and the 
magnetic field were adjusted so that (H.)* would not be acceler- 
ated near the center of the cyclotron. However, under these condi 
tions, carbon ions with 5 electrons removed and Be atoms com- 
pletely stripped could be accelerated. The beryllium ions are 
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Tasie |. Number of 6-rays along C and Be tracks. 





No. of é-rays 
No. of 6-rays Residual range in per 100 microns 
per 100 microns microns from point at 1000 microns 
at é6-ray max. of 6-ray max. from end of track 


3246 565 +60 2246 
67 +6 225 +60 





presumably due to the evaporation of an internal beryllium target 
which normally is subject to intense high energy proton bom- 
bardment 

Ilford C-2 and G-5 plates of various thicknesses were wrapped 
in black paper and mounted on the end of a probe which made it 
possible to expose the plates at various radii in the cyclotron. 
Multiple scattering measurements of the tracks in the emulsion 
at a cyclotron radius of 40 inches indicated a large intensity of low 
energy protons. The origin of these protons can be accounted for 
as being due to the acceleration of (H,)* and (H;)* at smaller 
radii. Due to the existing lower frequency limit of the synchro- 
cyclotron oscillator, completely stripped carbon ions were not 
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Fic. 1. A projection drawing of a collision of a carbon 


nucleus in a C-2 emulsion. 
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observed at radii greater than 65 inches and beryllium ions at 


radii larger than 50 inches. 

A study of the 6-rays along the C and Be tracks has been made 
in electron sensitive G-5 plates. 5-rays of energies greater than 
about 14 Kev (1.5-2.0 microns) were counted. The results of this 
study are summarized in Table I. At maximum 6-ray intensity the 
number of 6-rays as a function of atomic number Z, is expected to 
be proportional to Z*. The experimental data as given in Table I 
are in agreement, within the experimental errors, with this de- 
pendence. It is also to be noted that the residual range, from the 


position of the 6-ray maximum, decreases with increasing Z. The 


change in the number of 5-rays, per unit length, with residual 
range was found to be in general agreement with the theoretical 
calculations.® . 

Multiple scattering measurements of 7 of the carbon nuclei were 
made by the sagitta method.’ For a cell length of 250 microns 
both theory* and experiment indicated that the scattering factor® 
is almost independent of energy from 1.1 to 0.1 Bev. The average 
value of the scattering factor in this energy range was found to be 
24.8+ 1.4, which is in agreement with the theoretical value’ of 26.4. 

An example of a nuclear collision of an artificially accelerated 
carbon nucleus with a nucleus in the emulsion is shown in Fig. 1, 
in which 9 particles were emitted. The total energy of the carbon 
nucleus was about 750 Mev and corresponded to an energy per 
nucleon of about 60 Mev at the point where the star was formed. 
Track 1 did not stop in the emulsion and was produced by a heavy 
fragment which could be lithium. Tracks 2 and 4 were most prob- 
ably produced by protons of energies of about 50 Mev and 3.8 Mev, 
respectively. Track 3 which was close to 10,000 microns long 
was probably produced by an a@-particle of energy of about 210 

Mev. Track 5 was due to an a-particle of 17 Mev. 

The authors are indebted to Professor Marcel Schein for his 
continued interest, encouragement, and valuable discussions and 
for the use of the facilities of the Cosmic Ray Laboratory. The 
authors are indebted to Professor H. L. Anderson for the use of 
the facilities of the cyclotron and to Mr. L. Kornblith, Jr. and 
Mr. R. H. Miller and others of the cyclotron group for their 
valuable assistance with making the many exposures. 

ted in part by the joint program of the ONR and AEC. 
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* Miller, Hamilton, Putnam, Haymond, and Rossi, Phys. Rev. 80, 486 
(1950) 
‘J. F. Miller, Phys. Rev. 83, 1261 
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7P. H. Fowler, Phil. Mag. 41, 169 (1 
*G. Moliére, Z. Naturforsch. 3A, 78 (1948). 
® Berger, Lord, and Schein, Phys. Rev. 83, 850 (1951) 


Gamma-Ray Yield from the Proton Bombardment 
of Boron 


H. Givin, B. D. Kern, AND T. M. HAHN 


L. W. Cocuran, J. L. Ryan, H 
f Kentucky, Lexington, Kentucky 


Department of Physics, University 
(Received May 26, 1952 
HE gamma-ray yield in the forward direction resulting from 
the proton bombardment of natural boron has been meas- 
ured in the energy region between 130 kev and 1 Mev. Gamma-rays 
were detected with a Nal scintillation counter; the discriminator 
was set so that the x-ray background from the accelerator was not 
detected. Proton beams, of from one to two microamperes, from 
the recently completed University of Kentucky electrostatic 
generator were focused on the targets. The beam energy was con- 
trolled by varying the corona current by use of an error signal 
from slits placed after the 90° magnetic analyzer. The energy 
calibration was obtained by measuring the magnet current at the 
known! gamma-ray resonances of fluorine below 1 Mev. By follow- 
ing a definite magnet recycling procedure, repeated runs indicate 
the energy determinations to be accurate to +0.25 percent. For 
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the following data, the magnetic analyzer slits were set so as to 
allow an energy spread of +0.25 percent. 

To investigate the reported? possible resonances at 630 kev, 
850 kev, and 950 kev, the thick target gamma-ray yield was first 
determined. A typical result is shown in Fig. 1. No resonance is 
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Fic. 1. Thick target gamma-ray yield of boron bombarded with protons. 


apparent at 850 kev or 950 kev. By comparing the thick target 
yield of gamma-rays from boron with that from the proton bom- 
bardment of lithium, an upper limit for the yield of these reso- 
nances is obtained. This upper limit for the thick target resonant 
yield is calculated to be 7X 10~ gamma-rays per proton. 

To investigate the possibility of wide resonances, the thin 
target yield from boron was obtained. A typical result is shown 
in Fig. 2. There is no evidence of resonant structure at the higher 
energies, but there is observed an extremely wide resonance in the 
vicinity of 600 kev. Tangen’ has carefully observed the thin target 
yield of boron to energies as high as 500 kev, and the two sets of 
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Fic. 2. Thin target gamma-ray yield of boron bombarded with pFotons 


The dotted curve indicates the yield corrected for the penetrability of the 
incoming proton. 


data are in good agreement. In order to establish the resonant 
energy and width of the resonance, the function Y/[Po(E))*] has 
also been plotted in Fig. 2; ¥ is the observed yield, Po(EZ) the 
penetrability factor for s-protons incident on the B" nucleus as 
calculated by Christy and Latter,‘ and is the wavelength of the 
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incident proton. After making the penetrability correction, the 
level width at half maximum appears to be 390 kev. Correcting 
for target thickness, which is calculated from the measured width 
at the 163-kev resonance, the resonant energy is calculated to be 
670+ 15 kev. 

The large width of the observed level would seem to indicate 
that the observed gamma-rays are from an excited state of Be® 
following alpha-particle emission from the compound nucleus C®. 
However, Walker® has observed the energy spectrum of gamma- 
rays emitted from the proton bombardment of thick boron targets 
at 1.2 Mev and did not observe gamma-rays of energies other than 
those associated with the excited states of C”. A study of the 
angular distribution of the gamma-rays emitted from this level 
has been initiated in this laboratory. 

While this work was in progress, the existence of a level at 
proton bombarding energy of 0.67 Mev and width of 0.31 Mev 
was reported by Huus and Day.® 

1 Bennett, Bonner, Mandeville, and Watt, Phys. Rev. 70, 882 (1946) ; 
T. W. Bonner and J. E. Evans, Phys. Rev. 73, 666 (1948); Chao, Tolle 
strup, Fowler, and Lauritsen, Phys. Rev. 79, 108 (1950). 

? Herb, Kerst, and McKibben, Phys. Rev. 51, 691 (1937); Curran, Dee, 
and Petrzilka, Proc. Roy. Soc. (London) 169, 269 (1939). 

+R. Tangen, Kgl. Norske Videnskab. Selskabs, Skrifter No. 1 (1946). 

4R. F. Christy and R. Latter, Revs. Modern Phys. 20, 185 (1948). 

*R. L. Walker, Phys. Rev. 79, 172 (1950). 

*T. Huus and R. B. Day, Phys. Rev. 85, 761 (1952) 


Spectral Dependence of Thermionic Emission with 
Activation from (Ba-Sr)O Cathodes over 
the Visible Region 
Tapatost Hist AND Kazuo ISHIKAWA 
Research Institute for Scientific Measurements, 
Tohoku U niversity, Sendai, Japan 
(Received December 3, 1951) 


S already reported,' there seem to be several trapping levels 

over the visible region in oxide cathodes. Hence, it will be 
interesting to confirm whether or not the peak intensities of 
thermionic emission change with activation. In order to investi 
gate this, the following experiments were carried out. 

An incandescent lamp of 750 watts was used as a light source 
and its brightness was kept constant. We used a water filter 1 cm 
thick to cut off the infrared radiation and an apochromat con 
denser lens for obtaining intense light. Many glass filters, which 
successively differ from each other by 10~30 my at the short 
wavelength limit of transmission, were also used to determine the 
increase in emission due to monochromatic light illumination. 
A diode having a separated getter chamber was placed in a dark 
shielding box as the specimen. The cathode of the test tube was 
illuminated by the light coming through a small cpening in the 
anode. Initially the cathode was in the unactivated state. Con- 
sidering the space charge, the anode voltage was taken as 20 
volts and 50 volts corresponding to an original emission of the 
order of microamperes and milliamperes, respectively. The tem- 
perature of the cathodes was always 800°K. Heat-treatment at 
1100°K was performed at the early stage of activation, and then 
thermionic treatment with an anode voltage of 50 volts at 1000°K 
was made in order to obtain higher activation. 

Figure 1 shows the variation with activation of thermionic 
emission due to light illumination over the visible region. From 
this figure it is found that a maximum emission current appears 
earlier with higher activity. This phenomenon is very similar 
to the production of C-centers in KCl,? except that the dark cur- 
rent falls to a lower steady value after the illumination is removed. 

As it was impossible to keep the cathode in the state of constant 
original emission throughout the observation, the spectral depend- 
ence of the increase in emission after illumination for one minute 
was measured, repeating the measurement as indicated with 
the arrows in Fig. 2. Typical characteristic curves are 
shown in this figure. Throughout these observations very 
small changes of the heating current of the filament were 
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corrected at the final state for each measurement. Successive 
pairs of curves in Fig. 2 were averaged to avoid confusion of 
results and their results are shown in Fig. 3. In this figure, (a) is 
that obtained at the early stage of activation. Three peaks appear. 
One of these peaks, at about 465 my, does not always appear in 
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1. Variation with activation of thermionic emission from an oxide 
e due to light iiumination over the visible region. D.P.: dark period 
luminating period 


the original curves, but the other two peaks always appear. The 
peak at about 500 my nearly coincides with a peak at 2.4 ev ob 
served by McNary’ and by DeVore and Dewdney' on the photo 
electric emission of thermionically active oxide cathodes and also 
observed by Kane® on the optical absorption of oxide crystals. 
All the peaks increase with activation. From the behavior near 640 
my, it is expected that peaks begin to appear in the infrared region 
The peak at about 400 my also increases with activation. With 
further activation the peaks near 400 my and 640 mu and the 
other three peaks increase, as shown in Fig. 3(b). After thermionic 
activation of the oxide cathode, however, the peak intensities 
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decrease with activation as shown in Fig. 3(c). Under the con 
sideration that light illumination facilitates the production and 
the destruction of trapping centers and monochromatic light 
emits photoelectrons from the definite trapping level already 
produced, the wavelengths where the peaks of the spectral dis 
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tribution appear, and their intensities, may be considered to show 
the trapping energies of centers and their concentrations, respec- 
tively. Accordingly, the fact that the peak intensities of the 
spectral distribution over the visible region depend on the activa- 
tion is very important, and the existence of trapping levels between 
the filled band and the conduction band becomes certain. Also, 
from the above-mentioned fact it is presumed that the densities 
of isolated impurity centers and of centers formed by compara- 
tively simple aggregation increase at the early stage of activation, 
but with activation, production of these centers ceases and transi- 





4 
Im=22 pA 
It=52 pA 
Im=78 MA 








=145 yA 
=163 yA 
=218 UA 


ONIC EMISSION DUE TO LIGHT (4 AMPS) 





VARIATION OF THERMI 


560 600 640 
( my) 
ral dependence with activation of the thermionic 
oxide cathode. 


440. 480 520 
WAVE LENGTH 


emission from an 


tion to highly aggregated centers belonging to the infrared region 
begins, and so the work function (in the usual sense) of the oxide 
cathodes becomes smaller in general. 

In order to investigate these interesting facts further, accurate 
measurements from the visible region to the infrared region are in 
progress. 
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Nuclear Magnetic Resonance Lines of Antimony 
in Antimony Hexafluoride Ion* 


S. S. DHARMATTI AND H. E. Weaver, Jr. 
Department of Physics, Stanford University, Stanford, California 
(Received June 18, 1952) 


ROCTOR and Yu! reported the resonance of antimony in the 
antimony hexafluoride ion to consist of five lines separated 
by 1.90 gauss. They attributed this interesting structure to the 


Fic. 1. The experimental derivative of the Sb!” absorption line in a solu 
tion containing antimony hexafluoride ions. Taking the largest line as unity, 
the relative experimental amplitudes are in the ratio of 1.0:0.78:0.26:0.03. 
According to the theory, these ratios ought to be those of the binomial 
coefficients of six; i.e., 1.0:0.75:0.30:0.05. These results are considered to be 
in satisfactory agreement within the limits of the experimental error 


direct magnetic dipole interaction of the antimony nucleus with 
the surrounding fluorine nuclei and gave a qualitative explana- 
tion for the observed five lines on the basis of the field perturbation 
of the antimony nucleus due to the parallel and anti-parallel 
alignment of the fluoride nuclei with respect to the external field. 


Fic. 2. The further amplified Sb absorption line shown here clearly 
indicates that the resonance has seven components. These signals were ob- 
tained with an rf driving field H: of about 0.25 gauss and a sweep amplitude 
of 0.1 gauss. The de magnetic field was 6600 gauss. 
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This idea was further pursued by Andrew* who gave a detailed 
analysis of the hindered rotation mechanism of this ion and 
predicted nine lines. Gutowsky* has suggested that the structure 
is not due to direct dipole coupling but is caused by another coup 
ling mechanism, proposed by various authors.*~* This phenomenon 
has been observed in a considerable number of other molecules. 
According to this mechanism the resonance lines of antimony in 
the antimony hexafluoride ion should consist of seven lines with 
the intensity ratios given by the binomial coefficients of six. 

The data of Proctor and Yu have been re-examined with the 
modified spectrometer® which is more sensitive than the previous 
one.’ The structure reproduced in Figs. 1 and 2 shows clearly that 
there are indeed seven lines as expected. Within the experimental 
error their relative intensities are also observed to be in the ratio 
of the binomial coefficients as determined by the statistical weights 
and the number of possible spin states of the fluorine nuclei. 

In view of this evidence, the structure of the antimony resonance 
line can be considered as another particularly striking example of 
the above-mentioned coupling mechanism between the nuclear 
magnetic moments in molecules.* 

The authors wish to express their appreciation to Professor 
Felix Bloch for his continued interest in their work 

* ge by the joint program of the ONR and AEC 

1W. G. Proctor and F. C. Yu, Phys. Rev. 81, 20 (1951) 

?E. R. Andrew, Phys. Rev. 82, 443 (1951) 

*H.S. a pte and D. W. McCall, Phys. Rev. 82, 748 (1951); Gutow 
sky, McCall, and Slichter, Phys. Rev. 84, 589 (1951); McNeil, Slichter, and 
Gutowsky., Phys. Rev. 84, 1245 (1951). 

4E. Hahn and D. E. Maxwell, Phys. Rev. 84, 1246 (1951) 

5 N. F. Ramsey and E. M. Purcell, Phys. Rev. 85, 143 (1952) 

*H. E. Weaver, Jr. (to be published). 

7W. G. Proctor, Phys. Rev. 79, 35 (1950) 

* It follows from the mechanism proposed by Gutowsky (see reference 3) 
Hahn (see reference 4), and Ramsey (see reference 5), that the resonance line 
of fluorine in antimony hexafluoride ion should likewise have a structure 
The aspect of the signals of fluorine in a few freshly prepared solutions not 
containing paramagnetic tons indicates the existence of such a structure 
However, as shown by the nature of the recorded signal, the experimental 
conditions under which these observations have been made are not those of 
slow passage. A quantitative comparison with results to be expected from 
the theory could not, therefore, be carried out 


Nucleon Recoil and the Electron-Neutron 
Interaction 
L. L. Fotpy* 
Case Institute of Technology, Cleveland, Ohio 
(Received June 25, 1952) 


ECENT measurements! of the electron-neutron interaction 

have indicated that the intrinsic electron-neutron interac 
tion (that is, the residual after the contribution from the neutron’s 
anomalous moment has been subtracted from the observed inter 
action’) is considerably smaller than what one would expect on 
the basis of rough dimensional arguments derived from meson 
theory.? On the other hand, the pseudoscalar meson theory‘ pre 
dicts a value for the intrinsic interaction which is likewise sur 
prisingly small and at present not inconsistent with the experi 
mental results considering the substantial] error still present in the 
latter. While this agreement must be regarded as somewhat for 
tuitious since the same pseudoscalar meson theory predicts a 
value for the anomalous magnetic moment of the proton which is 
eight times too small, it is nevertheless of interest to attempt to 
understand just why the theoretical prediction is so small in this 
case, since it may yield a clue as to how one can understand the 
smallness of the intrinsic interaction within the framework of 
current meson theories. 

Of course one can appeal to the well-known fact® that pseudo 
scalar mesons are more tightly bound to their source than are 
scalar mesons, for example, but it appears unlikely that this is 
the complete explanation. It was recently conjectured® that an 
other factor which may play a role in diminishing the theoretical 
value is the effect of the recoil of the resultant proton on the emis- 
sion of a negative virtual meson by a neutron. This conjecture has 
now been verified by explicit calculations which are the subject 
of this letter. 
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To review the situation briefly we may say that the usual inter- 
pretation of the intrinsic electron-neutron interaction attributes 
it to the charge cloud of negative virtual mesons arising from the 
partial dissociation of the neutron into a proton and negative 
meson. This represents only part of the effect, however, since the 
recoil proton resulting from the dissociation also has its charge 
smeared out over a finite volume and thus partly cancels the 
interaction arising from the meson cloud alone. Since it is known 
that in the pseudoscalar theory, the proton recoil is of considerable 
magnitude, one might anticipate that this latter effect may play 
a significant role. 

One may verify this last conjecture by calculating separately 
the nucleon and meson contributions to the charge density opera- 
tor for the neutron, and from this the contribution of each to the 
intrinsic electron-neutron interaction. This is easily carried out 
by the use of formulas given by Borowitz and Kohn’ in their 
meson theory calculation. The results depend rather sensitively 
on the ratio of meson to nucleon mass and hence they have been 
calculated as a function of this parameter and plotted in Fig. 1. 








EXPERIMENTAL RATIO OF 
m MESON TO NUCLEON MASS 





1 ae ok ee ee 
02. 03 0405 O07 10 15 20 
MESON MASS/NUCLEON MASS 





Separate nucleon and meson contributions (dashed curves) to 

ic electron-neutron interaction and total interaction (full curve) 

according to weak-coupling pseudoscalar meson theory. The ordinate is 

expressed in the notation of Borowitz and Kohn (reference 7) and represents 

a quantity proportional to the volume integral of potential between electron 
and neutron 


It will be noted that for the experimental mass ratio u/M=0.15, 
the nucleon contribution cancels two-thirds of the meson contri- 
bution, thus leading to a reduction by a factor of three of the 
expected interaction. Of further interest is the fact that for a 
mass ratio greater than 0.27, the nucleon contribution dominates 
the meson contribution and leads to a reversal in the sign of the 
intrinsic electron-neutron interaction. Thus, if the nucleon inter- 
acts strongly with heavier mesons as well as pi-mesons, a small 
value of the intrinsic electron-neutron interaction could probably 
be very simply explained. In any case the nucleon recoil effect can 
be employed as an avenue for understanding the unexpected 
smallness of the intrinsic interaction. 

It should be pointed out, however, that there is an important 
objection to this explanation. The fact that the anomalous mag- 
netic moments of the neutron and proton are approximately equal 
in magnitude and opposite in sign, as well as other evidence, 
appear to require for their explanation that the nucleon recoil in 
intermediate states should play a relatively unimportant role in 
the electromagnetic interactions of nucleons. This is the contrary 
condition to that suggested above. A theoretically simple but 
experimentally difficult method of resolving this question would 
consist in measuring the intrinsic short range electron-proton 
interaction. If nucleon recoil plays a small role in electromagnetic 
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interactions of nucleons the intrinsic electron-proton interaction 
should be approximately equal in magnitude but opposite in 
sign to the intrinsic electron-neutron interaction. In the alterna- 
tive case, the intrinsic electron-proton interaction would be ex- 
pected to be considerably greater in magnitude than the intrinsic 
electron-neutron interaction. 


*The manuscript of this letter was prepared while the author was a 
visiting professor at Brookhaven National Laboratory. The hospitality of 
this Laboratory is gratefully acknowledged. 
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37, 837 (1951). 

+ From meson theory one would expect for the electron-neutron interac- 
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The Nuclear Spin and Magnetic Moment of ;;Cs!*4+ 


V. Jaccartino, B. BEDERSON,* AND H. H. STROKE 


Research Laboratory of Electronics, and Department of Physics, 
Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received June 16, 1952) 


HE atomic beam magnetic resonance method has been 

applied to the measurement of the hfs interaction in the 
ground state of the radioactive nuclide Cs. A 200-millicurie 
sample of (Cs™) CO; was prepared by neutron irradiation in the 
Bookhaven pile, yielding a ratio of Cs™ to Cs" of 1 to 6000 in the 
sample. A directional oven of special design was used to produce 
the atomic beam of cesium, which after being ionized at the hot 














Fic. 1, The effective magnetic moment of the energy levels of an atom in 
an external magnetic field, with electronic angular momentum J =hh 
and nuclear angular momentum J =(3/2)A. Th esolid circles represent the 
fields at which peff vanishes (zero moment). 
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wire detector was analyzed with a mass spectrometer having an 
enrichment factor of 2000 per mass number at the mass 134 
position. 

Experimental procedure.—The fields of the two inhomogeneous 
deflecting magnets were varied until a value of x=(gs—g;)uoH 
hAv (Fig. 1) was obtained in both of them, such that wer=0 for a 
given magnetic substate mp, and the beam proceeded undeflected 
through the apparatus, giving a maximum in detected beam at the 
mass 134 position.' The nuclear spin can then be determined by 
comparing those transitions for which AF=0, Amp=+1 in Cs™ 
with those in Cs in a weak homogeneous magnetic field, corre- 
sponding to the Zeeman effect of the hfs interaction. The frequen 
cies at which these transitions occur are given by the relation 

ps C(8+ 4) (4+ } ) Jv'33, 


and are rendered observable as a decrease in the intensity of the 
detected beam (zero moment “flop out”). Various integral values 
of J‘ were assumed, and only for »™ corresponding to /=4 was 
a resonance observed. This relation was satisfied at various values 
of the homogeneous field and only at the mass 134 setting of the 
spectrometer. 

The spin was also determined by noting that as the magnitude of 
the deflecting fields is increased, the ratio of the fields for the last 


TaBLe I. Observed transition frequencies in Cs! and Cs!™ 
and calculated hfs separation Av. 





Error 
in Av 


y) tas 


vat 
Mc/sec Mc 


10, 571 
10,378 
10,405 
10,487 
10,485 
10,465 
10,470 
10,451 


30.822 

47.538 

47,538 

167.910 

167.916 
200.158 
200.202 
200,209 
200.216 184.198 10,460 Y 
200.218 184.209 10,455 10,693 


Weighted average: Av'™ =10,465 +12 Mc/sec 
w'* = +2.96 +0.01 nm* 


* The accuracy satineadia allows for the Sunuiien tic correction and the hfs 
anomaly. 


two zero moments is 
H'/H" 22x /x"=7/5, 


which is seen to be in agreement with the theoretical ratio from 
the position of the zero moments for /=4 given in Fig. 1. 

The magnetic hfs separation Avy can be determined approxi- 
mately in our apparatus by observing the magnitudes of the 
deflecting fields at which the zero moments occur. A more ac- 
curate value of Av, and the sign of the nuclear moment, were ob- 
tained from observations of the departure from the linear Zeeman 
effect of the lines »:'*(9/2, —7/2¢09/2, —9/2) and »2!*(9/2, 
—7/2«99/2, —5/2) and comparing these frequencies with the 
lines »;"8(4, —%4, —4) and »,'8(4, —2¢+4, —3) in successively 
higher magnetic fields. 

Results and interpretation A summary of the experimental 
measurements is given in Table I. The values of Av were calcu- 
lated from the Breit-Rabi formula using the recently determined 
values*? of gs(Cs™) and of Av'*=9192.6323+0.0001 Mc, assum- 
ing both a positive and a negative sign for the nuclear moment 
(g:= —usM./IM,). Agreement is seen to be consistent only if 
ur is assumed positive. The magnitude of the nuclear moment 
was calculated from the Fermi-Segré relation assuming the nu- 
clear moment to be a point dipole. (An experiment is now in 
progress to measure the nuclear moment directly in order to ob- 
serve a possible hfs anomaly in the cesium isotopes.)*® 

Considerable interest exists in the spin and magnetic moment 
of Cs™ from the viewpoint of 6-decay theory and nuclear shell 
structure.* A spin of 4 and even parity is consistent with the 
allowed shape of the 8-spectrum and the fact that no direct 
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transition to the ground state of Ba™ (even-even, 7=0) exists, 
implying a large spin change. The spin, and the magnitude and 
sign of the moment are in excellent agreement with the predictions 
of nuclear shell structure for a g7/2—d3/z proton-neutron configura- 
tion assuming strong spin-orbit coupling for the two independent 
particles. 

Similar results have also been obtained at the Cavendish 
Laboratory, Cambridge, by Smith and Bellamy.’ 

We wish to thank Professor J. R. Zacharias for his interest and 
advice. We appreciate the generous aid of Dr. Marvin Fox of the 
Brookhaven National Laboratory in the procurement of the 
radioactive sample. 

+ The work has been supported in part by the Signal Corps, Air Materiel 
Cc ommand, and the ONR. 
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4 (Avi / Ave) = [(271 +1) g:/(2124+1)g2] for two isotopes. 
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7 Private communication from Dr. K. Smith to Professor B. T. Feld 
We wish to thank Dr. K. Smith and Dr. E. H. Bellamy for making their 
results available before publication. 


Line Breadth of OCS as a Function of Rotational 
Transition and Temperature* 


CHARLES M. JoHNSON AND Donatp M. SLAGER 
Radiation Laboratory, The Johns Hopkins University, Baltimore, Maryland 
(Received June 5, 1952 


ROM microwave measurements, line breadths of O'*C"S® 
have been determined for the rotational transitions J = 1—+2, 
3—4, 5-6, and 7-8 in the ground-vibrational state. In this 
range, the line breadth increases with the quantum number J. 
Also, contrary to simple kinetic theory considerations which for 
fixed N give Av~T}, it was found that Av was approximately 
proportional to 7-4. Here Av is the line breadth parameter, T the 
absolute temperature, and N the total number of molecules in the 
absorbing path. 
Table I gives the measured values of 5y for the various condi- 


Measured values* for 6» in Mc/sec for various values 


Tasce I. 
temperature, and rotational transition. 


of pressure, 


Gas A. veseure ba centre Gas pressure 
2¢ 7oC 


( 
at2 
0 100 1 mm Hg 0 1101 mm Hg 0.130 od Hg 
Transition 27 dry ice 27 dry ice 27°C 
0.91 
1.11 


0.88 
1.01 
1.21 
1.49 


0.74 
0.90 


2 0.72 
4 0.84 
6) 0.95 


+8 1.16 1. 25 1.62 


® The accuracy of these measurements is about +5 percent. 


tions of temperature, pressure, and rotational transition. The 
quantity, dy is the frequency difference between the inflection 
points of the absorption line and is related to the line width at 
half-intensity points, 24v, by the relation 2Av=vV3év.! Figure 1 
shows a plot of dv as a function of rotational transition for several 
different pressures and at both dry ice and room temperatures 
(27°C). At room temperature, it is seen that 4» can be repre- 
sented quite closely as a linearly increasing function of J. At dry 
ice temperature 6y still increases with J but seems to depart from 
linearity at the higher transitions. These results are in poor 
agreement with Mizushima’s*? theory, which predicts that dv 
should be a decreasing function of the rotational transition. 
However, they do agree with the experimental results reported 
for the line breadth of ICI at two different transitions.** Fig- 
ure 1 also clearly shows the increase in 4» for the decrease in 
temperature. At present, measurements have been made only at 
these two temperatures, and, although 6v»~7~+ approximates our 
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results fairly well, more data are needed to determine the actual 
temperature dependence. 

A two-meter, brass, K-band cell with no internal dielectrics 
except the mica windows was used to contain the absorbing gas. 
After the OCS was introduced into the cell and allowed to come 
to equilibrium, all the transitions were measured without any 
additional adjustment in pressure. The pressure was checked at 
intervals with both a thermocouple and a McLeod gauge and 
did not vary more than 1 percent during the time of measurement. 
The measurements at dry ice temperature were made keeping this 
same quantity of gas in the cell. 

The microwave energy was supplied by a 2K33 reflex klystron 
operating at 24,326 Mc, the frequency of the J/= 1-2 transition. 
The higher transitions were obtained by generating harmonics of 
this frequency in a crystal multiplier and filtering out the lower 
frequencies. Thus, transitions were obtained at 48,652 Mc, 72,978 
Mc, and 97,304 Mc, corresponding to the J = 3—+4, 5-6, and 7-8 
transitions, respectively.5 This klystron was double modulated 
with a 20-caps sawtooth voltage and a very small 100-kc sine 
wave voltage. The energy was detected after passing through the 
cell by a silicon crystal built into the wave guide, and the 100-kc 
output was fed to a receiver tuned to this frequency and thence to 
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Plot of dv as a function of rotational transition. 


an oscilloscope. The displayed pattern very closely approximated the 
derivative of the absorption line.* To provide markers for measur 
ing the peaks of this derivative curve, the output of another 2K33 
klystron, operating cw, was mixed with a variable signal of the 
order of 0.5 Mc and with energy from the swept klystron. The 
combined output was detected and fed to a receiver tuned to 
about 25 Mc, thus giving three marker pips on the oscilloscope 
when the two klystrons were operating at a frequency separation 
of about 25 Mc. The frequency spacing of these markers was de 
termined by the low frequency oscillator and could be varied to 
superimpose either two of them on the line derivative peaks. The 
markers were of the order of 20 ke wide. 

Great care was taken to eliminate broadening due to power 
saturation and to minimize reflection amplitudes. Since the deriva- 
tive shape was considerably distorted when it appeared on the 
side of a reflection, the symmetry of the peaks was taken as a 
criterion for minimum reflection effects. Measurements at the 
different temperatures and for the several transitions were made in 
various orders to avoid systematic errors. The purity of the sample 
was checked by searching for the absorption lines of NH; and 
other gases that absorb in the same frequency range. None were 
found 

Our value of the line breadth parameter for the J = 1—2 transi- 
tion at room temperature is 6.10.35 Mc/mm which checks quite 
well the width reported by Townes, Holden, and Merritt’ for 
this transition 
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Further experiments are in progress to extend the measure- 
ments both to a greater variation in temperature and to more 
transitions. 

We would like to express our appreciation to Dr. W. V. Smith 
for suggesting the need for this experiment. 


* This research was supported by the Naval Bureau of Ordnance 

1 Our detector was operating as a square law device 
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An Absolute Determination of the X-Line 
from ThC” 


GUNNAR LINDSTROM 
Nobel Institute of Physics, Stockholm, Sweden 
(Received July 2, 1952) 


HE X-line of ThC” (Ellis’ notation), which is a high energy 

internal conversion line from the K-shell, has been used by 
many workers as a calibrating line in 6-spectroscopy. The binding 
energy of the deuteron, for example, has been measured in terms 
of the energy of this line.' It is therefore of some importance to get 
a reliable Hp-value. Brown? has recently measured this value by a 
method similar to the present one, but his value, 9988.42 gauss 
cm, did not agree with the relative measurements made by Hed- 
gran and Lind.’ 

The present investigation was carried out in order to make an 
independent check of Brown’s value. The experimental arrange- 
ment was about the same as that used in the measurements of the 
F, I, and L-lines of Th(B+C+C”)*® and consists of a small 
semicircular 8-spectrograph and two G.M.-tubes in coincidence. 
The main difference is that the two tubes are placed at right 
angles to each other (Fig. 1) 





Fic. 1. Construction of the 8-spectrograph 

The X-line is rather weak, but with this arrangement it was 
possible to register the line with a half-width of less than 0.1 per- 
cent and to get a peak of about 6 times the background, in spite 
of the small dimensions and the hard y-rays from the sample. The 
line obtained was in good agreement with the calculated line 
shape. The source consists of an activated tungsten wire (diameter 
12y). 
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The field was measured along the path using a proton sample 
(HO) at the field corresponding to the high energy part of the 
line. A Hartree® correction was then made. The distance (2p™95 
mm) between the nearest part of the wire, and the slit edge was 
measured by a calibrated comparator. 

The individual results are seen in Table I. The first run was 
made with only a few points on the high energy side of the line. 


TaBLe I, ThC” X-line. 





vp Hop* Statistical 
Mc cm gauss cm weight 





42.5156 9985.4 
42.5203 9986.5 
42.5150 9985.3 
42.5224 9987.0 
42.5254 9987.7 a 
42.5212 9986.7 Estimated 
error 15: 10° 


1 
2 
2 
4 


Weighted 
mean value 








* Calculated by using yp =(2.67523 +0.00006) X10* sec™! gauss“, given 
by Thomas, Driscoll, and Hipple, Phys. Rev. 78, 787 (1950) 


The second and third runs were made with about twice as many 
points on this part of the line. The two last runs were made with 
many points and half the statistical error in the individual meas- 
urements. This explains the different statistical weights. 

The result yp=42.5212+-0.0060 Mc cm and Hp=9986.7+1.5 
gauss cm, gives E,=2.61425+0.00050 Mev. The y-energy was 
calculated by using the atomic constants given by DuMond and 
Cohen’ and the x-ray values given in Cauchois and Hulubei’s 
tables.* 

These values are in extremely good agreement with the values 
vp=42.528+0.008 Mc cm and Hp=9988.4+2 given by Brown. 
It is therefore probable that the combined Hp value, 9987.4, is 
correct within an accuracy of about 1 part in 10+. 

1 E, R. Bell and L. G. Elliot, Phys. Rev. 79, 282 (1950 

2W. L. Brown, Phys. Rev. 83, 271 (1951). 

3A. Hedgran and D. Lind, Arkiv Fysik 5, 189 (1952) 

4G. Lindstrém, Phys. Rev. 83, 465 (1951). 

5G. Lindstrém, Arkiv Fysik 4, 1 (1951). 

*D. R. Hartree, Proc. Cambridge Phil. Soc. 21, 746 (1923 

7J. W. M. DuMond and E. R. Cohen, Phys. Rev. 82, 555 (1951 

* Y. Cauchois and H. Hulubei, Longueurs D'Onde des Emissions X et des 
discontinuités d' absorption X (Hermann and Cie, Paris, 1947). 


Absorption by Telluric CO in the 2.34 Region* 
J. N. Howarp anp J. H. SHaw 
Department of Physics and Astronomy, Ohio State University, Columbus, Ohio 


(Received June 6, 1952) 


HAW ana Howard! have recently reported measurements on 

the curve of growth of the line R(2) of the CO fundamental 
occurring near 5yu in the solar spectrum. From this study the 
abundance of atmospheric CO above Columbus, Ohio was de 
termined to be 0.09 atmos-cm per air mass. However, Goldberg, 
McMath, Mohler, and Pierce? have been unable to detect any 
appreciable absorption due to telluric CO in the overtone region 
of the solar spectrum at 2.3 either at Lake Angelus, Michigan, or 
at Mt. Wilson, California. These workers suggest an upper limit 
of 0.006 atmos-cm per air mass above these stations. Because of 
this considerable difference in estimated amounts, the CO over- 
tone region of the solar spectrum has also been studied at Colum- 
bus to determine whether values of CO abundance obtained from 
this band are consistent with those obtained from the funda- 
mental. Unfortunately, as there are many lines of CH, and H,0 in 
this region, most of the telluric CO lines are obscured or are 
blended with other telluric lines. However, Professor Goldberg 
has kindly informed us* that the positions where lines P(6) and 
R(3) would occur are relatively free from interference by other 
lines of telluric origin, and these lines were accordingly selected 
for the present study. The second order of an original 7200-line/in. 
grating was used with a lead sulfide cell, and resolution was ob- 
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tained comparable with that previously reported by Mohler, 
Pierce, McMath, and Goldberg.‘ 

Figure 1 shows the curve of growth of line P(6) of the CO over 
tone band, using data obtained during March, 1952. Goldberg* has 
shown how the atmospheric abundance of the absorbing gas can 
be estimated from these data if the gas is uniformly distributed 
with height and if a laboratory study of the absorption of the line 
is also made. These laboratory data for the line P(6) are shown in 


Fig. 2. 
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Fic. 1. Curve of growth of line P(6) of the 0-2 CO band, 


The abundance of telluric CO above Columbus, Ohio as de- 
termined in this manner, is 0.10 atmos-cm per air mass, which is 
in good agreement with the value previously reported from studies 
of lines in the fundamental band. 

It is seen that the curve in Fig. 1 does not extrapolate to zero at 
zero air mass, but rather to a value of 0.0085 cm™. This residual 
absorption is attributed to solar CO and is probably almost en- 
tirely due to the line R(30) of the 2—4 band, which, as Plyler, 
Benedict, and Silverman® have shown, coincides practically with 
line P(6) of the 0—2 band. Only a small portion of this absorption 
is due to the solar component of the P(6) line of the O—2 band. 
Absorptions of solar origin do not of course vary with solar alti- 
tude, and the observed value of 0.0085 cm™ agrees closely with the 
equivalent widths of the stronger lines of solar CO reported by 
Goldberg et al.? 


J 
24 
pi (atmos.crr "ea 


Fic. 2. Plot of absorption (cm™!) xs pi: (atmos-cm) for line P(6) of the 
0-2 CO band. Absorption cell length 13.4 cm, temperature 40°C. Nitrogen 
was added to 74 cm Hg total pressure for all measurements. 


The integrated absorption coefficient of line P(6), obtained 
from Fig. 2, is 0.062 cm atmos. This yields a value of 1.67 
cm atmos™ for the integrated absorption coefficient of the entire 
overtone band and is entirely consistent with the values 1.64 and 
1.69 cm™ atmos” measured by two different methods by Penner 
and Weber.’ It should also be noted here that if one assumes the 
value for the integrated absorption coefficient measured by Penner 
and Weber for the fundamental band, one obtains from our pre- 
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viously reported study,! a value of 0.07 cm™ for the half-width of 
the CO lines, pressure-broadened by N2 at atmospheric pressure. 
This value agrees with that suggested by Plyler, Benedict, and 
Silverman® from their studies in the overtone region. 


* The research reported in this paper has been sponsored by the Geo 

physics arch Division of the Air Force Cambridge Research Center 
un ler contract with the Ohio State University Research Foundation. 

1J. H. Shaw and J. N. Howard, Phys. Rev. 87, 380 (1952). 

1G »| idbers Mc Mz ath, Mohler, and Pierce, Phys. Rev. 85, 140, 481 (1952). 

| oldberg (private communication). 

4 Me shies Pierce, McMath, and Goldberg, Photometric Atlas of the Near 
Inf rared Solar Spe cirum (1 niversity of Michigan Press, Ann Arbor, 1950) 

Goldberg, Astrophys. J. 113, 567 (1951). 
$ Plyler, Benedict, and Silverman, J. Chem. Phys. 20, 175 (1952) 
7S. S, Penner and D. Weber, J. Chem. Phys. 19, 807 (1951). 


Ionization by Cosmic-Ray Mesons in Argon* 


G. W. McCLure 
yundation, Franklin Institute, Swarthmore, 
(Received June 23, 1952) 


Bartol Research F Pennsylvania 


N electron collection ionization chamber designed primarily 

for use as a detector of relativistic a-particles in the primary 
cosmic radiation has been tested at sea level and has yielded results 
which are capable of rather complete explanation in terms of the 
present theory of ionization and the known features of the sea- 
level cosmic radiation. 

The ionization chamber consists of a cylindrical cathode 2.5 in. 
in diameter and 8.0 in. long, and an axial center wire 0.010 in. 
in diameter encased in a 3.0-in. diameter cylindrical pressure 
vessel filled with 20 atmospheres of 99.9 percent pure commercial 
argon. The cathode was operated at 1.2 kv—about 300 volts 
above the minimum potential required for saturation of the pulses 
produced by a Po-e calibration source located at the cathode. 

A fourfold coincidence G.M. counter telescope, A, B, C, D 
(Fig. 1) with 10cm Pb interposed between counters A and B 
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Fic. 1. Distribution of energy losses of cosmic-ray mesons in the ioniza 


tion chamber. Histogram-—experimental distribution; smooth curve 
calculated distribution 


selected a meson beam which traversed a well-defined path length 
through the ionization chamber. Four anti-coincidence counters F 
provided partial discrimination against air showers and multiple- 
secondary events originating in the Pb absorber. Each anti- 
coincidence event (ABCD-F) initiated a 100-ysec oscillograph 
trace displaying the associated ionization chamber pulse. 

The differential pulse-height distribution shown in Fig. 1 was 
obtained from 761 oscillograph traces photographically recorded 
over a period of 14.1 hours. The top abscissa scale v represents 
pulse amplitude at the collector electrode of the chamber. The 
energy loss in the argon E (bottom scale) was assumed to be a 
linear function of the pulse height » with a proportionality con- 
stant K = Eq/vq/, where Eq is the energy of the calibration Po—a- 
particle (5.3 Mev), v@ is the Po—a pulse height, and / is a calcu- 
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lated factor of numerical value 0.84 introduced to correct for the 
positive ion inductive effect. 

The Bethe*-Bloch’ theory of energy loss by ionization as ex- 
tended by Landau‘ and Symon was applied together with the sea- 
level meson momentum spectrum of Wilson® to the problem of 
calculating the distribution of energy losses of the sea-level mesons 
in the ionization chamber. The smooth curve in Fig. 1 represents 
the calculated distribution. 

The following points of comparison between the histogram and 
the calculated curve may be noted: 

(1) The most probable energy loss (0.3 Mev) determined by the 
measurement is in close agreement with the value predicted by the 
theory. 

(2) The half-width of the experimental distribution is approxi- 
mately 10 percent greater than that of the calculated distribution. 
A broadening of this nature is expected to arise from the amplifier 
noise which introduced a statistical uncertainty of approximately 
+0.01 millivolt in the amplitude of the measured pulses. 

(3) The tail of the histogram (E>0.4 Mev) contains relatively 
more events than the tail of the calculated distribution. This may 
result in part from neglect in the calculation of the unknown high 
energy end of the sea-level meson spectrum which comprises about 
6 percent of the total sea-level intensity, and in part from the 
accompaniment of a small percentage of the mesons by knock-on 
electrons produced in the material above the chamber. 

(4) The experimental results are consistent with the relativistic 
increase in specific ionization predicted by the Bethe-Bloch 
theory. If the specific ionization is taken as a constant above the 
minimum, one obtains a calculated pulse-height distribution about 
one-half as broad as the histogram. The relativistic increase in 
specific ionization in gases has been previously confirmed by 
Hereford’ and by Kupperian and Palmatier.*® 

The present results indicate that it is feasible to utilize a high 
pressure ionization chamber together with a G.M. counter train 
for discriminating between various high energy particles on the 
basis of specific ionization. A device based on this principle has 
been developed for balloon investigations of the alpha-particle 
component of the primary cosmic radiation.°* 

* Assisted by the joint program of the ONR and AEC, 

1 B. Rossi and H. S. Staub Jonization Chambers and Counters (McGraw- 
Hill Book Company B . New York, 1940), Chapter 3. 

H. Bethe, Z. Physik 76, 293 (1932) 


2 
3F. Bloch, Z. Physik 81, 363 (1933 
4L, Landau, J. Phys. (U.S.S.R.) 8, 201 (1944 
SK. Symon, Harvard University, unpublished thesis (1948). 
sj Nature 158, 414 (1946 

7 F. L. Hereford, Phys. Rev. 74, 574 (1948) 

8 J. E. Kupperian, Jr., and E. D. Palmatier, Phys. Rev. 
°T 


his work has not yet been published. 


G. Wilson, 
85, 1043 (1952). 


The Energy Spectrum of the Electrons in the 
Extensive Cosmic-Ray Showers 


CARMELO MILONE 
uanta, Catania, 
26, 1952) 


Physical Institute, University of ( Italy 


(Received May 


HE energy spectrum of the electrons in the extensive air 
showers has been studied by means of G.M. counters ar- 
ranged as in Fig. 1, at Catania (40 m above sea level). Each of the 
counters A, B, C had an area S. Six values of S were used, namely 
S= 140, 240, 400, 800, 1600, 3200 cm*. Coincidences T=A+B+C 
were recorded and interpreted as due to showers whose core 
landed within a few meters from the center 0 of the apparatus, 
and whose average density there was A™1/S. Corresponding to 
the values of S, A varied from 70 to 3 particles per m*. Counters 
Dand E were covered with absorbers of either Pb or H,O of thick- 
ness ¢ variable from 0 to 56 g cm™*. Counters D had surface S, 
counters E had surface S when there was no absorber; when cov- 
ered with an absorber of thickness ¢, the surface was adjusted to a 
value Sz(t), such as to make SgAg=constant, (Ag being the den- 
sity of the shower present under the thickness #). Preliminary 
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Fic. 1. Horizontal arrangement of counters A, B, C, D, E. 


measurements were performed to study how this adjustment had 
to be made. Because of the condition Sg4g=constant, the prob- 
ability that showers producing coincidences T hit also counter E, 
is practically independent of the absorber thickness ¢. 

Assuming for the showers an integral density spectrum F(A) 
= KA~7,it is possible to deduce from the values of S, Sz, T, T+D, 
and T+E the density, in the showers, of the particles capable of 
crossing the thickness ¢, both near the core and about 50 m from it. 

The absorption curves in H,O, where practically no transition 
effect for the electrons and photons from the air is expected, show 
in all cases an exponential decrease followed by a plateau; the 
latter is interpreted as due to the penetrating component (nu- 
cleons and yu-mesons) of the extensive showers. 
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1G. 2. Ro and Rso are the fractions of particles in the showers, capable of 
crossing the thickness ¢ of absorber at 0 and 50 m from the core. 


THE EDITOR 681 


In lead, instead, a transition curve has been found due to the 
conversion of the photons in the absorbers. The true absorption 
has been measured in this case by registering, besides the coin- 
cidences 7+D and T+ E, the coincidences 7+D+D’ and T+E 
+E’, where, D’ and E’ were counters placed at the top of the ab- 
sorbers above counters D and E respectively. The results of these 
measurements are labeled Pb’ in Fig. 2. All curves in Fig. 2 give 
the results of the measurements after subtraction of the tail due to 
the penetrating component. These curves are interpreted as repre- 
senting the absorption of the soft component of the extensive 
showers. m 

Both in H,O and in Pb the curves are well described by the 
expression 

I()=I(E+Ec)-*, (1) 


where £ is a constant, Ec is the characteristic energy of air, and 
E is the energy for an electron to cross the thickness ¢. The energy- 
range relation used is that given by Clay? which fits well the experi- 
mental data thus far available. The values of which fit our 
results are given in Fig. 2. 

The theoretical expressions for the energy spectrum in an elec- 
tron shower, calculated by several authors,’ are of the same form 
as Eq. (1). However, assuming that the showers are produced near 
the top of the atmosphere by a primary electron or photon of 
10*— 10'* ev (which is the energy required to generate at sea level 
the showers detected by our apparatus) the theory predicts §= 1.6 
to 1.7. These values are in strong disagreement with the experi- 
mental values (¢=0.5 to 0.6). Besides, at 50 m from the cores, 
the cascade theory predicts less than 1 percent of the electrons to 
have energies 10° ev, while our measurements show that there, 25 
percent of the electrons satisfy this condition. 

Better agreement between theory and experiment can be reached 
if one assumes that the primary electron hypothesis is wrong and 
that instead the electrons found in an extensive shower near sea 
level are produced mainly in the air not far (a few radiation 
lengths) above the apparatus. 

The present results then suggest that the development of the 
extensive showers in the air is mainly due to the cascade multi- 
plication of the nucleonic component; this is in agreement with 
the results of other experimenters (presence in the extensive 
showers of the N component, observation of locally produced 
soft showers). A more detailed account of these experiments is 
going to appear in Nuovo cimento. 


1With y =1.31+0.038 log(1/s in m*), after G. Cocconi and V. 


. (Ss 
Cocconi Tongiorgi, Phys. Rev. 75, 1058 (1949). 
2 J. Clay, Physica 14, 499 (1948). 
H. J. Bhabha and S. K. Chakrabarty, Proc. Roy. Soc, (London) A181, 
3). 
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Natural Radioactivity of Lanthanum-138t 


Georce I. MULHOLLAND AND TRUMAN P, KOHMAN 
Department of Chemistry. Carnegie Institute of Technology, 
Pittsburgh, Pennsylvania 
(Received June 23, 1952) 


JE have sought beta-particles and x-rays from natural 
lanthanum with the large proportional counter used in the 
study of neodymium.' The search was prompted by the discovery 
of the rare (0.089 percent) La"™* isotope in natural lanthanum? and 
stimulated by the discovery of gamma-radiation from this nuclide.* 
This was presumed to follow electron capture decay to Ba, and K 
x-rays of barium were subsequently found.‘ Early searches for 
beta-particles® were inconclusive because of insensitive detectors 
or incomplete purification. Recently reported upper limits to the 
number of hard betas per second per gram of lanthanum are 
~1,2 0.4, and 0.2.4 
Commercial lanthanum oxide (98 percent pure, Lindsay Light 
and Chemical Co., West Chicago, Illinois) was purified by three 
passages through a cation exchange resin column! and by numer- 
ous scavenging precipitations of zirconium iodate, barium sulfate, 
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and copper sulfide. The first column purification removed a great 
deal of activity and the second removed a small amount in addi- 
tion, whereas after the third purification the activity was un- 
changed. This residual activity, 54+1 counts per minute for a 
10-gram sample spread over 1650 cm?, is thus attributable to 
lanthanum. 

An aluminum absorption curve was obtained with aluminum 
foils rolled inside the sample foil. Because of the considerable 
activity of the aluminum (5 to 80 counts/min), a separate back- 
ground count had to be taken with each absorber over a bare 
copper sheet. From the differences, curve A of Fig. 1 was ob- 





Ata” 

B La® x- AND ‘J -RavS 

C La®® B-navs 

| 204 

jo TI 

}E TI?°* Haro Component 

ie Ty B- avs 

G Curve F Transposeo 
Asscissa X 1.3 
Orowate X 0.0014 


10000 


(COUNTS / MINUTE) 





OUNTING RATE 


rn 


; \F 

C*. ‘ 

100 200 300 400 500 
UMINUM ABSORBER THICKNESS (MG/CM?) 








0 
AL 


Fic. 1. La™* absorption curve and its analysis 


tained. This shows a hard component, which was fitted with a 
theoretical absorption curve’ for Ba K x-rays in 50 percent geom 
etry, curve B. This extrapolates to 10 counts/min at zero absorber, 
but since about 2 counts/min are expected from the gamma-radia- 
tion,‘ we ascribe 8 counts/min to K x-radiation.,We estimate our 
counting yield for these x-rays to be 1.5 percent, giving a specific 
activity of 1.0 K x-rays per second per gram of lanthanum. This 
is somewhat greater than the value 0.4 reported previously‘ and, 
if correct, would indicate appreciable electron capture to the 
ground state of Ba". 

Curve C, the activity remaining after subtraction of the hard 
component, indicates an energetic beta-radiation. For a compari- 
son analysis absorption measurements were taken under identical 
conditions on TP mixed with pure Nd,Os, giving curve D. 
Subtraction of the weak hard component £ leaves curve F with a 
range of 300 mg/cm*. It was found that curve F could be fitted to 
curve C beyond about 30 mg/cm? by multiplying itsabscissa by 1.3 
and its ordinate by a suitable factor, giving curve G. Thus we take 
the range of the La™ particles to be 1.3 300= 390 mg/cm’, corre- 
sponding to a maximum energy of 1,040.2 Mev. The extrapolated 
intensity for zero absorber is 19 counts/min. From the estimated 
counting yield of about 53 percent, the specific beta-activity is 
0.07 particle per second per gram lanthanum. Their intensity 
relative to the y-rays is too high for conversion electrons without 
isomerism, which is never observed in even-even nuclides. Their 
intensity relative to the x-rays is probably too high for positrons, 
and it would be difficult to reconcile the observed gamma-spec- 
trum‘? with annihilation radiation of the requisite intensity. Thus, 
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we believe they are negative beta-particles. The excess radiations 
below 30 mg/cm? are probably compounded of L x-rays, K Auger 
electrons, and background enhancement,! although a weak soft 
beta-component may also be present. 

Assuming a fluorescence yield of 86 percent for barium® and 
neglecting L-capture, we calculate an electron-capture partial 
half-life of 7 10! years and a negatron partial half-life of 1.210" 
years. The net half-life is essentially the same as for electron cap- 
ture. The log ft for the 8~ transition is 21.3, which seems consistent 
with a fourth-forbidden transition from 57Lag;"*8 in a g7/2—d3/2 con- 
figuration with spin 5 and even parity. 

t This work has been supported by the AEC. A detailed description of it 


and that on neodymium (reference 1) is contained in an unpublished AE 
NYO-3228. Tl? was obtained from the Isotopes Division of 


2? Inghram, Hayden, and Hess, Phys. Rev. 72, 349 (1947). 

? Pringle, Standil, and Roulston, Phys. Rev. 78, 303 (1950). 

‘ Pringle, Standil, Taylor, and Fryer, Phys. Rev. 84, 1066 (1951). 

5 W. F. Libby and W. M. Latimer, J. Am. Chem. Soc. 55, 433 (1933); 
M. Curie and S. Takvorian, Compt. rend. 196, 923 (1933); W. Yeh, 
Compt. rend. 197, 142 (1933); G. v. Hevesy and M. Pahl, Z. physik. 
Chem. A169, 147 (1934); Z. Klemensiewicz and Z. Bodnar, Acta Phys. 
Polonica 3, 187 (1934); Mazza, Bracci, and Guerri, Gazz. chim. ital. 65, 993 
(1935); S. Takvorian, Ann. chim. (9) 20, 113 (1945). 

*G. I. Mulholland and T. P. Kohman (to be published). 

7P. R. Bell and | f. Cassidy, Nuclear Data, National Bureau of 
Standards Circular No. 499, Supplement 2 (1951). 

* Steffen, Huber, and Humbel, Helv. Phys. Acta 22, 167 (1949) 


Ionization Loss at Relativistic Velocities 
in Nuclear Emulsions* 
Maurice M. SHAPIRO AND BERTRAM STILLER 


Nucleonics Division, Naval Research Laboratory, Washington, D. ( 
(Received June 18, 1952) 


INCE 1949, when nuclear emulsions sensitive to particles at 

minimum ionization became available, conflicting results 
have been reported on the variation in /, the rate of energy loss by 
ionization with velocity in the emulsion, as measured by grain 
density g at total energies y>4 rest mass units.'~* Analysis of im- 
portant high energy phenomena requires a knowledge of this 
variation; yet the very existence of a relativistic rise in g above its 
minimum value gmin has been controversial. Ionization theories 
predict a minimum rate of loss /,,in at y~4, and a rise in / with 
increasing energy to a limiting value determined by the polariza- 
tion of the medium.*" The saturation of / sets in at different 
energies in the various theories (e.g., 20<7~<100 in iron), but 
Fermi’s plateau value /,; remains essentially unaltered in the 
multifrequency theories of Wick and of Halpern and Hall. 

In calibrating a set of 400 micron Ilford G.5 emulsions exposed 
to the cosmic radiation at an altitude of 100,000 ft, we have found 
evidence for a relativistic rise in 7 and measured its magnitude in 
the following way. In plates from the same batch, exposed and 
developed” together, a preliminary value gmin’ was first obtained. 
Then g was measured for two groups of tracks: (a) thin shower 
tracks (“‘s tracks” with g<1.25 gmin’) emerging from nuclear ex- 
plosions; each was > 2000u long, and contained 400 to 1400 grains; 
and (b) “ tracks,” provisionally attributable to incident star- 
producing particles, i.e., thin upper-hemisphere tracks approxi- 
mately collinear with the shower axis. These were required to have 
an associated shower multiplicity ,>5, and a length >500y. 
(The s tracks were not restricted in multiplicity; they originated in 
stars with m,>1.) Altogether, some 105 Ag grains were counted in 
this study. 

Figure 1 shows our experimental frequency distribution in g 
for 43 s tracks and 48 p tracks. We shall show that the former group 
can be used for precise evaluation of gmin, and the latter for estima- 
tion of gpi, the “plateau” grain density corresponding to Jpi. 
Since g is proportional to / at low grain densities,2 * the observed 
£p1 and gmin determine at once the ratio /p1/Jmin in AgBr. 

The s tracks are known to be due predominantly to pions.2"* 
We have used their energy spectrum" and ionization theory” to 
calculate their expected distribution in ionization in the region 
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FiG, 1. Histograms showing frequency distributions in grain density of 
43 s-tracks and 48 p-tracks. The peak of the former group determines gmin. 
and the right peak of the latter group is interpreted as corresponding to gp). 


1.0<1/Tmin<1.10. The calculated maximum of the distribution 
lies at Imin to within 1 percent—a result which is insensitive to 
the choice of ionization theory. The pions responsible for this peak 
are in the range 3<7<6. 

The p-track histogram has a principal peak, at 21<g<22, 
clearly displaced from that of the s tracks. We believe that this 
peak is due mainly to incident protons so energetic that their 
g-values lie at or very near gp). This view is supported by order-of- 
magnitude estimates of the proton energies y, deduced from their 
associated multiplicities m,, by applying Fermi’s statistical theory 
of pion production.” At sufficiently high energies (y> 100), this 
theory predicts y= (#,/1.2)* for single nucleon-nucleon collisions. 
Substitution of our observed values of m, in this formula would 
lead to gross overestimates of y, since our s particles result from 
plural as well as multiple production. We have tried to correct for 
the effect of pluro-multiple production by employing a “reduced” 
n,=n,/2. The resulting energy values will be 1/16th as large as 
those obtained from the observed n,. Table I gives the numbers of 
observed p tracks with various m,. 


Taste I. Distribution of p tracks according to7theirfassociated 
multiplicities m.. 
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No. of p tracks 








For 44 percent of the p tracks, 8<m,< 14, the “reduced multi- 
plicities” are 4<n,'<7, and the energies are ~1?<7<10*. 
These energies (lower by a factor 16 than those calculated for pure 
multiple production) are still high enough so that the ionization 
of the corresponding p tracks should lie at or near the plateau. 
Hence, it seems reasonable to associate the main p-track peak 
with g,1. About two-thirds of the p tracks cluster around this peak. 
The remaining one-third contribute to a second peak, close to 
min These may be due to (a) lower energy protons which generate 
showers by plural production alone, and (b) pions ejected upwards 
and misidentified as incoming particles. 

In Fig. 2 we have plotted the grain-density data in a manner 
which should yield improved resolution in g and hence, more pre- 
cise determination of gmin and gp: than that obtainable from a 
simple block diagram, like that in Fig. 1. Since the g values of the 
tracks had various standard errors Ag based on their respective 
grain counts, we have constructed the histograms so as to give 
maximum weight to the most probable value of g for each track, 
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and proportionately lower weights to the neighboring values. 
For each track we constructed a “triangle” whose base is propor- 
tional to Ag and whose height was determined by normalizing the 
triangle areas. Each triangle was centered at the appropriate g 
interval. Then, for each interval, the contributions from all the 
triangles which overlapped into it were added up. Each ordinate is 
thus determined not only by the tracks centered in a given in- 
terval, but also by the lesser contributions from other tracks whose 
best value of g lies nearby. 

After correcting g values by —0.4 grain/100y for background, 
we obtain 


8pi/ Smin = (21.20 a? 7); (19.0+0.4) = 1.12_0.03*-*4, 


Preliminary investigation of energetic electrons (y>300, as 
determined from their multiple scattering) indicates that gp for 
electrons lies 16-++3 percent above gmia for mesons. 

For comparison we have computed /p1//mia for AgBr according 
to the theory of Halpern and Hall,'® using for the average ioniza- 
tion potential, however, the value 13.5X(47+35)/2=554 ev 
(lacking a better value for AgBr). Considering only transfers 
<5 kev to electrons,‘ the calculated J p:/Jmin is 1.14. If the actual 
value of the ionization potential differs by as much as 20 percent 
from the one used here, the calculated ratio will differ by <4 per- 
cent from 1.14. 

Our results on mesons and protons suggest that the rate of 
ionization loss in nuclear emulsions at energies y>4 rises to a 
saturation value which lies 12_3** percent above Jmin. These re- 
sults are in substantial agreement with those of Pickup and 
Voyvodic? and Voyvodic.'* However, if our tentative results for 
electrons should be confirmed, then our final estimate of Jpi/Jmio 
may be significantly higher than that of Voyvodic, who reports a 
rise of about 9 percent. 

If the relativistic rise in ionization is altogether due to energy 
lost in the form of Cerenkov radiation** then one must assume 
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Fic. 2. The data of Fig. 1 have here been plotted in a manner which 
permits a somewhat more precise and less arbitrary determination of gmia 
and gp; than that obtainable from a conventional block diagram. Each track 
was plotted as a triangle (like the two sample triangles shown) whose base is 
proportional to the standard error in g. Each ordinate was then determined 
by adding the contributions of all triangles which overlap into a given 
narrow interval in g. 
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that this radiation is almost entirely absorbed in traversing a 
grain of AgBr (<1). This seems unlikely. A recent alternative 
explanation due to Schénberg'* is that most of the relativistic 
increase arises from ionization and excitation. 

Mrs. H. F. Shapiro, Mrs. N. T. Redfearn, and Miss M. Leong 
have ably assisted us in microscopy, and Mr. F. W. O’Dell drew 
the figures. We are grateful to Dr. F. N. D. Kurie for his con:inued 
interest in this work. 
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S. Occhialini, Nuovo cimento 6, 413 (1949) ; also see discussion by 
Blackett, Nuovo cimento 6, 427 (1949), 
H. F Phil. Mag. 41, 169 (1950). The asymptotic zero slopes in 
3 imply that no relativistic rise was observed 
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density. By “‘ionization’’ we shall mean the latter loss, arising from energy 
transfers to electrons up to, say, 5 kev. 
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monograph by A. Bohr, Det. Kgl. Danske Videnskab. Selskabs, Mat.-fys 
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favorable ratio of g to background, hence the low values of 
19.0 grains/100 microns) compared to those attainable by stronger 
ment. Ag “‘blobs’’ were infrequent since g was low. Grains were 

lividually, not by blobs. Through 95 percent of the emulsion 
s remarkably uniform. Counting was avoided in the top 5 
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A 


HE decay of 78-min Kr*? has not previously been studied 

B-spectrometrically. By absorption measurements on elec 

tromagnetically separated Kr*’, formed in fission, Koch et al.! 
found a maximum energy of the §-particles of 3.2 Mev. 
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Fic. 1. Fermi plot of the 8-continuum of Kr*’. 
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2. Scintillation spectrum 
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of Kr*’, The inset shows a separate 
of the 0.89-Mey line. 


In the present investigation Kr*’ has been electromagnetically 
separated from other rare gas isotopes formed in uranium fission. 
The isotope of mass number 87 was collected on an AI foil of thick- 
ness 0.15 mg/cm*. This foil was then used as a 8-source in a mag- 
netic lens spectrometer (resolution ~6 percent). 

The 8-continuum appears to be complex. The Fermi plot (Fig. 1) 
shows the presence of two 8-components of energies 3.63+0.07 
and 1.27+0.1 Mev, with relative intensities 75 percent and 25 
percent, respectively. The values of logft are found to be 7.3 
(the Fermi plot having “not forbidden” form) and 5.9, respectively 

The scintillation spectrum of Kr*’ (Fig. 2) shows the presence of 
a pronounced photopeak of a y-ray of energy 405+20 kev. The 
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weak line at 0.89 Mev may be interpreted as the pair line of a 
y-ray of energy 1.89+0.07 Mev, the Compton peak of which 
appears at a (Fig. 2). The high energy peak 6 is most probably 
due to Compton quanta corresponding to a y-ray of energy 
~2.3 Mev. The scintillation spectrum ends at 2.6 Mev. 

The data thus obtained can be accounted for by the decay 
scheme of Fig. 3. [Spin terms are given according to the strong 
spin orbit coupling theory.?] If this interpretation (Fig. 3) is 
correct, it is worth noting that the 
already filled f7/2 level 


fs/2 level is so far above the 
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